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The Problem

Compute the low frequency dynamics of hot
magnetized plasmas in realistic geometry in
the presence of high frequency oscillations

Incorporate the effects of lowest order
kinetic corrections to the usual MHD
equations

Develop accurate and efficient algorithms
that enable these goals




Modeling Magnetized Plasmas

* Plasma kinetic equation

d A
pn fa(x,v,t):go%v- Vi, +2‘—Z(E+VX B)-V,f,=2C,s(fy.Tp)

p
« Maxwell’s equations
B
Z—_VxE V-E=
a &«
->q, [ f,d° B-E_ 3 1=Xq,] fvd3
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e Contains all information about plasma dynamics

« Impossible to solve analytically except in special cases




Fluid equations defined by taking
moments of distribution function

* Define moments of distribution function
M (X, 1) = T f(x,v,t)v"dv
 Knowledge of N moments allows (in principle)
reconstruction of f at N points in velocity space

N moments of plasma kinetic equation
=> N fluid equations satistied by My,

— Each additional moment equation yields more
information about velocity distribution

e Must truncate moment equation hierarchy




Closure of Moment Equations

Use low-order truncation and closures

Need to express high-order moments in terms of
low-order moments

q=q[n,T,..], TI=TI(p,V,...)
Must be obtained from approximate solution of
kinetic equation
— Analytical
— Numerical
There Is no general agreement on the closure of

the moment equations for hot, magnetized
plasmas!




Two-fluid Equations (m, ~ 0, n, ~ n.)

Lowest order moments for 1ons and electrons:
@=—V-nve ==V-nV,
A
p; +ne(E+Vj xB)-V-II; +R

t

mnM:—V
d
0=-Vp, —ne(E+ Ve xB)-V-IIg -R
J=ne(Vi—Ve)

+ Energy equation (+7?)
+ Maxwell’s equations (V?/c?<<1)
cEY, SAIE

+ Closure expressions




<<

for Computation
’R
Resistive diffusion time

Tevol
——

Two-Fluid Equations Present Challenges

« Extreme separation of time scales
<<
MHD evolution time

s
—

A <
Alfvén t?z;nsit time Sound transit time
« Extreme separation of spatial scales
— Internal boundary layers, localized and extended along
S= /1y

S% << 1 for S >> 1
X%~ 1019, ete

magnetic field lines

~~

o/L
» Extreme anisotropy
* E.g., accurate treatment of BV,

e “Parasitic” modes
CE

— High frequency modes inherent in the formulation that
may affect the low frequency dynamics




Dealing with Parasitic Modes

* The fundamental problem of computational MH
Compute low frequency dynamics in presence of
high frequency parasitic modes

— “Reduction” of mathematical model
 Eliminate parasitic modes analytically
— Strong toroidal field allows elimination of fast waves from MHD

— Example: V-V = 0 eliminates sound waves

— “Primitive” equations and “strongly” implicit methods

model
 Use algorithms that allow very large time steps (CFL ~ 10%)

» No analytic reduction of equations

* Will concentrate on the second approach




There are Different Fluid Models

Within fluid formulation, different terms are
important in different parameter regimes

Leads to different fluid models of plasmas
— MHD

— Hall MHD

— Drnift MHD

— Transport

Models distinguished by degree of force balance

Obtained by “non-dimensionalizing™ equations
and systematically ordering small parameters:




Non-dimensional Equations

Continuity: A
£ =50V Vi =—£oV Ve

g§%+§2évi-vvi:—l§[Vp,+H V11 j+§(E+V,><B)
a n Po

lon momentum:

Electron momentum: fEZ _éve % B— lﬁ(Vpe + I ) V. He\
n Po )
. B
Pre-Maxwell: e =-GVXE . J={VxB , = n(Vi-Ve)
0] V -

Orderings: time € = 5 , flow f 2\??“ , length o= % <<1

2
Normalizations: EO :VOBO ) ‘JO = nOeVO ’ Po = mnOVthi
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Equation of Motion and Generalized
Ohm’s Law

N Po

* Adding and subtracting 1on and electron
_LsMio gy,

EIxB--06Vp = n(gg%wzév, vv,]

equations
1
EqUiIibrium" forceS Dynamlca| response
I1 )
(E+v, xB)= g IxB-65- (Vpe —v.11,
n Po )
2- fluid and FLR effects

