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Boundary	
  condi,ons:	
  We	
  have	
  compared	
  condi4ons	
  
on	
  n	
  and	
  V	
  in	
  a	
  horizontally	
  unstable	
  configura4on.	
  

•  Initial conditions are from a fixed-
boundary G-S computation. 

•  External region has a horseshoe 
shape. 

•  Decay of initial eddy currents allows 
axisymmetric displacement. 

•  Along the resistive wall, 
computations use one of: 

1)    

2)    

3)     

•  Conditions on n are Dirichlet or as 
governed by advective flux. 

Poloidal	
  flux	
  (le5)	
  and	
  pressure	
  (right)	
  
for	
  the	
  ini,al	
  condi,ons.	
  

•  τr for the initial profile is of 
order 105. 

•  With ηw/µ0δx = 10−3, τw ~ 103. 

n̂ ⋅V = n̂ ⋅ 1
B2
Ew ×B

V = 0

n̂ ⋅∇Vn → 0 via

dVn
dt

= −νVn n̂ ⋅∇Vn( )
δ n̂ ⋅∇Vn( )

δVn
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Displacement	
  from	
  the	
  decay	
  of	
  eddy	
  currents	
  is	
  
primarily	
  radial	
  in	
  these	
  cases.	
  

•  This configuration has an attracting coil at R=2.6, Z=0 (triangularity) 
between vertical-field coils at Z=±1.2. 

•  Edge plasma cools through contact with the wall as the configuration 
changes from diverted to limited. 

t=400	
  t=200	
   t=580	
  

Contours	
  of	
  temperature	
  (same	
  scale	
  for	
  all	
  ,mes)	
  show	
  that	
  confinement	
  remains	
  intact	
  
for	
  a	
  central	
  core	
  region.	
  



Low-­‐density	
  flow	
  from	
  the	
  
remnant	
  becomes	
  supersonic	
  
when	
  cooled.	
  

Parallel	
  flow	
  along	
  open	
  surfaces	
  is	
  accelerated	
  by	
  thermal	
  
pressure.	
  

•  Plasma inertia is important for the open-field parallel flow. 
•  A parameter scan finds that flows in the remnant region are sensitive to 

thermal conductivity and viscosity. 

Near-­‐sonic	
  parallel	
  flow	
  
develops	
  around	
  confined	
  
region;	
  color=M||,	
  lines=cia.	
  

Contours	
  ion-­‐acous,c	
  speed	
  at	
  
900	
  τA	
  show	
  a	
  confined	
  region	
  
and	
  a	
  remnant.	
  



Accumula4on	
  of	
  mass	
  along	
  the	
  surface	
  is	
  large	
  with	
  
either	
  of	
  the	
  advec4ve	
  mass	
  flux	
  condi4ons.	
  	
  

Density	
  at	
  300	
  τA	
  with	
  Vn=0	
  
and	
  diffusive	
  par,cle	
  flux.	
  	
  	
  

Density	
  at	
  300	
  τA	
  with	
  Ew×B	
  
ouRlow	
  and	
  advec,ve	
  flux.	
  	
  	
  

•  The computation with Vn = 0 has Dirichlet conditions on n, and mass 
is lost via                                                . 

•  Mass flow through the boundary is set by                       in the 
computations with the drift-flow and                    conditions. 

n̂ ⋅ Γ = n̂ ⋅ nV( )
n̂ ⋅∇Vn → 0

n̂ ⋅ ΓD = −n̂ ⋅ Dn∇n−Dh∇∇
2n( )

Density	
  at	
  300	
  τA	
  with	
  
n.grad(Vn)-­‐>0	
  and	
  adv.	
  flux.	
  	
  	
  



However,	
  evolu4on	
  of	
  current	
  and	
  thermal	
  energy	
  is	
  
essen4ally	
  the	
  same	
  when	
  changing	
  among	
  the	
  three	
  
condi4ons	
  on	
  Vn	
  along	
  the	
  wall.	
  

•  Flow is primarily along open B-field lines after contact with the wall. 
•  The sonic parallel flow and mass have little effect on flux diffusion 

through the resistive wall. 
•  A pre-sheath-like condition worth comparing is uniform nV|| along B. 

