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Outline

Rigorous proof of the generalized Newcomb criterion.

A. H. Glasser,
“The direct critierion of Newcomb for the ideal MHD

stability of an axisymmetric toroidal plasma,”
Phys. Plasmas 23, 072505 (2016).

Extensive verification of the resistive DCON code.

A. H. Glasser, Z. R. Wang, and J.-K. Park,

“Computation of resistive instabilities by matched
asymptotic expansions,”

Accepted for publication in Phys. Plasmas, November, 2016.
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Ideal MHD Stability

I. B. Bernstein, E. A. Frieman, M. D. Kruskal and R. L. Kulsrud, “An energy principle for hydromagnetic
stability problems”, Proc. Roy. Soc. (London) 244, 17 (1958).

Proves that ideal MHD stability can be formulated in terms of an energy principle OW. If a perturbation
satisfying boundary conditions makes the potential energy dW negative, then there exists an instability.

W. A. Newcomb, “Hydromagnetic Stability of a Diffuse Linear pinch,” Ann. Phys. 10, 232 (1960).

For a cylindrical plasma, Newcomb reduces 6W to a 1D integral of the radial displacement & over the
radius r. Calculus of variations, Euler-Lagrange equation, 2"-order ODE, (f§’)’— g £ =0 . Proved that
an unstable perturbation exists iff the solution changes sign between singular points where m = n q.

G. A. Bliss, Calculus of Variations (Open Court Publishing Co., La Salle, IL, 1925).
Reference used by Newcomb to prove necessary and sufficient conditions, using Hilbert invariant
integral.

I. M. Gelfand and S. V. Fomin, Calculus of Variations (Prentice-Hall, Englewood Cliffs, NJ, 1963).
More recent, thorough, and rigorous reference of the same material. Uses completion of the square in the
integrand as alternative to Hilbert invariant integral.

A. H. Glasser, “The direct criterion of Newcomb for the ideal MHD stability of an axisymmetric toroidal
plasma,” Phys. Plasmas 23, 072505 (2016).

Generalizes Newcomb criterion to axisymmetric toroidal plasma, uses Ref. 4 instead of Ref. 3,
completion of the square rather than Hilbert invariant integral, uses Hilbert space IOW[E]| < 0.
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Ideal MHD Energy Principle

Energy Principle, Original Form

oW = % dx[Q* +3-€ x Q+ po(€ - VP)(V - &) + poy P(V - €)7
= Q

Perturbed Displacement
and Magnetic Field Vectors

E=T (&VOXV(+EVEX VY +EVY x V), &=T(ExB)- (VO x V() =X (g5 — &)
Q=Vx(§xB)=J(QuVOxV(+QeV( xV+QV xV0)
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Energy Principle, Component Form
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Complex Vector and Matrix Representation

Poloidal Fourier Representation

(¢) (,0.0)= Y (EZ,)

m=—0oo

N Iy

(¢) exp [271 (MmO — n()]

m,n

S

Complex Vectors of Fourier Components

E)w={()

Energy Principle in Terms of Vectors and Matrices

(L') Miow g m S 7nhigh}

m,n

- 7 1 b | | r—— p— — — — — — — — — p— — — — — —
oW = S dy[EIAE, + E(BE), + CE,) + (E]B' + ELCNE, + E]DE), + EJEE, + ELE'E], + ELHE,)

A.B.C,D. E, H are complex matrices, known in terms of equilibrium quantities.

A. D, H are self-adjoint, A is positive-definite.
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Minimization of oW

Energy Principle

N 7 1 N L) — — — — — — — — — —
oW = 2 dy[EIAZE, + EI( =y + CEy) + (.:.:}:BJr :.}L/)C"):.S - :.ZZD.:;,, - .:gE-¢ - ._.LJET_%/, - ._.L)H ]

Minimization with Respect to Surface Displacements

AZ, +BE, +CE, =0, E,=-A"'(BE,+CE,)

Energy Principle in Terms of Normal Displacements

S T
SW=— [ dy [E'FE' + ZKE + ETK'E’ + EIGE]
210 J,

Composite Complex Matrices

F=D-BA'B=F, K=E-BA-'C£K!/, G=H-C/A"'C=G'

Euler-Lagrange Equation

—(FE' +KE)' + (K'Z + GE) =0

This is a condition that §W[Z] be stationary.
[t is a necessary but not sufficient condition that it be a minimum.
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Matrix Form and Symmetries

Euler-Lagrange Equation as 2nd-Order System

—(FE'+KE) + (K'E +GE) =0
Equivalent 1st-Order System
_ = L = —F'K F L
"Z\rE+k=) "7 G-KIFIK KiIF) U T

Hamiltonian Symmetry

[ Li1 Ly _ ot Y Y
L= (lel L12> . Le=-L};, Lia=L} Lu=L3

_ (0 1 Y
J:(_I 0). =1L

Fundamental Matrix of Solutions

Ull UIQ /
U= . U=LU. U0 =I
(u21 U22> (0)

Symplectic Symmetry

uJu=1J
Ul,Uy; — UL Uy =0, UiyUg — ULU1, =0, U Uy — Ul Uy =1
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Sufficient Condition for 6W > 0

Energy Principle

For any W=W' — [ (E'WE)dy = — [ (E'WE+EWE + EIWE)dy) =0
2o Jo 210 Jo
1 1
W =5 — [:’TF”’ + 2K -W)E + EI(K — W)ZE' + EI(G - W)E]dy
2Ho

Completing the Square
Choose W = UQQUI_QI, Do = det W1

W is self-adjoint by the symplectic symmetry of U.

[t exists if D¢ #£ 0 for ¢ € (0, 1).

W =G - K'F'K-WF W+ KIF'W + WF K

1
P — [E'f +E(K —W)F'F[E' + F /(K- W)ZE] dy
o
This is a real quadratic f01 m in F, which is Hermitian-positive-definite. 6W is
therefore positive definite if D¢ 7§ 0. This is the sufficient condition for 0W to
be a minimum.
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Comparison of Resistive DCON
to Furth, Rutherford and Selberg

25 '

201
157

fo 10'

Furth, Rutherford, and Selberg, Phys. Fluids 16, 7, 1054 (1974).
Their results are 3, = 0, cylindrical plasma.
Our results are for B, =4.5 x 10, R/a =10
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Finite B Effects on A’
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Instability for A" > A..
A" increases with B, which is destabilizing,
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but A increases faster with 3, which 1s stabilizing.
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MARS Benchmarks, One Singular Surface

300

—#—DCON
««#»+ MARS-F

Growth Rate(1/s)

Aspect Ratio

Kk = elongation = 1
T = triangularity = 0
qQo=1.1,9,<3
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R/a = aspect ratio = 2
T = triangularity = 0
qQo=1.1,9,<3
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MARS Benchmarks: Growth Rate Increases with 3
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R/a=2,x=13,1=04,q,=1.1,q,< 3
Growth rate increases on approach to ideal stability boundary.
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MARS Benchmarks, Two Singular Surfaces

qQ=1.1,q,~3.1,S =2x107
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Discrepancies, not yet understood
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Conclusions

1. The mathematical foundation of

the 1ideal MH

D DCON fixed-

boundary stability criterion 1s now

proven.

2. Benchmarks

of resistive DCON

against previous results and other
codes, partially complete, some
remaining discrepancies.
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