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Studies of global stability of field-reversed configuration plasmas using
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Global stability of field-reversed configuration~FRC! plasmas has been studied using a simple rigid
body model in the parameter space ofs ~the ratio of the separatrix radius to the average ion
gyro-radius! and plasma elongationE ~the ratio of the separatrix length to the separatrix diameter!.
Tilt stability is predicted, independent ofs, for FRC’s with lowE ~oblate!, while the tilt stability of
FRC’s with largeE ~prolate! depends ons/E. It is found that plasma rotation due to ion diamagnetic
drift can stabilize the tilt mode whens/E&1.7. The so-called collisionless ion gyro-viscosity also
is identified to stabilize tilt whens/E&2.2. Combining these two effects, the stability regime
broadens tos/E&2.8, consistent with previously developed theories. A small additional rotation
~e.g., a Mach number of 0.2! can improve tilt stability significantly at largeE. A similar approach
is taken to study the physics of the shift stability. It is found that radial shift is unstable whenE
,1 while axial shift is unstable whenE.1. However, unlike tilt stability, gyro-viscosity has little
effect on shift stability. ©1998 American Institute of Physics.@S1070-664X~98!03110-3#
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I. INTRODUCTION

The field-reversed configuration~FRC! is a unique tor-
oidal magnetic confinement scheme in that there is no ap
ciable toroidal field. The plasma is confined purely by a p
loidal field, which is produced by a toroidal plasma curre
Thus the current flows in the direction perpendicular to
local magnetic field, sustaining maximum possible plas
beta close to unity. On the other hand, due to the lack o
center conductor and a confining toroidal field, FRC’s a
predicted to be unstable to many global magnetohydro
namic ~MHD! modes. However, FRC plasmas formed inu-
pinch devices exhibit remarkable global stability1 with a few
exceptions.2 Much theoretical effort has been made to rev
stabilizing mechanisms of the predicted instabilities~the tilt
mode in particular!, including effects from plasma
rotation,3–5 two-fluid,5 ion finite Larmor radius~FLR!,6–10

energetic ions,11,12 and current profile.13–15 Although agree-
ment between theory and experiment has improved over
years, few concrete physical pictures of stabilizing mec
nisms have been given. In this paper, a simple equatio
motion for each global mode is formulated and analyz
using a rigid body model of the FRC plasma. The strate
taken here is to elucidate semiquantitatively the essen
physics for stabilizing mechanisms by using the simpl
possible equations. Although the deduced marginal stab
condition may not be sufficient due to the limited degrees
freedom of rigid body motion, the analyses described be
should shed new light in understanding the fundame
physics of FRC stability.

After a brief description of FRC models in Sec. II, ti
stability is analyzed in detail in Sec. III, including effec
from thej3B torque, plasma rotation due to ion diamagne

a!JSPS research fellow on leave from Osaka University.
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drift, ion gyro-viscosity, andE3B rotation. In Sec. IV, axial
and radial shift stability is analyzed, followed by discussio
and conclusions.

II. MODELS OF FRC PLASMAS

A. Solovev model of FRC plasmas

The global modes of a plasma are often destabilized
the j3B force, which is usually a strong function of plasm
shape, e.g., plasma elongation defined by the ratio of
separatrix length to the separatrix diameter. Herej is the
internal current density of the plasma andB is the vacuum
field produced by external coil currents. To quantify th
force, a FRC equilibrium solution with a known vacuu
field is needed. The simplest analytic model of FRC equil
rium with arbitrary elongation is the Solovev’s solution16

given by

c5c0F12S RZ

R0Z0
D 2

2S R2

R0
221D 2G ,

wherec is the poloidal flux function,R0 is the radius of the
magnetic axis, andZ0 is defined in Fig. 1~a!. As is also
obvious from Fig. 1~a!, the length and radius of the FRC
separatrix areL52&Z0 andRs5&R0 , respectively, result-
ing in an elongationE[L/(2Rs)5Z0 /R0 . The trapped flux
2pc0 is related to the magnetic field at the edgeB0

[BZ(R5Rs ,Z50) by 2pc052pB0Rs
2/4. When E51,

Solovev’s solution reduces to the well-known spheric
Hill’s vortex17 with an analytic external solution. Th
vacuum solution for arbitraryE is obtained numerically by
placing coils around the plasma. The coil currents are ca
lated by matching flux values at the separatrix~see the Ap-
pendix for details!. One such example is shown in Fig. 1~a!
5 © 1998 American Institute of Physics
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3686 Phys. Plasmas, Vol. 5, No. 10, October 1998 Ji et al.
where the internal~external! flux is represented by solid~dot-
ted! lines. The vacuum flux together with coil locations
separately shown in Fig. 1~b!.