Ideal MHD ~ °
V x B and J x B enter at same order 1n &
CEX




Stress Tensor Scaling

I1= H||+H/\+HJ_
[h=bb-TT TIr=(Ixb)-IT II; =(I-bb)-II

Component Scaling Remarks
e Diverges for low
L1,/ pg ESI(vIQ) collisionality
(Braginskii) (v/IQ~ &)
e 0O(&0) at low
HH / pO (é: / 5)( v/ Q) collisionality ,
(Neo-classical) ¢ Remains Nn scaleO
1,/ e Vanishingly small at
1/ Po ES(vIQ) low collisionality
e [gnore
e Independent of
LA / pO 5 5 collisionality
(Gyro-viscosity) e Not dissipative
e Important FLR
effects
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Different Orderings Yield Different
Fluid Models

fJxB—%éVp =n(8§%+§26\/i-VVJ——5 0y. IT; §(E+V XB) éf JxB-— 5—(Vp _,_@v H)
" Equilibrium” forces D ; - Ideal MHD Po
ynamical response 2- fluid and FLR effects
Model V w Force Balance OhmQ Law
JxB:nM E+VixB=
1
Hall Vi /0 Qe I —JxB
MHD +—6(Vp+V-Tlgy) n
n +0(5%)
+0(5°)
MHD Vih X i —JxB-0—Vp,
t cl n 52V_ngv n arg—)’ n
+0(5%) . =0(9)
—Vp+JxB= E+V;xB=
Drift dV;
2 gv |
MUD N, £ 5 ( it —L4+ V- IT; ] H(J xB—Vpe)
+0(5M)

CEX, SAiE
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The “Standard” Drift Model

- InMHD, V,,=E xB/B2=V,

e In drift ordering, V|, = V¢ + V. + O(H)
* Write drift equations in terms of V:

Ohm’s Law

E:{VE + Vi —lJLJx B—Lvp,+0() |
n n

1

=-Vg xB—HVHpe+%(—VLp+J xB)+ o)

0(8%)

1
=—VE X B—HVHpe

VValid only for slight deviations from equilibrium

Equation of Motion

dVs;

el ' (vp)|=

d
5 na(\/”i +Vg)+n

GVC
-Vp+JxB
+0(5%)

*Gyro-viscous cancellation gives simplified equations
*Exact form uncertain

*Only applicable to slight deviations from equilibrium
*We ignore for general application

CE = =
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Extended MHD Model

dVv
MN—=-Vp+JxB-V-II. = V- -IIayi
di P I gvi

1
E=—VxB+—(JxB-Vp.—V- I }+ 1
ne( Pe ||e) n

§=—VXE Hod =VxB

9

* + Continuity and Energy equations

e + Closure expressions
* Encompasses Hall, MHD, and Drift models

e Terms can be selected by the “user”
— GV cancellation not explicitly implemented

CE
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Extended MHD Properties

« Dispersion
— Contains all MHD modes (@* ~ k?)
— Introduces dispersive modes (@? ~ k%)

 Electrons (whistlers)
e Jons only (“gyro-viscous” waves)
— If extended MHD just produced more troublesome

* Jons + electrons (kinetic Alfvén wave)
parasitic modes, who cares? However.....

TTE——
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+ Stability
— Drift stabilization at moderate to high k

— Neo-classical de-stabilization of magnetic islands
CE

—




Dispersion in Extended MHD

Mode | Origin | Wave Equation Dispersion Comments
Whistler | JxB in 2 1 > | ® finite k
Ohm 78 |V} 2 wz:Vﬁkszf—(Piku) ] “
C2_12A | (b-V) VB ;
A2 Q e clectron
response
Ohm a2 Q o =V2Kk2 1 +( k )2 e ion and electron
AK|| Pski
Vx [bb-VxB] response
Parallel 14 term in * finite k)
ion GV oV L+ =Vak +1+—(,0|k\|)
V-1 gva f e ion response
5 _774V|\VJ_
DR =VAk\| 2 —T(Pn'ﬂ)
Perp. ion term i | | o finite k
GV Bl p 2 _pviy, o =sz\kftl+ﬁ+£(pikj_)2“ TR
V.11 a 2 16 e ion response

Notation: pj =V, /€ is the ion gyro-radius; Vips = \/Te /My ps =Vinx /Q5 1y =nT;/2Q5 175 =214

a? ~ Kkt > At~ Ax?

