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Density, temperature, pressure, etc.
tend to equilibrate across an island
width

Difference in current at O-point and
X-point can drive island growth

Without these gradients, there can be
no bootstrap current within the island

Bootstrap current at the X-point can
drive island growth

Large islands allow hot, dense
plasma near core to be transported
outward, reducing confinement

Modifications to magnetic topology
can result in macroscopic instability
and disruption

Neoclassical tearing mode (NTMs)

ki

Images taken from The
Theory of Toroidally Confined
Plasmas by R. White, 2006




NTM stability modeling

0 NTM stability place a severe limit on maximum 8

0 NTMs incorporate a lot of physics

Cause: Neoclassical kinetic theory
Effect: MHD destabilization
Requires a hybrid model

0 High-fidelity simulations required for prediction,
control, avoidance, and understanding of NTMs

Especially important for ITER operation, where very
few disruptions can be tolerated



Framework for hybrid solver

What’s needed

Solve the drift kinetic
equation in a general,
3D, toroidal geometry
for the ion and electron
perturbed distribution
functions in parameter
regimes relevant to ITER
and reactors and couple
to an MHD solver

Solve the drift kinetic
equationin a 2D, large
aspect ratio tokamak for
the neoclassical,
electron perturbed
distribution function
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Electron DKE

ofe . Ofe . df. . Ofe
f + X f +U|8’LJ)C +UL82{L — <Cee[feafe}+cei[f€7fi}>

ot Ox
0 Derived from average of Fokker-Planck equation over gyromotion

o Determines form of X,i)”, and U |
o1 Collision operators taken in their linearized Landau form

0 Two expansion parameters for high-temperature fusion plasmas
6~ pi/L <1 V*NL/)\mpr(S

0 Four common subsidiary parameters
Me/Mi ~ 62| |0 ~ pe/L ~ 8| |te/vine ~ 8| | [nnie/ Fare ~ 6

o Equations maintained to third order in 0
o1 Scale at which collisional dynamics first become important
o Terms of order d.v, will be kept, but 53, dropped
o Equivalent to neoclassical electron banana regime




Stationary, Axisymmetric Equilibrium

_ o I
0 Nested flux surfaces labeled by ¥ = ¥ pp /27

O Fields: B = V¢ x V(+ RB:V(

‘/Zoop
27

0 Lowest-order fluid equations result in

n=n) Ti=T,¢) ¢=0)

E=-Vo-— V¢

RB: = 1(v) uS:U(w)BJrRQ[dCb 1 ok

d) endw]vc



Resulting DKE

I
0 Given these assumptions, it is convenient to write

fe — fMe + (ge,() +ge,1 COSX)fMe + he

where g. o and g..1 have analytic forms

0 Then, the DKE for h.can be reduced to

Oh.
00

’UH (b . VQ) — Ce[he} — Ser”

where U| (w, 60, v, )\) === [1 — )\B(?ﬁ, 9)/Bma;c(?,b)}1/2

AN, 0, x) = sin” XBax(V) /B, 0)



Source Term

~ 11 P
Source contains Ohmic drive, interaction with ion

flow, and pressure and temperature gradient
bootstrap drive

evyloo ! I dP Uthe U
S, = L .| U;,B
’ {QwTeBRQ 1 ( T enB dw) 02 0 S (futhi)
N vemed dT, Ve 20 v 0¢ v
eBT, dy v Uthe Uthe

1 v 5'0 v
27 \ Vthi QUW Vthi




Solubility Condition

_ 2 [
0 Standard solution method for neoclassical theory
he — C(UH)H(l — )\)Ke(?,b, v, A) + hgg)

\ J
|
hodd

onL>
90

o DKE becomes vj(b- Vo) — C[h*"] = Sy

. L. dl
o Solubility condition: f —C,[h°%) = f dlS,
) )0,

o\ U

0 Contour integrals taken along one poloidal turn of
magnetic field line



Integral over Collision Operator
I

f;[;:,v A\ ”U|| O [h } “U (9)\ (771)\8)\ )
+ Voo ii : (”;e)
e2Vthe 03 do +€( ,U‘)
27
Vevthe f]\je/ IB [1 )\ B
0

