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MOTIVATION

• EXTEND THE NEOCLASSICAL SOLUTION FOR AN AXISYMMETRIC EQUILIBRIUM

ION DISTRIBUTION FUNCTION TO THE REALISTICALLY LOW COLLISIONALITY

REGIME νιL/vthι ∼ ρι/L ≡ δ # 1. NO GEOMETRICAL APPROXIMATIONS ARE TO

BE MADE (I.E. ν∗ ∼ δ # 1 WITH ε ∼ Bp/Bt ∼ 1).
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• THE STANDARD BANANA REGIME SOLUTION IS BASED ON A FIRST-FLR-ORDER

ION DRIFT-KINETIC EQUATION AND APPLIES TO δ # ν∗ # 1. THE ”NIES” CODE

[Lyons, Jardin, Ramos PoP 2012] SOLVES FOR THIS REGIME AND OBTAINS THE ION

PARALLEL FLOW COEFFICIENT α = e〈B2〉Uι/(IdTι/dψ) THAT FACTORS IN THE ION

BOOTSTRAP CURRENT.
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FIG. 7. (Color online). A comparison between the
output of the NIES code with the Sauter analytic fits
in the zeroth-order collisionality limit for the ion flow
coefficient. The Sauter model is plotted in red. Results
from NIES for the large aspect ratio (LAR) equilibrium
are in blue, while the results for the NSTX equilibrium
are in green.
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[Lyons, Jardin, Ramos PoP 2012] SOLVES FOR THIS REGIME AND OBTAINS THE ION

PARALLEL FLOW COEFFICIENT α = e〈B2〉Uι/(IdTι/dψ) THAT FACTORS IN THE ION

BOOTSTRAP CURRENT.

• THE ORDERING ν∗ ∼ δ # 1 IS MORE APPROPRIATE FOR FUSION-GRADE

PLASMAS. A NEOCLASSICAL SOLUTION IN THIS REGIME REQUIRES A

SECOND-FLR-ORDER ION DRIFT-KINETIC EQUATION.





SECOND-FLR-ORDER ION DRIFT-KINETIC EQUATION

• DERIVED IN [Ramos PoP 2011] FOR GENERAL GEOMETRY, WITH THE ORDERINGS

νιL/vthι ∼ (me/mι)
1/2 ∼ uι/vthι ∼ ρι/L ≡ δ # 1

• NEAR-MAXWELLIAN (delta-f) FORMULATION IN THE REFERENCE FRAME OF THE

MEAN FLOW VELOCITY

fι(w,x, t) = fM ι(w,x, t) + fNM ι(w,x, t) =
(mι

2π

)3/2 n(x, t)

T (x, t)3/2
exp



− mιw2

2T (x, t)



 + fNM ι(w,x, t)

w = v − uι(x, t) , fNM ι ∼ δfM ι

• CHAPMAN-ENSKOG-LIKE DESCRIPTION WITH THE DENSITY, MEAN FLOW

VELOCITY AND TEMPERATURE CARRIED ENTIRELY BY THE MAXWELLIAN. THE

DRIFT-KINETIC EQUATION FOR THE GYROPHASE-AVERAGED f̄NM ι(w‖, w⊥,x, t)

PRESERVES EXACTLY THE CONSTRAINTS
∫
d3w(1, w‖, w

2)f̄NM ι = 0.



∂f̄NM ι

∂t
+ ẋι ·

∂f̄NM ι

∂x
+ ẇ‖ι

∂f̄NM ι

∂w‖
+ ẇ⊥ι

∂f̄NM ι

∂w⊥
= Dι fM ι + Cι[f̄NM ι]

where

Cι[f̄NM ι] = Cιι[fM ι, f̄NM ι] + Cιι[f̄NM ι, fM ι] = O
(

δ2vthι

L
fM ι

)

Dι = O
(

δ
vthι

L

)

+ O
(

δ2vthι

L

)

ẋι = w‖b + uι − uDι +
w2

⊥
2
∇×




b

Ωcι



 +



w2
‖ −

v′2⊥
2




b × κ

Ωcι
= O

(
vthι

)
+ O

(
δvthι

)