Plasma	
  current	
  traces	
  nearly	
  overlie	
  
through	
  300	
  τA.	
  	
  	
  

The	
  internal	
  energy	
  traces	
  all	
  show	
  
faster	
  decay	
  a5er	
  the	
  ini,al	
  phase.	
  



A	
  new	
  project	
  is	
  considering	
  how	
  to	
  implement	
  realis4c	
  
sheath	
  condi4ons	
  for	
  disrup4on	
  dynamics.	
  	
  
•  Brian	
  Cornille	
  is	
  reviewing	
  literature	
  on	
  magne4zed	
  sheath	
  
boundary	
  condi4ons	
  that	
  are	
  used	
  in	
  edge-­‐plasma	
  simula4ons.	
  

•  Many	
  previous	
  developments	
  (Stangeby	
  and	
  Chankin,	
  PoP	
  2;	
  
Cohen	
  and	
  Ryutov,	
  PoP	
  6;	
  etc.)	
  	
  consider	
  axisymmetric	
  
condi4ons.	
  

•  More	
  recent	
  studies	
  develop	
  3D	
  boundary	
  condi4ons	
  for	
  edge	
  
turbulence	
  computa4on	
  (for	
  example,	
  Loizu,	
  et	
  al.,	
  PoP19).	
  

•  One	
  dimensional	
  computa4ons	
  provide	
  test	
  cases	
  for	
  parallel	
  flow	
  
and	
  boundary	
  condi4ons.	
  

0.0 0.2 0.4 0.6 0.8 1.0

x

0

2

4

6

8

10

12

14

16

v x

NIMROD
Theory

•  The	
  example	
  result	
  for	
  Vx	
  on	
  the	
  right	
  is	
  
for	
  viscous	
  condi4ons	
  with	
  large	
  
pressure	
  on	
  the	
  le]	
  side.	
  

•  Unintended	
  pressure	
  from	
  magne4c	
  
field	
  that	
  is	
  perpendicular	
  to	
  the	
  
flow	
  affects	
  the	
  nimrod	
  plot.	
  



Free-boundary equilibria: Outer-loop updates of surface 
flux leads to slow convergence for NIMEQ. 
•  The	
  outer-­‐loop	
  approach1	
  treats	
  boundary-­‐flux	
  as	
  fixed	
  at	
  each	
  iterate	
  of	
  
an	
  outer	
  loop,	
  then	
  updates	
  based	
  on	
  the	
  latest	
  solu4on.	
  

•  The	
  ini4al	
  NIMEQ	
  free-­‐boundary	
  implementa4on	
  uses	
  this	
  method.	
  
•  Boundary	
  updates	
  reintroduce	
  large	
  residuals	
  for	
  NIMEQ.	
  

	
  1For	
  example,	
  S.	
  Jardin,	
  Computa,onal	
  Methods	
  in	
  Plasma	
  Physics,	
  CRC	
  2010.	
  

•  With	
  outer-­‐loop	
  
updates,	
  this	
  double-­‐null	
  
equilibrium	
  only	
  
achieves	
  a	
  rela4ve	
  
tolerance	
  of	
  10-­‐3	
  a]er	
  
253	
  total	
  nonlinear	
  
itera4ons.	
  

•  The	
  largest	
  residual	
  
values	
  are	
  along	
  the	
  
wall.	
  

Pressure	
  and	
  poloidal	
  flux.	
   Residual	
  on	
  exp.	
  scale.	
  



Finding nodal expansions of µ0 jφ /R and NIMEQ’s Λ 
simultaneously allows us to put surface flux in the 
linear algebraic system for each nonlinear iteration. 

•  Analy4cally,	
  the	
  2-­‐vector	
  PDE	
  system	
  is	
  redundant:	
  

∇⋅R2∇Λ = −F %F −µ0R
2 %P Λ ≡ Ψ R2

R2 µ0 jφ R( ) = −F %F −µ0R
2 %P

•  With	
  C0	
  expansions	
  over	
  our	
  elements,	
  solving	
  coefficients	
  for	
  µ0	
  jφ /R	
  is	
  
necessary	
  to	
  evaluate	
  surface-­‐Λ	
  values	
  for	
  an	
  exis4ng	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  .	
  