B. Cylindrical rigid body model

In order to elucidate the essential physics of FRC glo
stability, we use an even simpler cylindrical rigid bod
model@a rectangular box in Fig. 1~a!# to analyze the motion
of each mode. The cylinder is filled with a plasma of unifor
densityn, radiusRs , and length 2Z05&ERs . As a result,
the moments of inertia of the cylindrical plasma with resp
to each axis~see Fig. 2! are given by

I X5I Y5
M totalRs

2

4 S 11
2

3
E2D , I Z5

M totalRs
2

2
,

whereM total[&pRs
3Enmi is the total mass (mi5 ion mass!.

One question which could arise is whether the glo
modes in this model are internal or external. An appar
answer is that they are external. However, we note that qu
tatively they can be ‘‘internal’’ if the modeled region i
smaller than the separatrix, i.e.,R,Rs . In this respect, the
nature of the analyzed modes can include internal behav
as will be discussed later. Below, the analysis of the tilt a
shift global modes using this simple model is described.

III. TILT STABILITY

The tilt instability has been regarded as the most dan
ous in FRC’s, although it has not been observed consiste
in the traditionalu-pinch formation scheme. Theoretically,
has been shown to be unstable in plasmas with largeE due to
the destabilizingj3B force, but it can be stabilized by man
non-MHD effects. In this section, the simplest possib

FIG. 1. Solovev’s solution.~a! The internal~external! flux is represented by
solid ~dotted! lines. The rectangular box indicates rigid body model.~b! The
vacuum flux produced by coils. The dotted line represents the separat
Downloaded 26 Feb 2008 to 198.35.2.37. Redistribution subject to AIP l
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model is constructed to reveal the stabilizing physi
mechanisms of this mode. The simplest model relating
j3B force to the decay indexndecay([2(R/BZ)]BZ /]R) of
the external field produced by the coils is the current r
model used in the study of spheromak tilt stability.18 How-
ever, this model does not provide a link betweenndecayand
plasma elongationE, which is important in FRC tilt stability
and will be dealt with in this paper. Instead, we use t
Solovev model to calculate directly the tilt stabilizing or d
stabilizing j3B force as a function ofE.

A. j3B torque

In FRC’s, the internal current flows in theu @uZ in
Fig. 2~a!# direction and is denoted byj u5(2 j u sinu,
j ucosu, 0). This j u interacts with the vacuum fieldBV

5@BX ,BY ,BZ#5@BR(R,Z)cosu, BR(R,Z)sinu, BZ(R,Z)],
resulting in a torque ‘‘density’’n(r )5r3( j u3BV), wherer
is the position vector (R cosu, R sinu, Z). Before tilting,
however, the total torqueN5*ndV integrated over the
whole plasma volume is zero. After the plasma tilts a sm
angle, a responding torqueN1 arises either to accelerate th
tilting or to restore the plasma to its original equilibrium
depending on the vacuum field provided for each plas
shape~elongation!. Without losing generality, this respond
ing torqueN15*n1dV is calculated as a frst order perturb
tion in tilting angleuX with respect to theX axis.

Instead of tilting the plasma an angleuX with respect to
the stationary background vacuum field, one simple way
calculate the perturbed torquen1 is to use the plasma fram
of reference and to tilt the background vacuum field at
angle 2uX . In the plasma frame, the vectorsr and j u are
unperturbed; therefore,n1 can be evaluated simply from th
perturbed vacuum fieldBV1 , i.e., n15r3( j u3BV1). To first
order inuX , thisn1 is the same both in the plasma frame a
the vacuum field frame, as calculated below when

.

