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I-mode VS EDA H-mode (cont.)

Figure: Spontaneous rotation versus
thermal energy
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Main Points

Phase velocity direction: sgn
(
ω
ky

)
= sgn

(
vde ≡ − c

eBne

dpe
dx

)
.

Driving factor: combined effects of finite impurity temperature and
ion temperature gradient (a temperature "knee" without a density
"knee" is present at the edge of the plasma column).

Outward impurity transport.

Outward main ion thermal energy transport.

Inward main ion particle transport.

Ejecting angular momentum in the direction of vde, and inducing
locally spontaneous rotation in the direction of vdi (co-current).
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A Simplified Plane Geometry Model

1 Uniform magnetic field: B ' B0eZ .

2 3 populations: heavy particle (impurity), main ion and electron,

nI � ni ' ne.

3 Electrostatic perturbations

Ê ' −∇φ̂, φ̂ ' φ̃(x) exp (−iω t + kyy + kqz) ,

ky �

∣∣∣∣∣ 1
φ̃(x)

d2φ̃(x)

dx2

∣∣∣∣∣� kq.

4 About equal temperatures

TI ' Ti ' Te.
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A Simplified Plane Geometry Model (cont.)

5 Frequency range

v2
thI .

|ω|2

k2
q
< v2

thi < v2
the (1)

6 Main ion

n̂i ' −
eφ̂
Ti

ni

7 Electron

n̂e '
eφ̂
Te

ne
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A Simplified Plane Geometry Model (cont.)
8 Impurity population parallel dynamics

−iωnImI ûIq ' −ikq
[
n̂ITI + nIT̂I + eZnI φ̂

]
, (2)

−iωn̂I + v̂Ex
dnI

dx
+ ikqnI ûIq = 0,

3
2

nI

(
−iωT̂i + v̂Ex

dTi

dx

)
+ ikqnITI ûIq ' 0.

9 Quasineutrality

Zn̂I ' n̂e + n̂i =
eφ̂
¯̄T

¯̄n,

¯̄n
¯̄T
≡ ne

Te
+

ni

Ti
.
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Dispersion Relation

The simplest dispersion relation of the I-mode(
ω2 − ω2

IA
)

[ω + ω∗I ]− ω2
SI

(
ω − ωI

∗∗
)

= 0 , (3)

ω2
IA ≡ 5

3
k2
q

TI

mI
, ωI

∗∗ ≡ ky
cTI

ZeB
1
nI

dnI

dx
, ω2

SI ≡
3
5
ω2

IA∆,

ω∗I ≡ ωI
∗∗∆, ∆ ≡ Z 2 nI

¯̄n

¯̄T
TI

— impurity parameter.
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Dispersion Relation (cont.)

Roots
Normalized dispersion relation of I-mode:

f (ω,U) =
(
ω2 − 1

)
(ω + U∆)− 3

5∆ (ω − U) = 0 ,

ω ≡ ω

ωIA
, U ≡ ωI

∗∗
ωIA

.

Ω

fHΩ,UL

Ω1Ω2Ω3

0

Figure: Graphic representation of the solution for ∆ = 0.4 and U = 0.8
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Connection to Impurity Drift Mode

If we take ω2 > ω2
IA and ω ∼ ω∗I ∼ ωSI , and neglect ω2

SIω
I
∗∗ in the

I-mode dispersion relation, we have the previously known [1]
dispersion relation

ω(ω + ω∗I)− ω2
SI = 0 (4)

that is quadratic. The two roots of Eq. (4) correspond to the
impurity drift mode and the " impurity sound mode".

Clearly, Eq. (3)(the I-mode dispersion relation) is a cubic equation
and it introduces a new mode.
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Characteristic Frequencies

1 "Signature" frequency of I-mode

Eq. (3) has solution ω = ωIA = ωI
∗∗;

ω

ky
≈ ωI

∗∗
ky

same sign as vde ≡ −
c

eBne

dpe

dr

2 Impurity "drift" frequency

Eq. (4) has solution ω ' −ω∗I = −ωI
∗∗∆ for ω2

SI < ω2
∗I/4;

ω

ky
≈ −ω∗I

ky
same sign as vdi ≡

c
eBni

dpi

dr
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Mode-Particle Resonance Effects

The thermal conductivity of the main ion is large due to large
mean free path λi .

The mode resonates with 1-D motion of main ion particle

n̂i

ni
' −eφ̂

Ti

[
1 + i

√
π

ωT
∗i

|kq|vthi

(
1
2
− 1
ηi

)]
,

ωT
∗i ≡ ky

c
eB

dTi

dx
, ηi ≡

1
Ti

dTi

dx

/(
1
ni

dni

dx

)
.
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Mode-Particle Resonance Effects (cont.)

