
CEMM Workshop. Dallas TX, November 2008.

ANALYTIC RESULTS

FOR TWO-FLUID TEARING MODES

E. Ahedo† and J. J. Ramos

M.I.T. Plasma Science and Fusion Center

† Permanent address: Universidad Politécnica de Madrid (Spain)



TWO-FLUID, HALL-MHD MODEL

∂n

∂t
+ ∇ · (nu) = 0

j = ∇× B

∂B

∂t
+ ∇× E = 0

E = −u × B +
1

en
(j × B −∇pe) + ηj

mιn[
∂u

∂t
+ (u · ∇)u] + ∇(pι + pe) − j × B = 0

psn
−Γs = constant (s = ι, e)



ONE-DIMENSIONAL EQUILIBRIUM WITH CONSTANT DENSITY AND TEMPERATURES

n0, pι0, pe0, B0 = constants

B0(x) = εBB0 tanh(x/L) ey + [B2
0 − B2

0y(x)]1/2 ez with εB = O(1)

j0(x) = −B′
0z(x)ey + B′

0y(x)ez

u0 = 0

LINEAR NORMAL MODES INDEPENDENT OF z AND PERIODIC IN y

F (x, t) = F0(x) + F1(x) exp(iky + γt)



DIMENSIONLESS PARAMETERS OF THE PROBLEM AND ADOPTED ORDERINGS

εη = S−1 =
ηk

cA
=

ηk(mιn0)
1/2

B0
εη � 1

εγ =
γ

kcA
εγ ∝ εν

η � 1 (0 < ν < 1) as an output

α = kdι =
km1/2

ι

en
1/2
0

α ≤ O(ε−1/5
η )

β =
c2
s

c2
A

=
Γιpι0 + Γepe0

B2
0

β � O(ε2
γ) i.e. γ � kcs

kL = O(1) such that k−1∆′ =
B′

1x(0+) − B′
1x(0−)

kB1x(0)
= 2[(kL)−2 − 1] ≤ O(1)

εB =
B0y(∞)

B0
εB = O(1) define kLB = kL/εB = O(1)



GENERAL SUBSONIC DISPERSION RELATION

In the considered γ � kcs and α = kdι
<∼ S1/5 regime,
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where

D(σ, τ ) =
∫ +∞
−∞ [1 − x̄ ξ̄(x̄; σ, τ ) − x̄ Q̄(x̄; σ, τ )] dx̄

and ξ̄(x̄; σ, τ ) and Q̄(x̄; σ, τ ) are the scaled x-component of the perturbed velocity and odd part

of the z-component of the perturbed magnetic field, satisfying the non-ideal layer system:

d2ξ̄

dx̄2
= x̄2(ξ̄ + Q̄) − x̄

d2Q̄

dx̄2
= (x̄2 + τ )Q̄ + σ2d2ξ̄

dx̄2





CLASSIC TEARING MODE DISPERSION RELATIONS

In PR1:

D(σ, τ ) = C ⇒ εγ = ε3/5
η

 ∆
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C2k3LB
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(single − fluid resistive)

In PR3:

D(σ, τ ) = Cσ−1/2 ⇒ εγ = ε1/2
η

α
∆

′2

C2k3LB


1/2

(electron − MHD)

In PR5:

D(σ, τ ) = πσ−1τ 1/2 ⇒ εγ = ε1/3
η

αβ1/2 ∆
′

πk2LB


2/3

(semicollisional)



SOLUTIONS IN THE TRANSITION REGIONS OVERLAPPING THE CLASSIC DOMAINS

In PR1, PR2 and PR3:

D(σ, τ ) = Cf2(σ) with f2(σ) =
1

2

∑
+,−

[
1 ±

(
1 + 4/σ2

)−1/2
] [

1 + σ2/2 ± σ
(
1 + σ2/4

)1/2
]−1/4

[new result]

In PR3, PR4 and PR5:

D(σ, τ ) = Cσ−1/2f4(τ/σ) with f4(u) =
2π Γ[(3 + u)/4]

C Γ[(1 + u)/4]

[derived by Mirnov et al.(2004) for εB � 1; valid for εB ∼ 1]

In PR5, PR6 and PR1:

D(σ, τ ) = Cf6(σ
2/τ ) with a numerical f6(u) fitted by f6(u) 
 1 − u/4 + πu2/20

1 + Cu5/2/20

[new result]