2 [ B 12
e Bll— Y
’TL’Ut}w fM / J { A Bax ] do

d v?
Uae + " } 4 Ie
] b e
(U + —<5 } nv

27 B
where m(w,A) = Bmam/ J [1 — ] df
0 ax

27T B —%
n2(V, A) = / JB [1 — A ] do
0 Bmam
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Expansions
_ 15 [

0 Expand Rosenbluth Potentials in Legendre and
Fourier series

M  2L—1
®(¢7COSX36 U (I)l m, )
( W (1), cosx,0,v) ) Z Z ( ‘I’lm ) )PZ(COSX) cos mo

m=0[=1,odd

0 Then expand K. , ®;,,, and ¥, ,, infinite
elementsin v and A, as necessary

Ke(t,0,A) = ZZ&; 10y

1=0 7=0

(bh)-5 (o W“)

1=0



Expanded Form

N J
d dip;(A)
2 J
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Galerkin Method

0 Take the inner product of the previous equations with
each finite element
o Use linear tent functions: { Il gy <ax <o

. T;i—T;—-1
o Only overlap with their ep(2)
two nearest neighbors
and themselves 1

0 DKE becomes tridiagonal
in both U and A

0 Rosenbluth Potential egs.
are tridiagonal in v and 0
dense in A

Litl1—T

i-2 i-1 [ i+1 i+2



Block Tridiagonal Algorithm

0 Since all equations are tridiagonal in v, we rewrite
the coupled set as a block tridiagonal matrix eq.

A..-E{ . Uf,;'__|_1 — ng ’ Ug ‘|‘ Cg * U?ﬁ—l — D?ﬁ
o Size of each block matrix is (J + 2L(M + 1))

0 Given appropriate boundary conditions, there exists a
straightforward algorithm to solve for U

0 Computation time required is O(N (J + 2L(M + 1))3)



Boundary Conditions
_ 15 P

O For v
o K.(0,A)=0

Ko (400" = Vyaus \) = 0

d(pl m (I)l m(vma:c)
——— (Umaz) = — [ 1 :
T (00) = —(1 4+ 1) 2
d\];’l m lj[jl m(vma:v)
- maxr) — [—1 -
I (0a) = (1 = 1) T

o K.(v,0) mustbe regular

O (I)gjm(O) = ()
O \Ijz:m(O) — ()
o For \
o K.(v,1)=0
0K,

O\

(v,1) = 0 requires boundary layer (future work)
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Convergence (1)
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Convergence (2)
~ 2
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Example Distribution Functions
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Calculating Current

_2s
0 Need part of distribution function that is odd wrt v,

m.U.B mel (mevg ) dT.,

7. " 2eBT, \ T, w]fﬂf

fRe = S(v)H(1 = N K. — v [

o Requiring /d3vv|f&dﬂe 0, we find that

U.(¢) = nBW /0 dvv?’/o AANK (Y, v, \)

I dP

|| = T eB D 7./
0 Then we use j| = (U; — U.) +Bdw




Ohmic Drive Conductivity
2 [

Neoclassical Conductivity On-Axis

0 On-axis: 7l = Ospitzer & 1.960L 0 2 Compal]
eQn
g = —
MeVBrag L8
0 Trapped particles carry -

no current *

o To lowest order, expect S
ConductiVity to decrease ‘ 002 008 %ﬁ):ctionoéggfrappggPartigi;s Ol oo 08
linearly with the trapped s ooclussical Conduetivty Bencmark
particle fraction ~-Savtr Al Tt

3/ B2 L Ad\ l
fr=1=3( 5 /
max 0 <\/1 — )\B/Bmaq:> \UH 1L
0 Sauter analytic fit?
O-neo
~ 1.96 (1 — 1.36f; + 0.59f7 — 0.23f;)
O-J— 00 0.65 O.‘l O.iS 0.‘2 0.‘25 0.‘3 O.‘35 0.I4 O.LLS 0.5

Fraction of Trapped Particles

1 Sauter, O et al. (1999) Phys. Plasmas: 6,7.



Density-Gradient Bootstrap Current
> P

0 Expect zero current
for fy =0

o To lowest order,
current should
decrease linearly with
trapped particle
fraction