ẇ‖ι =
b · (∇ · PCGL

ι )

mιn
− w2

⊥
2

b ·∇ ln B−w‖(bb) : ∇(uι − uDι) +
w‖w

2
⊥

2
∇ ·




b × κ

Ωcι



 = O




v2

thι

L



 +O



δ
v2

thι

L





ẇ⊥ι =
w⊥

2



w‖b ·∇ ln B + (bb − I) : ∇(uι − uDι) − w2
‖∇ ·




b × κ

Ωcι







 = O




v2

thι

L



 + O



δ
v2

thι

L





with uDι =
b ×∇(nTι)

mιnΩcι
and PCGL

ι = nTιI + (pι‖ − pι⊥)(bb − I/3)



AXISYMMETRIC EQUILIBRIUM

THE EQUATIONS FOR THE ELECTROMAGNETIC FIELDS AND THE FLUID VARIABLES

IN AN AXISYMMETRIC EQUILIBRIUM [with cylindrical coordinates (R, ζ, Z)] YIELD

B = ∇ψ ×∇ζ + RBζ∇ζ , RBζ = I(ψ)[1 + O(δ2)]

E = − ∇φ − V0∇ζ , eφ = eΦ(ψ) + O(δ2nmιv
2
thι) , eV0 = O(δ3nmιv

2
thι)

n = N(ψ)[1 + O(δ2)]

Tι = T (0)
ι (ψ)[1 + O(δ2)]

uι = Uι(ψ)B + R2Ωι(ψ)∇ζ + O(δ3vthι) , Ωι(ψ) ≡ dΦ

dψ
+

1

eN

d(NT (0)
ι )

dψ
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THE PARALLEL COMPONENT OF THE AXISYMMETRIC EQUILIBRIUM ION

MOMENTUM EQUATION BECOMES

b ·




∇



mιn




u2
ι

2
− ΩιR

2



 − enφ + nTι +
2

3
(pι‖ − pι⊥)



 − (pι‖ − pι⊥)∇ ln B + ∇ · PGV
ι





= O



δ3nmιv2
thι

L







IN THE AXISYMMETRIC EQUILIBRIUM, THE NON-MAXWELLIAN PART OF THE ION

DISTRIBUTION FUNCTION HAS THE FORM

f̄NM ι = f̄ odd
NM ι + f̄ even

NM ι = O(δfM ι) + O(δ2fM ι)
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b ·∇ ln B



−w⊥
∂

∂w‖
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∂

∂w⊥
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2
b ·∇ ln B



−w⊥
∂
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∂
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NM ι +

+



ẋ(1)
ι · ∂

∂x
+ ẇ(1)

‖ι
∂

∂w‖
+ ẇ(1)

⊥ι
∂

∂w⊥
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∂
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+ ẇ(1)

‖ι
∂

∂w‖
+ ẇ(1)

⊥ι
∂
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 f̄ odd
NM ι = Dodd

ι f (0)
M ι + Cι[f̄

odd
NM ι]

where

Deven
ι = −








2w2

‖ − w2
⊥

2v2
thι



 UιB +
I

4eB

dT (0)
ι

dψ




w2

v2
thι

− 5








2w2

‖ + w2
⊥

v2
thι







 b ·∇ ln B

with v2
thι ≡ T (0)

ι /mι



THE EVEN PART OF THE DRIFT-KINETIC EQUATION


w‖b · ∂

∂x
+

w⊥

2
b ·∇ ln B



−w⊥
∂

∂w‖
+ w‖

∂

∂w⊥







 f̄ odd
NM ι =

= −







2w2

‖ − w2
⊥

2v2
thι



 UιB +
I

4eB

dT (0)
ι

dψ




w2

v2
thι

− 5








2w2

‖ + w2
⊥

v2
thι







 b ·∇ ln B f (0)
M ι

HAS THE GENERAL SOLUTION

f̄ odd
NM ι = w‖ gι,1(w,ψ, B) f (0)

M ι(w,ψ) + ς H [1 − λBmax(ψ)] Kι(w,λ,ψ)

where

gι,1(w,ψ, B) =
1

v2
thι



−UιB +
I

2eB

dT (0)
ι

dψ




w2

v2
thι

− 5









ς = ±1 = sign(w‖) , λ =
w2

⊥
w2B

and H is the Heaviside step function

∫
d3w w‖ f̄ odd

NM ι = 0 ⇒ Uι =
2π

N

∫ ∞
0

dw w3
∫ 1/Bmax

0
dλ Kι(w,λ,ψ)