•  This	
  arises	
  when	
  solving	
  the	
  linear	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  opera4on	
  at	
  each	
  nonlinear	
  
itera4on	
  step.	
  

•  The	
  le]	
  side	
  of	
  the	
  µ0	
  jφ /R	
  equa4on	
  is	
  a	
  projec4on	
  opera4on	
  (mass	
  matrix).	
  

•  The	
  surface-­‐Λ	
  coefficients	
  are	
  now	
  part	
  of	
  the	
  algebraic	
  system.	
  Including	
  
current	
  from	
  the	
  external	
  coils	
  (Ic)	
  and	
  internal	
  current	
  density	
  coefficients,	
  
each	
  surface	
  node	
  m	
  requires	
  

Λm − M̂( )mn µ0 jφ R( )n
n
∑ =


M( )mc µ0I( )c

c
∑

F !F +µ0R
2 !P

∇⋅R2∇



The algebraic system is asymmetric, and the rows for 
surface-Λ coefficients are dense. 

•  The	
  system	
  is	
  asymmetric,	
  because	
  the	
  surface-­‐Λ	
  coefficients	
  do	
  not	
  
have	
  corresponding	
  matrix	
  elements	
  in	
  the	
  µ0	
  jφ /R	
  rows.	
  

•  A	
  new	
  program	
  module	
  solves	
  the	
  2D	
  real	
  asymmetric	
  systems.	
  

•  Standard	
  NIMROD	
  data	
  structures	
  do	
  not	
  handle	
  dense	
  matrices,	
  so	
  
the	
  matrix-­‐vector	
  products	
  are	
  computed	
  as	
  ‘matrix-­‐free’	
  opera4ons.	
  

•  The	
  µ0	
  jφ /R	
  values	
  are	
  interpolated	
  to	
  the	
  Gaussian	
  quadrature	
  
points	
  as	
  part	
  of	
  the	
  surface-­‐Λ	
  row	
  opera4ons.	
  

•  Precondi4oning	
  uses	
  our	
  standard	
  methods	
  (SuperLU,	
  diagonal,	
  
etc.)	
  for	
  the	
  sparse	
  part	
  of	
  the	
  matrix.	
  



This modification improves free-boundary NIMEQ 
convergence significantly. 
•  For	
  the	
  double-­‐null	
  computa4on,	
  the	
  solve	
  achieves	
  a	
  tolerance	
  of	
  10-­‐3	
  in	
  

95	
  nonlinear	
  itera4on	
  steps	
  and	
  10-­‐6	
  in	
  191.	
  
•  The	
  number	
  of	
  GMRES	
  itera4ons	
  per	
  nonlinear	
  itera4on	
  step	
  decreases	
  

significantly	
  a]er	
  the	
  ini4al	
  nonlinear	
  steps.	
  
•  Residual	
  values	
  near	
  the	
  surface	
  do	
  not	
  dominate	
  convergence.	
  

Pressure	
  and	
  poloidal	
  flux.	
   Residual	
  from	
  step	
  253	
  
of	
  outer-­‐loop	
  method.	
  

Residual	
  from	
  step	
  191	
  of	
  
new	
  2-­‐vector	
  method.	
  



External-­‐kink	
  computa,ons:	
  Our	
  ini4al	
  focus	
  is	
  numerical	
  
resolu4on	
  when	
  using	
  η(T)	
  to	
  dis4nguish	
  plasma.	
  

•  Cylindrical	
  cases	
  consider	
  the	
  classic	
  uniform-­‐Jz	
  equilibrium	
  at	
  large	
  
aspect	
  ra4o	
  (10).	
  

•  We	
  had	
  previously	
  benchmarked	
  linear	
  NIMROD	
  computa4ons	
  when	
  
tes4ng	
  the	
  resis4ve	
  wall	
  implementa4on	
  (Sherwood,	
  2014	
  poster).	
  