FIG. 2. ~a! Three rotating axes~X,Y,Z! of the rigid body model.~b! Rotation
of the vacuum field in the plasma frame.
icense or copyright; see http://pop.aip.org/pop/copyright.jsp
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3687Phys. Plasmas, Vol. 5, No. 10, October 1998 Ji et al.
vacuum field is tilted over an angleuX counter-clockwise
with respect to the plasma frame.

The vacuum field perturbation atr comes from
two effects @see Fig. 2~b!#: ~1! a direction change due t
tilting, and ~2! a magnitude change due to the fact tha
different field originally located at r 85(X8,Y8,Z8)
5(R8 cosu, R8 sinu, Z8) moves into the current locationr
as a result of tilting:

BV5S BR~R,Z!cosu
BR~R,Z!sin u

BZ~R,Z!
D

→S BR~R8,Z8!cosu
BR~R8,Z8!sin u cosuX2BZ~R8,Z8!sin uX

BZ~R8,Z8!cosuX1BR~R8,Z8!sin u sin uX

D .

Here R8 and Z8 are related toR and Z by R8'R
1uXZ sinu andZ8'Z2uXR sinu. Therefore,

B~R8,Z8!2B~R,Z!'
]B

]R
~R82R!1

]B

]Z
~Z82Z!

'uX sin uS Z
]B

]R
2R

]B

]ZD ,

where B5BR or BZ . Then the first order change in th
vacuum field is given by

BV15uXS sin u cosuS Z
]BR

]R
2R

]BR

]Z D
sin2 uS Z

]BR

]R
2R

]BR

]Z D2BZ

sin uS Z
]BZ

]R
2R

]BZ

]Z D1BR sin u

D .

With the use of

“•B5
1

R

]~RBR!

]R
1

]BZ

]Z
50,

]BR

]Z
5

]BZ

]R
,

the perturbed torque can be calculated and simplified to

n15uXj uS 2RBZ~12ndecay!sin2 u
RBZ~12ndecay!sin u cosu

0
D ,

wherendecay is a generalized decay index including effec
from the j3B force off the mid-plane (ZÞ0),

ndecay52
R

BZ
F]BZ

]R
2

Z

R2

]

]R
~2RBR1ZBZ!G .

Clearly, the total torqueN15***n1RdZdRdu does not
haveY nor Z components while theX component is given
by N1X52puX** j uR2BZ(12ndecay)dZdR. By using
j u5B0R(411/E2)/m0Rs

2 in the Solovev’s model,N1X can
be written as

N1X52puXRs
3

B0
2

m0
S 41

1

E2Dx tilt ,

x tilt5E E R3BZ~12ndecay!

Rs
5B0

dZdR, ~1!
Downloaded 26 Feb 2008 to 198.35.2.37. Redistribution subject to AIP l
where the nondimensional parameterx tilt can be calculated
numerically as a function ofE, as plotted in Fig. 3. We note
that, in general,j u and BZ have opposite signs and herej u

.0 and BZ,0 have been chosen. Thisx tilt can be fit to
0.02E10.34220.225/E10.0425/E220.00329/E3. When a
small uY is introduced, the responding torqueN1Y has the
same expression asN1X but with uX replaced byuY .

Figure 4 shows the normalizedj3B torque as a function
of E. It can be seen that ifE&0.5, thej3B torque is nega-
tive. In other words, it restores the plasma toward its eq
librium position due to a strong mirror vacuum field. Whe
E*0.5, the FRC is tilt unstable, consistent with previo
MHD studies.19 We note that the force from the plasma pre
sure gradient should not contribute to the tilting torque sin
it is balanced by the unperturbedj3Bint during tilting, where
Bint is the field produced by the internal current.

B. Stabilizing effect from plasma rotation

It is well known that plasma rotation in theu direction
can help stabilize the tilt mode.3–5 In this subsection, the

FIG. 3. The dimensionless parametersx tilt andxshift as functions of plasma
elongationE. The lines are fitting functions:x tilt50.02E10.34220.225/E
10.0425/E220.00329/E3 and xshift520.013220.168/E10.259/E2

20.0917/E310.0104/E4.