Dispersion relation(
ω2 − ω2

IA

)
(ω + ω∗I)− ω2

SI

(
ω − ωI

∗∗

)
= −iεi ω

(
ω2 − ω2

IA

)
,

εi ≡
√
π

ni
¯̄T

¯̄nTi

ωT
∗i

kqvthi

[
1
2
− 1
ηi

]
.

Instability condition

ω = ωIA + δω,

Imδω '= − 3
10

(
ωIA − ωI

∗∗
)
εi∆

(1 + ω∗I/ωIA)2 + ε2i
, ∆ < 1.

So the mode with phase velocity in the direction of vde is unstable
when

ωI
∗∗ < ωIA and ηi > 2 (1-D model) for ky > 0.
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Effects of Impurity Thermal Conductivity

Dispersion relation with the longitudinal impurity thermal diffusivity
Dth
qI (

ω2 − ω2
IA

)(
ω + ωI

∗∗∆
)
− 3

5
ω2

IA∆
(
ω − ωI

∗∗

)
= −i

2
3

k2
q Dth

qI

[
ω2 − 3

5
ω2

IA +

(
ωωI
∗∗ −

3
5
ω2

IA

)
∆

]
Dth
qI gives the damping rate to the mode with phase velocity in the

direction of vde.

ω = ωIA + δω, ∆ < 1,

Imδω ' − 2
15

k2
q Dth

qI < 0.
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Quasi-linear Transport by the I-mode

No electron transport: 〈n̂ev̂Ex〉 = 0.

Outward impurity transport; outward main ion thermal energy
transport; inward main ion particle transport for ηi >

2
3 ,

Z 〈n̂I v̂Ex〉 = −〈n̂i v̂Ex〉,
n̂i

ni
' −eφ̂

Ti
− T̂i

Ti
,

Z 〈n̂I v̂Ex〉 =
ni

Ti
〈T̂i v̂Ex〉 = −3

2
niT ′i
Tiν

q
eff

〈
|v̂Ex |2

〉(
1− 2

3ηi

)
> 0.

The Impurity transport increases 1
nI

dnI
dx until the marginal stability

condition is reached,

ω2 = ω2
IA =

(
ωI
∗∗
)2
.
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Electromagnetic Fluctuations

B̃θ has been observed over 100 – 150 kHz.

Perpendicular current

Ĵy = e
(

ni ûc
iy + ZnI ûc

Iy + ZVDI n̂I

)
,

ûc
iy ∼ |ω − ωdi |

Ωci

c|Ê |
B

– main ion polarization & FLR drifts,

VDI =
TI

mIΩcIRc
– Impurity magnetic curvature drift,

ûc
Iy ' T̂I

mIΩcIRc
– Perturbed curvature drift due toT̂I .
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Electromagnetic Fluctuations (cont.)

Ratios between the electrostatic-component and the
magnetic-component in Êq = −ikqφ̂+ iω

c Âq

φ̂ 
ω

ckq
Âq = φ̂ 

ω

ck2
q

4π
ck

Ĵy

Ĵy ' eni ûc
iy 1 |ω−ωdi |ω

k2
q v2

A
small

Ĵy ' ZenI ûc
Iy 1 βIq2

0
R0
rI

significant

βI ≡
4πnITI

B2 ,
1
rI
≡ 1

nI

dnI

dx
.
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Electron Temperature Fluctuations
T̂e may have been observed [A. White]
Can the electron thermal conductivity be severely depressed so
that T̂e

Te
could compete with T̂i

Ti
?

T̂eq and T̂iq play different roles

Zn̂I = eφ̂
[

ne

Te
+

ni

Ti

]
− ne

T̂eq
Te

+ni
T̂iq
Ti

A 1-D
model:

εNLωteT̂eq + v̂Er
dTe

dr
+ 2Te∇qûeq = 0, εNL < 1;

T̂eq ' −i
ωT
∗e

εNLωte
eφ̂
(

1− 2
ηe

)
, ωT
∗e ≡

m0

r0

c
eB

dTe

dr
;

n̂e

ne
' eφ̂

Te

[
1 + i

ωT
∗e

εNLωte

(
1− 2

ηe

)]
, ηe ≡

d ln Te

d ln ne
.
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Toroidal Modes

Simplified toroidal geometry

B =
1

1 + r cos θ/R0
[Bζ(r)eζ + Bθ(r)eθ]

Disconnected mode representation

φ̂ ' φ̃(r0, θ) exp
{
−iωt + in0 [ζ − q(r)θ] + in0 [q(r)− q0] F (θ)

}
,

F (θ) = 0 for − π < θ < π.