CALL

f̄ even
NM ι = −




e(φ− Φ)

T (0)
ι

+
n − N

N
+




w2

v2
thι

− 3




Tι − T (0)

ι

2T (0)
ι



 f (0)
M ι + heven

ι



CALL

f̄ even
NM ι = −




e(φ− Φ)

T (0)
ι

+
n − N

N
+




w2

v2
thι

− 3




Tι − T (0)

ι

2T (0)
ι



 f (0)
M ι + heven

ι

AFTER SUBSTITUTING THE PARALLEL COMPONENT EQUILIBRIUM MOMENTUM

EQUATION FOR b·∇(eφ/T (0)
ι +n/N), THE ODD PART OF THE DRIFT-KINETIC EQUATION

BECOMES

w‖ b · ∂heven
ι

∂x

∣∣∣∣
w,λ

=



D̂odd
ι − mιw‖

T (0)
ι

b ·∇



u2
ι

2
− ΩιR

2







 f (0)
M ι +

+ Cι[f̄
odd
NM ι] −



ẋ(1)
ι · ∂

∂x
+ ẇ(1)

‖ι
∂

∂w‖
+ ẇ(1)

⊥ι
∂

∂w⊥



 f̄ odd
NM ι

where

D̂odd
ι = Dodd

ι +
w‖

NT (0)
ι

b ·



N

2




w2

v2
thι

− 5



∇Tι −
2

3
∇(pι‖ − pι⊥) + (pι‖ − pι⊥)∇ ln B −∇ · PGV
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+ ẇ(1)

⊥ι
∂

∂w⊥



 f̄ odd
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where

D̂odd
ι = Dodd

ι +
w‖

NT (0)
ι

b ·



N

2




w2

v2
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− 5



∇Tι −
2

3
∇(pι‖ − pι⊥) + (pι‖ − pι⊥)∇ ln B −∇ · PGV
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THIS HAS THE SOLVABILITY CONDITION
∮

w,λ

d.

w‖





D̂odd

ι f (0)
M ι + Cι[f̄

odd
NM ι] −



ẋ(1)
ι · ∂

∂x
+ ẇ(1)

‖ι
∂

∂w‖
+ ẇ(1)

⊥ι
∂

∂w⊥



 f̄ odd
NM ι





= 0



THE EXPLICIT FORM OF THE ODD DISTRIBUTION FUNCTION SOLUTION

f̄ odd
NM ι = w‖ gι,1(w,ψ, B) f (0)

M ι(w,ψ) + ς H [1 − λBmax(ψ)] Kι(w,λ,ψ) = f̄ odd
NM ι(w‖, w⊥,ψ, B)

AND THE FIRST-ORDER DRIFT-KINETIC COEFFICIENT FUNCTIONS YIELD

∮

w,λ

d.

w‖



ẋ(1)
ι · ∂

∂x
+ ẇ(1)

‖ι
∂

∂w‖
+ ẇ(1)

⊥ι
∂

∂w⊥



 f̄ odd
NM ι = 0
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∮

w,λ

d.

w‖



ẋ(1)
ι · ∂

∂x
+ ẇ(1)

‖ι
∂

∂w‖
+ ẇ(1)

⊥ι
∂

∂w⊥



 f̄ odd
NM ι = 0

SO THE SOLVABILITY CONDITION THAT DETERMINES Kι(w,λ,ψ) REDUCES TO

∮

w,λ

d.

w‖
Cι[ςHKι] = − Sι

where

Sι = Scoll
ι +

∮

w,λ

d.

w‖
D̂odd

ι f (0)
M ι

AND Scoll
ι IS THE STANDARD BANANA REGIME SOURCE

Scoll
ι =

∮

w,λ

d.

w‖
Cι

[

w‖gι,1f
(0)
M ι

]

= − 2νιmιI

eT (0)
ι

dT (0)
ι

dψ

vthι

w



ϕ



w

vthι



 − 5ξ



w

vthι







 f (0)
M ι

∮ d.