FIG. 4. The totalj3B torque normalized byuX(B0
2/2m0)Rs

3 as a function
of E.
icense or copyright; see http://pop.aip.org/pop/copyright.jsp
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3688 Phys. Plasmas, Vol. 5, No. 10, October 1998 Ji et al.
simplest possible equations using the rigid body model
used to study this effect. The three-axis rigid body rotation
governed by Euler’s equations,20

I XüX2~ I Y2I Z!u̇Yu̇Z5NX ,

I YüY2~ I Z2I X!u̇Zu̇X5NY ,

I ZüZ2~ I X2I Y!u̇Xu̇Y5NZ ,

which can be simplified sinceI X5I Y[I , NX /uX5NY /uY

[N, and u̇Z5const[V with no net driving torque in theZ
direction, i.e.,NZ50. Then the reduced equations are

I üX2~ I 2I Z!Vu̇Y2NuX50, ~2!

I üY1~ I 2I Z!Vu̇X2NuY50. ~3!

Taking the derivative of Eq.~3! and substitutingu̇Y from Eq.
~2!, we have a fourth order differential equation foruX ,

I 2uX
~4!1~b222IN !üX1N2uX50,

where b5(I 2I Z)V. Assuming that the solutions have th
form uX5uX0 exp(2ivt), a fourth order algebraic equatio
for v is obtained,

I 2v42~b222IN !v21N250,

which yields a solution ofv25(b222IN6Ab424INb2)/
2I 2. The necessary and sufficient condition forv to be real is

@~ I 2I Z!V#2>4IN, ~4!

which provides the minimum plasma rotation to stabilize
tilt, as plotted in Fig. 5. A stable region appears at lar
elongation. This can be understood due to the fact that r
tional stabilization becomes more effective when the diff
ence in the moments of inertia between the tilting axis a
the Z axis becomes larger.

In FRC plasmas, a large ion pressure gradient“pi exists
due to a large plasma beta dominated by ion beta. An in
ent plasma rotation arises from the ion diamagnetic d
since ions carry most of the plasma momentum. The ma
tude of this naturally occurring rotation can be estimated

FIG. 5. The stability diagram inM ~rotation Mach number! and elongation.
Downloaded 26 Feb 2008 to 198.35.2.37. Redistribution subject to AIP l
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Mdiamag5
Vu

v thi
5

“pi

enBv thi
'

Rs

DR

1

s
, ~5!

where DR is the radial scale length ofpi , v thi is the ion
thermal velocity, ands is defined as the ratio ofRs to average
ion gyro-radius.@This s is approximately equivalent toS*
defined asRs /(c/vpi) and roughly four times larger thans̄
[*R0

RsRdR/Rsr i .#

The stability condition can be determined in the para
eter space ofs and E using this diamagnetic rotation, a
shown in Fig. 6 whereDR5Rs2R0 is assumed. A stable
window appears at lows and largeE(s/E&1.7), consistent
with a previous study5 where an ion diamagnetic rotatio
was introduced to a two-fluid model. For a givenE, the
plasma rotates faster for smallers due to ion diamagnetic
drift, while for a givens the rotational stabilization become
more effective with largerE as shown in Fig. 5.

C. Stabilizing effect from ion gyro-viscosity

The above analysis of FRC stability is based on a ri
body model, which is appropriate for external tilting. How
ever, as pointed out in Sec. II B, this approach also mod
stability properties of internal tilting since the modeled r
gion can be smaller than the whole plasma region, i.e.,
inner part of the plasma. When only an inner part of t
plasma tilts, the internal structure or profiles are deformed
the typical ion gyro-radius is the same order as or larger t
the spatial scale of this deformation, responding forces
arise from ion kinetic effects, in addition to the MHD forc
dealt with in Sec. II A. The stabilizing effects of ion kineti
motion have been considered by many authors6–10 in various
schemes, but little physical insight into the underlyin
mechanisms has been given. Below, we approach this p
lem with minimum mathematical complications in an a
tempt to elucidate the physics but at the acknowledged
pense of obtaining only semi-quantitative results.