•  Nonlinear	
  computa4ons	
  need	
  to	
  
maintain	
  an	
  accurate	
  representa4on	
  
of	
  the	
  plasma-­‐surface	
  interface	
  
through	
  large-­‐amplitude	
  distor4on.	
  

•  Cases	
  such	
  as	
  the	
  one	
  on	
  the	
  
right	
  have	
  qpl	
  =	
  1.8.	
  



Keeping	
  even-­‐m	
  azimuthal	
  components,	
  we	
  find	
  that	
  0≤m≤42	
  is	
  
needed	
  for	
  large-­‐amplitude	
  evolu4on	
  (Bunkers,	
  NP12.00014).	
  



We	
  have	
  also	
  demonstrated	
  nonlinear	
  external	
  kink	
  in	
  
toroidal	
  geometry.	
  
•  The	
  computa4ons	
  start	
  from	
  a	
  limited	
  free-­‐boundary	
  equilibrium.	
  
•  Unlike	
  the	
  cylindrical	
  computa4ons,	
  NIMROD;s	
  Fourier	
  representa4on	
  is	
  

used	
  for	
  the	
  toroidal	
  direc4on	
  (here,	
  0≤n≤22).	
  
•  The	
  most	
  challenging	
  aspect	
  of	
  the	
  computa4ons	
  is	
  solving	
  the	
  3D	
  

algebraic	
  system	
  for	
  B	
  with	
  η	
  varying	
  over	
  6	
  orders	
  of	
  magnitude.	
  

Pressure	
  and	
  poloidal	
  flux.	
  	
  White	
  
dashed	
  line	
  shows	
  limi,ng	
  radius.	
  

Nonlinear	
  evolu,on	
  from	
  this	
  equilibrium	
  
demonstrates	
  toroidal	
  external	
  kink.	
  



Summary	
  

•  We	
  are	
  working	
  on	
  mul4ple	
  aspects	
  of	
  VDE	
  simula4on	
  to	
  
study	
  three-­‐dimensional	
  evolu4on	
  in	
  more	
  representa4ve	
  
configura4ons.	
  

•  Boundary	
  condi4ons	
  
•  Ini4aliza4on	
  from	
  free-­‐boundary	
  equilibria	
  
•  Nonlinear	
  external	
  kink	
  

•  Assembling	
  these	
  pieces	
  for	
  full	
  VDE/external	
  kink	
  evolu4on	
  
is	
  the	
  next	
  major	
  step.	
  

•  Algebraic	
  solvers	
  are	
  (again)	
  the	
  most	
  significant	
  numerical	
  
concern.	
  

•  NIMROD-­‐related	
  APS	
  presenta4ons	
  (with	
  non-­‐trivial	
  
NIMROD	
  contribu4ons)	
  are	
  on	
  the	
  next	
  slide.	
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A new approach makes better use of the linear relation 
between Ψ and jφ. 
•  As	
  with	
  outer-­‐loop	
  updates,	
  we	
  use	
  Biot-­‐Savart	
  to	
  provide	
  a	
  linear	
  rela4on	
  

between	
  current	
  and	
  magne4c	
  flux.	
  

Ψ R,Z( ) = −µ0R
2

cos #φ d #φ
x− #x∫∫∫ jφ #x( )d #R d #Z Evaluate	
  analy4cally	
  

like	
  a	
  coil.	
  
Evaluate	
  through	
  
Gaussian	
  integra4on.	
  

•  The	
  flux	
  is	
  needed	
  at	
  boundary	
  nodes	
  and	
  is	
  found	
  from	
  current-­‐density	
  
values	
  at	
  quadrature	
  points.	
  	
  [Jq	
  is	
  the	
  Jacobian	
  at	
  point	
  q.]	
  

Ψnode = −
Rnode
2

cosφdφ
xnode − xq
∫
$

%
&
&

'

(
)
) µ0R jφ( )q wqJq

q
∑

Ψ =M j

vector	
  of	
  flux	
  values	
  
at	
  boundary	
  nodes	
  

non-­‐square	
  dense	
  matrix	
  
computed	
  at	
  startup	
  

vector	
  of	
  current	
  density	
  
values	
  at	
  quadrature	
  points	
  or	
  