0 Sauter Analytic fit
. dP
(41 B) = —1Lz

dip

L31 = 1.7f, —0.95f7 +0.15f +0.1f;

0.7

Normalize <jH B>
e = = e =
3= W . uh N

e
=
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0
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=
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<
o0
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1 1
0.05 0.1
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Summary

0 A code has been written to solve for the
component of the non-Maxwellian electron
distribution function necessary to compute the
current in an axisymmetric toroidal plasma

0 Code demonstrates good convergence

0 Ohmic and density-gradient sources have been
benchmarked against the Sauter analytic fits for a
large-aspect ratio expansion equilbrium



Future Work

30 |
o Short Term

Complete implementation of temperature-gradient driven
source

Generalize geometry to use solution from Grad-Shafronov solver
Benchmark against NEO and NCLASS
Implement simple (i.e., lowest-order) ion code
Couple with MHD code (e.g., M3D-C1)
0 Long Term
Generalize to 3D Geometry
Develop ion theory to appropriate ordering
Implement fully 3D, coupled ion-electron code
Couple with MHD code (e.g., M3D-C1)
Perform NTM and sawtooth studies
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Coefficient functions

33
0 Reference frame of the macroscopic flow

2 2
- N vy b o Ul b x Kk
- X_uf’-_uDe_'_l’Hb_'_?VX (ch> " (ll - 2 ) Q‘ce

b - (V . PECGL . Fgoll)

H ’l'JH = — ’UHb ¥ [(b : V)(ue — uDe)}
MeN
2 by y2
v UVl & (b Xk
2b VinB -+ 5 V ( Q. )

O |3, :% (b-[(b-V)(u, —up.)] - V- (u. —up.)

b
—|—’UHb -VIinB — *UﬁV : ( QX ﬁ) }

1
where up. = b Vper + (pe| — per)(b X K)]

-nze‘r?l.ch o — (b . V)b
b-(V-P““E)=b Vp. — (pe| —per)b-VInB




Electron —Electron Collision Operator

_ 3 [
Oee[fea fe} — Cee[f]\ffea fN]\er} + Oee[fN]\era f]\ffe}

vv 02 v
Ceelfries fnnre] = Veq,;;he Sare(v) {47w§hefNMe(V) — O fnnrel(v) + —=—: 0 qj[gfgie}( )}

Uthe
3
Corltates S = 08 {1 () = (25 )| etand)

0 v Ofnnre(v) v v
v ov [{ (’Ume) v Ov o fufheg ('U,ghe) fNMe(V)] }

N Y ST N R SN
() = hatnor = 2 [ deotryz ai-a‘l’gﬂ("):qﬂf](v)

v 1 O*U[fare](v) v, v \/5 v v?
¢ (E) T T avov 2 |7 (@) VT exp (_Qvfhe) =3 5 VB? aginskii



Electron-lon Collision Operator

35 [
(jéiLfe;jz}:::(jéiLfﬂfiaj}Vﬂfe}'+'(jéiLfiathe}

Ceilfnare, fari] = fo’“" Hc,o (L) - ¢ (L)] LIfne](v)

Uth Uthi
. 2 L . 8fNjue(V) ‘J"?’Le”U2 v
+v o [g (Uthi) v o + mw?hié' (Uthi) fNMe(V)]
1. A2,
Cei[fﬂ/fea fz} :Vevthefﬁffe(v) |:(? - 1) h fﬁff‘i(v)

T
v - (u; — u, v me (T v v
o) 5 (5 ) ()
V5, ;U Uthi m; \ 1; Vs \ Uthi



Gyro-average of the collision

oBerators
36

0 Maxwellian-test part of C'.; has analytic solution
(Ceilfare, fi]) (v, X) = Deo(v) + De1(v) cos x

1. 4o, . v v
where  De.0(V) = VeVthe [are (— — 1) [Tme@' ——¢ ( )]

T; Vihe  \ Uthi

Vthe] v
De,l((U) — Vef]\ffe;—llg ( )

Ui €T Uthi

0 And the remainder is simple
(Ceelfare, Inare] + Ceclfnnres fare]l + Ceil fnares fari]) = Celfnnrel (v, X)

Or <C€[.ﬂ> :Oe[gﬂ