FIG. 6. The stability diagram ins and elongation with a stabilizing effec
from the ion diamagnetic drift.
icense or copyright; see http://pop.aip.org/pop/copyright.jsp
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The so-called ion gyro-viscosity21 is one particular ki-
netic effect from ion gyro-motion. If there are spatial vari
tions in force, such as an electric field force, ions tend
experience the variations over larger areas than electron
these variations are linear in space, ions experience a la
force during one half of their cyclotron period and a smal
force during the other half. As a result, the average fo
experienced can be approximated by the force at the gui
center, resulting in a null kinetic effect. However, when t
spatial variation is more than linear, such as quadratic,
guiding center approximation fails due to incomplete canc
lation between forces during one gyro-motion. In this ca
in addition to the force at the guiding center, a correct
proportional to the second derivative~or curvature! of the
spatial variation is needed. When the force is perpendic
to the local magnetic field, the correction can be expresse
a form proportional to the curvature of the correspond
perpendicular flow, resulting in an effective viscosity oft
referred to as ion gyro-viscosity, although it arises witho
collisions.

In FRC plasmas, the second radial derivative~or radial
curvature! of the toroidal flow due to ion diamagnetic drift i
not negligible especially in the case of a hollow current p
file since ions carry a large portion of the plasma curr
perpendicular to the local field. Therefore, a correction fo
proportional to ]2Vu /]R2 arises in the radial direction
pointing inward.~Confusion could arise here since the co
responding force for diamagnetic flow is the ion press
gradient force which appears only in the fluid equations
contrast with an electric field which can be felt by each g
rating particle. However, the complete Braginskii treatmen22

does give rise to such viscosity terms proportional to pr
sure curvature regardless of the nature of the correspon
force.!

An intuitive cartoon of the gyro-viscous force before ti
ing is shown in Fig. 7~a!. They balance each other, resultin
in a null tilting torque. However, when only an inner portio
of the FRC plasma tilts, one part of the plasma is compres
while another is decompressed, resulting in changes in
gyro-viscous force, as indicated in Fig. 7~b!. These perturba-
tions form a restoring torque against tilt. This restori
torque can be divided into two parts: one from the sides
the FRC plasma and another from the ends, and they ca
evaluated separately.

A more quantitative expression for the viscosity tens
in the strong field limit with nonuniformVu has been given
by Braginskii,22

pRR52
2

3

h0

R

]Vu

]u
2h3

]Vu

]R
;

pRu52
2

3

h3

R

]Vu

]u
; pRZ522h3

]Vu

]Z
,

whereh050.96nTit i and h35nTi /2V i (t i is ion collision
time andV i is the ion cyclotron frequency!. Then the ion
viscous force in theR direction is given by
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FR52S ]pRR

]R
1

]pRu

R]u
1

]pRZ

]Z D
5

2

3

h0

R

]2Vu

]R]u
1h3

]2Vu

]R2 1
2

3

h3

R2

]2Vu

]u2 12h3

]2Vu

]Z2 ,

where the last term is small due to the nature of rigid bo
motion, i.e.,Vu changes only linearly in theZ direction. The
first term is due to the effect of so-called magnetic pump
or parallel viscosity, but it contributes only a force parallel
the tilting axis. Thus no net torque exists. The second
third terms are forces due to the gyro-viscosity mention
above. The relative strength of this force to the ion press
gradient“pi is found to be (Rs

2/2DR
2)(1/s2). The increased

importance for smallers is consistent with physical intuition
Similar expressions for the gyro-viscous force acting

the ends of FRC plasmas can be found withDZ denoting
axial scales ofVu near the ends. For a small tilting angleuX ,
DR and DZ change bydR5ZuX sinu and dZ5RuX sinu,
respectively. Then the perturbed forces are