Impurity parallel fluid dynamics

n̂I ' −
v̂ r

E
ω

dnI

dr
+

1
iω
∇q (nI ûIq) , v̂ r

E ≡ −
m0

r
c
B
φ̂,

ûIq ' 1
iωmInI

∇q

[
p̂I + ZenI φ̂

]
.
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Toroidal Modes (cont.)

The dispersion relation is similar to that for plane geometry(
ω2 − ¯̄ω2

IA
)

(ω + ω∗I) + ¯̄ω2
SI
(
ωI
∗∗ − ω

)
= 0,

¯̄ω2
IA ≡ 5

3
TI

mIq2
0R2

0

I1
I0
, ¯̄ω2

SI ≡ Z 2 nI
¯̄n

¯̄T
mIq2

0R2
0

I1
I0
,

I0 ≡
∫ π

−π
dθ|φ̃(θ)|2, I1 ≡

∫ π

−π
dθ|d φ̃(θ)/dθ|2.

Modes are odd in θ and do not "see" the unfavorable curvature. The
following trial function can be used,

φ̃ = φ̃0 sin (l0θ)

{
1− exp

[
− (π − |θ|)2

δ2

]}
,

where we take l0 ≥ 10 to make sure that ω2/k2
q < v2

thi for the
experimental data.
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Mode-Particle Resonance Effects

Modes can resonate with circulating main ion population with
transit frequency ωti

ω = σp0ωti (ε, µ) , σ = sgnvq.

Dispersion relation(
ω2 − ¯̄ω2

IA

)
[ω (1 + i ¯̄εi) + ω∗I ] + ¯̄ω2

SI

(
ωI
∗∗ − ω

)
= 0.
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Mode-Particle Resonance Effects (cont.)

Evaluate mode-particle resonance ¯̄εi by using the equilibrium
distribution

fi = fMi (1 + ∆i) ,

fMi =
ni(r)(
πv2

thi

)3/2 exp
[
− ε

Ti(r)

]
,

∆i ' −
vζ
Ωi
θ

[
n′i
ni
−

T ′i
Ti

(
3
2
− ε

Ti

)]
.

n̂i ' −
e
Ti

{
ni φ̂+ iπωi

∗

[∫
d3v fMi

(
1− 3

2
ηi +

ε

Ti
ηi

)]

·
∑
p 6=0

φ̃(p) (ε,Λ, r0) exp [ipωt t(θ)] δ (ω − pωt ) exp
[
−iωt + in0 (ζ − qθ)

]}
,
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Mode-Particle Resonance Effects (cont.)

∫ π

−π
dθφ̂∗Zn̂I = eI0

¯̄n
¯̄T

[
1 + i ¯̄εi

(
1− ηc

ηi

)]
,

¯̄εi ≡
√
π

Π1

I0

(
3
2
− Π2

Π1

)
ni
¯̄n

¯̄T
Ti

q0R0ω
T
∗I

vthi
, ηc ≡

1
3
2 −

Π2
Π1

.

The result for 1-D plane geometry is recovered when ε0 → 0,

ηc −→ 2 as
Π2

Π1
−→ 1.
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Mode-Particle Resonance Effects (cont.)

Π1 ≡
∑
σ

∑
p 6=0

∫ 1−ε0

0
dΛ

L2
t (Λ)

2π|p|
¯̄v2

res exp
[
−¯̄v2

res
] ∣∣∣φ̃(p)

(
¯̄v2

res,Λ, r0
)∣∣∣2 ,

ε0→0−→
∑
σ

∑
p 6=0

2π
|p|

∫ ∞
0

d ¯̄v2
res exp

[
−¯̄v2

res
] ∣∣∣φ̃(p)

(
¯̄v2

res,Λ, r0
)∣∣∣2 ;

Π2 ≡
∑
σ

∑
p 6=0

∫ 1−ε0

0
dΛ

L2
t (Λ)

2π|p|
¯̄v4

res exp
[
−¯̄v2

res
] ∣∣∣φ̃(p)

(
¯̄v2

res,Λ, r0
)∣∣∣2 ,

ε0→0−→
∑
σ

∑
p 6=0

2π
|p|

∫ ∞
0

d ¯̄v2
res

¯̄v2
res exp

[
−¯̄v2

res
] ∣∣∣φ̃(p)

(
¯̄v2

res,Λ, r0
)∣∣∣2 ;

Lt (Λ) ≡
∫ π

−π

dθ√
1− Λ/h(θ)

, ¯̄vres ≡
ωLt (Λ)

2πpωti
, ωti ≡

vthi

q0R0
.
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Conclusions

We have developed a theoretical model that can account for the
main characteristics and the effects of the plasma mode around
200 kHz that is excited in connection with the onset of the so
called I-Confinement Regime.

