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0.1 First-order DKE in the (ξ,s) velocity variables
Hazeltine’s form for the drift kinetic equation (ε, µ) :

∂tf + (v|| + vD) · ∇f +
(
µ∂B

∂t + e(v|| + vD) · E
)
∂εf = C + Q.

Using ξ = v||/v and s = v/v0 yields

∂tf + (v|| + vD) · ∇f − +(v|| + vD) ·
[
1− ξ2

2ξ
∇ ln B∂ξ + s∇ ln v0∂s

]
f +(

e

2e0s2
(v|| + vD) · E

)
(s∂sf + 2g(ξ)∂ξf ) = C + Q

with general form for drift

vD = E×B
B2 +e0s

2

eB

[
b×
((

1− ξ2
)
∇ ln B + 2ξ2κ− v0sξ

e0B
∇× E

)
+ (1− ξ2)

µ0J||
B

]
.
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0.2 1D FE basis in ξ

• Use 1D FE grid in pitch angle. In each element expand f as :

f (r, t, ξ, s) =
∑

i

fi(r, t, s)φi(x)

.

• Modal (built from Legendre polynomials) and nodal (Lagrange and Gauss-
Lobatto-Legendre) bases have been implemented.

• Test packing in pitch angle.

• Pitch-angle coefficients, fi, computed on speed grid determined by Gauss-
Laguerre (sε[0,∞)) or Gauss-Legendre (sε[0, smax]) quadrature.
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0.3 Sample velocity grid
• 3 cells in ξ with 5th-order polynomials and 6 speed grid points = 96 un-

knowns. Naturally packed near trapped/passing boundary.
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0.4 Coulomb collision operator for like particle col-
lisions

• Full, linearized Coulomb collision operator taken from Ji and Held, PoP
(2006) :

Caa = 1

nav
l+2k
Ta

∑
lk

f
(0)
a

σl
k

Pl(v||/v)M lk
|| (r, t)ν lk

aa,

where f
(0)
a is Maxwellian, ν lk

aa’s are speed dependent collision frequency and

M lk
|| = l!

(2l−1)!!v
l+2k
T

∫
dvL

l+1/2
k (s2)slPl(v||/v)F

• Applying quadrature yields:

Caa = 2√
π
e−s2

is
∑

js wjs

(
1
2s

l+1−2n
js es2

js

sl+2
js

)
L

l+1/2
k (s2

js)
∑

j

∑
lk

l!
(2l−1)!!

νlk∗
aa (sis)

σl
k

PliPljfj(r, t, sjs).
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0.5 Neoclassical transport calculations
Order vD << v|| and assume weak (relative to Dreicer) electric field:

∂tf0 + v|| · ∇f0 − v|| ·
[
1− ξ2

2ξ
∇ ln B∂ξ + s∇ ln v0∂s

]
f0 = C(f0)

which is satisfied by stationary Maxwellian with flux functions n and T .
To next order :

∂tf1 + v|| · ∇f1 −
(
v|| · ∇ ln B

) 1− ξ2

2ξ
∂ξf1 =

−vD · ∇f0 + svD · ∇ ln v0∂sf0 −
e

2ε0s
v|| ·

(
EA −∇φ1

)
∂sf0 + Caa + Cab

Using g = f1 − (eφ1/T0)f0yields (compare with Eq. 23 of Belli and Candy, 51
PPCF 2009):

∂tg + v|| · ∇g − v|| · ∇ ln B∂ξg =

−vD · ∇f0 + svD · ∇ ln v0∂sf0 +

Caa + Cab − e

2ε0s
v|| · EA∂f0 +(ef0/T0)∂tφ1
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0.6 Further disscussion
• Caa -> NIMROD uses full linearized Coulomb operator; NEO uses various

reduced forms with the best being the “re-normalized” form of Hirshman
and Sigmar .

• Cab-> NIMROD and NEO use Cei = Lee+νei(v)mev||V||if0e/T0e. Ion/electron
operator, C ie = −sξR||eif0i/p0i, also implemented in NIMROD with simul-
taneous solve for both distribution functions. Here R||ei = m

∫
dvv||C

ei.

• Works well on a workstation, but velocity space resolution limited. Debug-
ging on Franklin.

• Results will be presented in poster on Thursday.
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