F1X53dRh3

Vu

DR
3 sin uS 11

2DR
2

9Rs
2 D

5
3uXnTi

2s2

ZRs
2

DR
4 sin2 uS 11

2DR
2

9Rs
2 D ,

F1Z53dZh3

Vu

DZ
3 sin uS 11

2DZ
2

9R2 D
5

3uXnTi

2s2

RRs
2

DZ
4 sin2 uS 11

2DZ
2

9R2 D ,

FIG. 7. Schematic views of the ion gyro-viscous forces exerted on the F
plasma:~a! before tilt, and~b! after tilt. The size of arrows indicates th
force strength.
icense or copyright; see http://pop.aip.org/pop/copyright.jsp
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where Eq.~5! has been used. AssumingF1X acts on the outer
portion of the plasma with thicknessDR , and F1Z acts on
each end of the plasma with thicknessDZ , the restoring
torque can be calculated as

NGV52E
0

Z02DZE
0

2p

~F1XZ!RsdudZDRS 12
DR

2Rs
D

12E
0

Rs2DRE
0

2p

~F1ZR!RdudRDZ

5
3uXnTiRs

3

s2 E
0

2p

sin2 uduF S 12
f R

2 D S 11
2 f R

2

9 D
3E

0

Z02DZ Z2

DR
3 dZ1E

0

Rs2DRS 11
2DZ

2

9R2 D R3

RsDZ
3 dRG

5
3puX

4

nTiRs
3

s2 F&3 S E

f R
D 3S 12

f R

2 D S 11
2 f R

2

9 D
3S 12

& f Z

E D 3

1
~12 f R!4

f Z
3 1

~12 f R!2

9 f Z
G , ~6!

where f R[DR /Rs and f Z[DZ /Rs .
If NGV is larger than thej3B torque,NJ3B from Eq.~1!,

the FRC plasma is tilt stable. Figure 8 shows the stabi
diagram again in parameter spaces and E, where f R5(Rs

2R0)/Rs and f Z5E fR are used. A stable window appears
low s and largeE(s/E&2.2), similar to the case of stabili
zation due to diamagnetic rotation. This trend is consist
with a previous analysis,7,9 which employed the more thor
ough energy principle but did not give a detailed physi
picture. Also plotted in Fig. 8 are contributions from th
restoring torque, from the end~dashed line! and from the
side~dash–dotted line! of the FRC plasmas shown in Fig. 7
The increased stability at lows and largeE is becauseVu

becomes larger at smalls @Eq. ~5!# and because the restorin
torque from the side becomes more effective~due to a larger
arm! with largerE.

FIG. 8. Stability diagram ins and elongation with stabilizing effects from
ion gyro-viscosity.
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D. Tilt stability with plasma rotation and ion
gyro-viscosity

Now we can examine FRC tilt stability combining th
effects of plasma rotation and ion gyro-viscosity. We defi
the following dimensionless parameters, each of which r
resents the contribution from a different effect:

K rot5
Eb i

&

~122E2/3!2

112E2/3
,

KGV53b i f R
2F&3 S E

f R
D 3S 12

f R

2 D S 11
2 f R

2

9 D S 12
& f Z

E D 3

1
~12 f R!4

f Z
3 1

~12 f R!2

9 f Z
G ,

KJ3B58ES 41
1

E2Dx tilt ,

whereb i5nTi /(B0
2/2m0). Then the stability condition can

be deduced from Eq.~4! with anN which includes contribu-
tions from both thej3B force @Eq. ~1!# and the gyro-
viscosity force@Eq. ~6!#, written as

KJ3B~ f Rs!2<~11 f RsM!2K rot1KGV ,

or

~KJ3B2M2K rot!~ f Rs!222MK rot~ f Rs!2K rot2KGV<0,

whereM is a rotational Mach number in addition to the r
tation due to ion diamagnetic drift.

If M50, the stability condition can be reduced to

s2,
K rot1KGV

f R
2KJ3B

,

which is plotted in Fig. 9, where the stability window ex
pands tos/E&2.8. If MÞ0, i.e., there is an additional rota
tion due toE3B drift; then generally the stability improve

FIG. 9. Stability diagram ins and elongation with stabilizing effects from
ion diamagnetic drift and ion gyro-viscosity.
icense or copyright; see http://pop.aip.org/pop/copyright.jsp
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as shown in Fig. 10. A small additional rotation~such as
M50.2) can stabilize tilt significantly at largeE.