The theory has predicted correctly the direction of the mode
phase velocity (that of the electron diamagnetic velocity).

The mode is associated with the presence of a heavy particle
population (impurity) near the edge of the plasma column.

The driving factor is the temperature gradient of the main ion
population combined with the finiteness of the impurity population
temperature.
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Conclusions (cont.)

The main effects of the mode is to transport the impurity
population outward, increasing their density gradient and the
main ion population inward, while allowing an outward flow of the
thermal energy of the hotter population.

The impurity confinement characteristic makes the I-Confinement
Regime of particular interest for experiments aimed at producing
plasmas close to ignition conditions.
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Numerology

In this section we give the approximate numerical estimates for a set of
parameters that are involved in the theory of the Heavy Particle Mode
discussed earlier. These estimates are based on the relevant experimental
observations made by the Alcator C-Mod machine.

Frequency Range

f ≥ 200k Hz, ω ≥ 1.25× 106rad · s−1.

Spontaneous Rotation Velocity [8]

uφ ' 20 — 90 km · s−1.

in the direction of vdi .

Toroidal Mode Number

n0 ' 20± 5.

() November 4, 2010 28 / 34



Numerology (cont.)

Major Radius of the Plasma Column

R0 ' 68cm

Mode Localization Radius

RL = R0 + r0 ' 88.5cm

Unwinding Parameter at R ∼ eqRL

q(ψL) ' 2.5

Electron Temperature at R ' RL

Te ' 600eV
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Numerology (cont.)

Electron Density at R ' RL

ne ' 1020m−3

Dominant Impurity Impurity Parameter

O+6 ∆ ≡ Z 2nI
¯̄T

¯̄nTI
' 0.3

for Te ' Ti ' TI and considering Zeff ' 1.5 at R ' RL.

Poloidal Wavelengths Toroidal Wavelengths

λθ =
2π
〈kθ〉ψ

' 3− 6cm λφ =
2πR0

n0 ' 14− 21cm

if the flux surface averaged wavenumber 〈kθ〉ψ ' 1 – 2cm−1 as indicated
by the experiments.
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Numerology (cont.)

Inferred Poloidal Mode Number

q(ψL)n0 ' 60
(

5q (ψL)

12

)( n0

25

)
.

On the other hand, 〈m〉ψ = 〈kθ〉ψ Cθ

2π ' 30 – 60 for kθ ' 1− 2 cm−1 and
Cθ/ (2π) ' 30cm. The largest value would be consistent with the
inferred q (ψL) n0.

Thermal Velocities

Vthi ' 2.4× 107
(

Ti
600eV

)1/2
cm · sec−1 deuterons

VthI ' 8.5× 106
(

TI
600eV

)1/2 (
16
mI

)1/2
cm · sec−1 impurity

Vthe ' 1.5× 109
( Te

600eV

)1/2
cm · sec−1 electrons
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Numerology (cont.)

Collisional Frequencies

νii ' 3.5× 103
[ ni

1014cm−3

] [ ln Λ
15

] [ 600eV
Ti

] 3
2

sec−1 deuterons

νIi ' 1.25× 105
[ ni

1014cm−3

] [ ln Λ
15

] [ 600eV
Ti

] 3
2 [Z

6

]2 [ mI
16mp

] 1
2

sec−1 impurity-deuterons

νII ' 1.4× 104
[

Z 2nI
1014cm−3

] [ ln Λ
15

] [ 600eV
TI

] 3
2 (Z

6

)2
(

16mp
mI

) 1
2

sec−1 impurity-impurity
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Numerology (cont.)

Mean Free Paths

λii =
Vthi

νii
' 6.9× 103

[
Vthi

2.4× 107cm · sec−1

] [
3.5× 103sec−1

νii

]
cm

λIi =
VthI

νIi
' 6.8× 10

[
VthI

8.5× 106cm · sec−1

] [
1.25× 105sec−1

νIi

]
cm

λII =
VthI

νII
' 6× 102

[
VthI

8.5× 106cm · sec−1

] [
1.4× 104sec−1

νII

]
cm

Collisionality Parameters

qR0

λii
' 1

41

[
6.9× 103cm

λii

] [ q
2.5

] [ R0

68cm

]
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