B

with ϕ and ξ the error and Chandrasekhar functions



THE ADDITIONAL SOURCE IN THE NEW REGIME IS GIVEN BY

D̂odd
ι

w‖
= − λBw2

2NT (0)
ι v2

thι

∇ ·





NT (0)
ι

Ωcι
b × [2(b ·∇)uι + b × (∇× uι)]





−

− w2

Ωcιv2
thι




(1 − 2λB) (b × κ) · [2(b ·∇)uι + b × (∇× uι)] +
λB

4
M× : (∇uι)




 +

+



1 − λBw2

2v2
thι








b

Ωcι
×∇ ln(NT (0)

ι )


 · [2(b ·∇)uι + b × (∇× uι)] +




w2

v2
thι

− 5








b

Ωcι
×∇ ln T (0)

ι



 · [(b ·∇)uι]

+
λBw2

4NT (0)2
ι




w2

v2
thι

− 5



∇ ·



NT (0)

ι j‖
Ω2

cιB
b ×∇T (0)

ι



 +
j‖w

2

2Ω2
cιB




w2

v2
thι

− 5



 (1 − 2λB)(b × κ) ·∇ ln T (0)
ι +

+
λBw2

8Ω2
cι

M :








w2

v2
thι

− 7



∇ ln N ∇ ln T (0)
ι −




w4

2v4
thι

− 8w2

v2
thι

+
49

2



∇ ln T (0)
ι ∇ ln T (0)
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8ΩcιNT (0)2
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thι
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NT (0)

ι

Ωcι
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ι









where

Mjk =
∂bk

∂xj
+

∂bj

∂xk
− (∇ · b)(δjk − bjbk) − (bjκk + bkκj) and M×jk = Mjl εlkmbm



ITS MAGNETIC SURFACE AVERAGE YIELDS

Sι − Scoll
ι =

∮

w,λ

d.

w‖
D̂odd

ι f (0)
M ι =

m2
ι λw2

8e2T (0)
ι

dT (0)
ι

dψ




w2

v2
thι

− 5



 f (0)
M ι Γ(ψ)

where

Γ(ψ) = −
∮

d. M :


∇



1

B
∇ψ







 =

= 2
d

dψ

∮
d. B ·∇R2 +

∮ d.

B

[
2b ·∇(∇ψ ·∇ ln R2) + ∇ψ ·∇(b ·∇ ln B)

]

IS A GEOMETRICAL FACTOR THAT VANISHES IF THE MAGNETIC SURFACE

CONFIGURATION HAS UP-DOWN SYMMETRY



CONCLUSIONS

• IN AN AXISYMMETRIC EQUILIBRIUM WITH FURTHER UP-DOWN SYMMETRY,

THE BANANA REGIME RESULT FOR THE ION PARALLEL FLOW COEFFICIENT
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WHERE Kι IS THE SOLUTION OF THE GENERALIZED SPITZER PROBLEM
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REMAINS APPLICABLE TO THE LOWER COLLISIONALITY REGIME ν∗ ∼ ρι/L



• IF THE EQUILIBRIUM IS NOT UP-DOWN SYMMETRIC, THE GENERALIZED SPITZER

PROBLEM HAS AN ADDITIONAL SECOND-FLR-ORDER SOURCE FOR ν∗ ∼ ρι/L
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• IF THE EQUILIBRIUM IS NOT UP-DOWN SYMMETRIC, THE GENERALIZED SPITZER

PROBLEM HAS AN ADDITIONAL SECOND-FLR-ORDER SOURCE FOR ν∗ ∼ ρι/L
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where

Γ = 2
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dψ

∮
d. B ·∇R2 +
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[
2b ·∇(∇ψ ·∇ ln R2) + ∇ψ ·∇(b ·∇ ln B)
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• TERMS ASSOCIATED WITH THE EQUILIBRIUM FLOW AND WITH FIRST-ORDER

DRIFTS ACTING ON THE NON-MAXWELLIAN PART OF THE DISTRIBUTION

FUNCTION ARE COMPARABLE TO THE RETAINED SECOND-ORDER TERMS, BUT

THEIR CONTRIBUTION AVERAGES OUT AND HAVE ZERO NET EFFECT