IV. SHIFT STABILITY

Similar approaches can be taken to study the other
types of rigid body motion of a FRC plasma: axial shift a
radial shift. The calculations are much simpler since they
planar motions. Contributions from bothj3B and ion gyro-
viscosity are considered.

When the plasma shifts in the axial~Z! direction byjZ ,
the perturbedj3B force in theZ direction is given byF1Z

52jZ* j u]BZ /]RdV. Then the equation of motion is

M totalj̈Z522pjZRs

B0
2

m0
S 41

1

E2Dxshift ;

xshift5E E R2

Rs
3B0

]BZ

]R
dZdR,

where the nondimensional parameterxshift can be explicitly
calculated as a function ofE and fit to 20.013220.168/E
10.259/E220.0917/E310.0104/E4 ~see Fig. 3!.

Figure 11~a! shows the normalizedj3B force as a func-
tion of E. If E&1, the axial shift is stable due to a restorin
j3B force. WhenE*1, the FRC is unstable to the axial sh
mode. When only an inner part of the FRC plasma sh
axially, the ion gyro-viscosity will provide a restoring forc
in the Z direction as in the tilt stability,

FGV523pjZ

nTiRs

s2

~12 f R!2

f Z
3 ,

where the perturbed force is assumed to be active onl
both ends of the plasma with a thicknessDZ . Then the sta-

FIG. 10. Stability diagram with stabilizing effects from ion diamagne
drift, ion gyro-viscosity, and additional rotation:~a! M,0 and~b! M.0.
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bility condition is obtained by setting the gyro-viscous for
equal to thej3B force. Figure 11~b! shows a stability dia-
gram in the parameter space ofs andE. Unlike the case of
tilt stability, gyro-viscosity has little effect on the axial shi
stability except for in very smalls regimes.

A very similar analysis can be applied to a small rad
shift jX in theX direction. The perturbedj3B force in theX
direction is given by

F1X5E jXj u

]BZ

]R
sin2 udV5pjXRs

B0
2

m0
S 41

1

E2Dxshift .

As shown in Fig. 12~a!, the radial shift stability window is
reversed compared to axial shift. The stabilizing ion gy
viscous force,

FGV5
3pjX

&

nTiRs

f R
3s2 ES 12

& f Z

E D S 11
2 f R

2

9 D S 12
f R

2 D ,

is found to have little effect in the radial shift case, as sho
in Fig. 12~b!.

V. DISCUSSIONS AND CONCLUSIONS

Despite the very simple models used in the present s
ies, much physical insight has been gained regarding glo
stability of FRC plasmas. Tilt stability is predicted, indepe
dent ofs, for FRC’s with low E ~oblate!, while tilt stability
of FRC’s with largeE ~prolate! depends ons/E. It is found
that plasma rotation due to ion diamagnetic drift can stabi
the tilt mode whens/E&1.7. The so-called collisionless io
gyro-viscosity also is identified to stabilize tilt whens/E
&2.2. Combining these two effects, the stability regim
broadens tos/E&2.8, consistent with existing theories.

FIG. 11. ~a! TheJ3B force normalized byjZ(B0
2/2m0)Rs as a function ofE

for a small axial shift.~b! The stability diagram for the axial shift mode in
the parameter space ofs andE with ion gyro-viscosity included.
icense or copyright; see http://pop.aip.org/pop/copyright.jsp
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small additional rotation~such as a Mach number of 0.2! can
improve tilt stability significantly at largeE, although it is
not self-consistently included in equilibrium as in Ref. 4.
similar approach is taken to study the physics of shift sta
ity. It is found that radial shift is unstable whenE,1 while
axial shift is unstable whenE.1. However, unlike the tilt
stability, gyro-viscosity has little effect on the shift stabilit

In an attempt to compare with experiments, Figure
plots thes2E tilt stability diagram together with existing
experimental observations23–26 in u-pinch devices. Without
E3B rotation, some experimental data are outside the st

FIG. 12. ~a! TheJ3B force normalized byjX(B0
2/2m0)Rs as a function ofE

for a small radial shift.~b! The stability diagram for radial shift in the
parameter space ofs andE with ion gyro-viscosity included.

FIG. 13. A comparison of theoretical predictions of tilt stability diagra
with experimental observations of stable FRC plasmas.
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regime. But with a certain level ofE3B rotation, all the data
can be included in the stable regime, although a consis
E3B rotation has not been experimentally established
these devices.

Of course, one should bear in mind that the above res
are only semi-quantitative. Also likely is that the stabili
windows shrink when non-rigid-body motions are taken in
account. A recent study27 shows that parallel viscosity due t
both collisions or collisionless pitch-angle scattering c
smooth out variations along the field line thus making t
motion more rigid-body-like. On the other hand, the omitt
effects of plasma compressibility~including both thermal
and magnetic!15 and sheared flows28 are likely to broaden the
stability window. Therefore, a more precise stability diagra
would require a substantial theoretical and numeri
effort,5,7 which is beyond the scope of the present wo
Nonetheless, the present work has elucidated two impor
stabilization mechanisms in detail for the FRC tilt stabilit
plasma rotation~due to both ion diamagnetic drift andE3B
drift! and ion gyro-viscosity. The tilt stability observed i
past FRC plasmas formed byu-pinches can be well ex
plained by these two effects due to their largeE.

Another important conclusion is that FRC plasmas
always likely to be unstable to at least one global instabi
with any combination ofs andE. Passive or active stabilizer
~coils or conducting shells! are required to stabilize thes
global modes completely. Theta-pinch FRC’s are subjec
the axial shift instability, but it seems to be stabilized
mirror coils. FRC plasmas made by merging spheromak29

are likely to be subject to the radial shift instability due
their oblate shape. A conductive shell is probably needed
stabilize this mode. The global stability of FRC plasmas w
both oblate and prolate shapes and variouss can be explored
further in the proposed project SPIRIT~Self-organized
Plasma with Induction, Reconnection, and Injecti
Techniques!30 based on the counter-helicity spherom
merging.
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APPENDIX: NUMERICAL CALCULATION OF
EXTERNAL FIELDS FOR SOLOVEV EQUILIBRIA

A free-boundary solution for the Solovev FRC equili
rium provides external fields for calculation of the tilt an
shift instabilities. To obtain the solution we place NC polo
dal field coils on a closed contour surrounding the plas
and seek a set of coil currents which match appropr
boundary conditions at the plasma separatrix.

The total flux,c, anywhere in space can be written
separate contributions from the plasma and coil curr
sources,c5cp1cc . Axisymmetric Green’s functions relat
the current sources to the fluxes:

cp~Xi ,Zi !5E E Jf~X,Z!G~X,Z;Xi ,Zi !dXdZ,

where
icense or copyright; see http://pop.aip.org/pop/copyright.jsp
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Jf5
1

X
D* c52Xp8.

Here, p85p0 /c0 is the derivative of the pressure with re
spect to the poloidal flux, and is constant for the Solov
model. Similarly, the ‘‘external flux’’ provided by the poloi
dal field coils is given by

cc~Xi ,Zi !5(
j 51

NC

G~Xj ,Zj ;Xi ,Zi !I j .

Specifically, theXi , Zi are chosen to be NB equall
spaced points on the plasma separatrix, excludingX50, and
the NC coils are equally spaced on (X/X0)21(Z/Z0)2

52ac
2, a contour conformal with the separatrix.

Sincec50 on the separatrix, matching fluxes across
plasma–vacuum interface gives

(
j 51

NC

Gi j I j5Ri , ~A1!

where

Ri52cp~Xi ,Zi !, Gi j 5G~Xi ,Zi ;Xj ,Zj !,

i 51,2,.....,NB.

The coil currents,I j , are found by solving Eq.~A1! by the
method of Least Squares:

MinH W5(
i 51

NB

s iF (
j 51

NC

Gi j I j2Ri G2

1a reg (
j 51

NC21

~ I j 112I j !
2J .

The regularization term multiplyinga reg avoids coil-to-coil
current oscillation. Typical numerical parameters are N
520, NB520, ac52.0, a reg50.01. With suitably chosen
weights, s i , maximum errors Maxi u(SGi , j I j )/Ri21u
,0.005 are typically obtained~see Figure 1!.
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