Requires implicit methods
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Stability: Gravitational Interchange

K. V. Roberts and J. B. Taylor, Phys. Rev. Letters 8, 197 (1962).

1 §p+V-pV=O
Vp a

2
pdV—v[erB J+ng-H
21

M| dV |
E=-VxB+—p—+Vpi—o00+V-II
90 pe{pdt b= ]

v Assume electrostatic:

y VxE=0 =

v

k V-V+£12V><dv— 12Vp><V-H=O

dt Qp
Extended MHD

x B Gyro-viscosity:
(V : H)X = —(,00 V())’ikVX + 00 V0k2Vy

y =—(p0V0)’ikVy —povok2VX

CE
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G-mode stabilization

MHD
(=0, ¢=0)

2-Fluid
(=0, £=1

Gyro-Viscosity
(=1, ¢=0)

Full Extended
MHD

(c=L ¢=1)

Stabilizing Wave
Dispersion Relation Solution Number
a)2+g77:0 w=ign None
0’ —=—w+gn=0 £ k2 >0
g
Tql=— | —4
& aar
20 = vy1K
2 - 4
@ —vonko+9gn=0 \/ 5 k2> g
+(vork) —4
(vork) —4gn 21
Za)zg—k+ VonK k? > 497
2 |9 _ Q 2
" —|=—+vyrK |o+gn=0 0 g
0 2 Qio-i_ V077
+ [g—+v077kj —44gn
0

cEX, SAIE
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Form of the Gyro-viscous Stress
(Hooke’s Law for a Magnetized Plasma)

=119 =

(bxW)-(1 +3bb)+transpose]

L P
- B kii: —
raginskii 49[

W=VV+VV/! —%IV-V

Suggested modifications for consistency (Mikhailovskii and
Tsypin, Hazeltine and Meiss, Simakov and Catto, Ramos)
involve adding term proportional to the ion heat rate of strain:

Mrg = 5?) [b xWg - (1+3bb)+ transpose]
2
Wy =Vai+Vval ~1V-q

Implicit numerical treatment difficult
What is the effect of this term on dispersion and stability?

— Does it introduce new normal modes?

"S"C
/4 LI A 7]
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— Does it alter stability properties?
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ITon Heat Stress Has Little Effect on
Important Dynamics

[Trq =——[bxWq (I +3bb)+transpose]
q ——K”VHT -k |V T—xrbxV T

Vai+Vaj —1V-q;
N
po—z—Vp—V-HAq

WV -V

PD__

A

w2:C§k2L1+f(6’)(pik)2J F(0)=0 f(x/2)=1
* Dispersive effect on compressional waves, but

CEX

* Negligible effect on g-mode stability
. Slmphﬁcatlon Ignore these terms (for now!)

T W
I / — ¥ |
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Careful Computational Approach 1s
Required

* Spatial approximation

— Must capture anisotropy and global geometry
 Flux aligned grids
* High order finite elements

« Temporal approximation

— Must compute for long times
* Require implicit methods

* Semi-implicit methods have proven useful

—— o  a—
—
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Solenoidal Constraint
» Faraday:  B_ o . dyg_
A A
« Dependson V- Vx=0
 Different discrete approximations
: N V.F-RV.B
— Modified wave system 4 "V "7
— Projection B'=B+Vg V’p=-V-B
— Diffusion B _ ¢ r wv.s . v.B-v.vV.B
va . vb x=0 E.g., staggered grid, “dual mesh”
cEY,  SAIE

— Grid properties




Galerkin Methods

Finite differences and finite volumes
minimize error locally

— Based on Taylor series expansion
Galerkin methods minimize weighted error
— Based on expansion 1n basis functions

Solve “weak form™ of problem
AI(X, 1)

=Lu(x,t) — Iv(%— Lujdx =0

Minimize error by expansion in basis functions
and determining coefficients




L'J = J dV,Bi LO(J'

Responsve Matrix

Galerkin Discrete Approximation

iUi Ij = JdVIBIaJ
Mass Matrix
e Solution generally requires inverting the mass matrix, even

for “explicit” methods
« Different basis functions give different methods

— Usually: S = ¢
a:=exp(ikx) => Fourier spectral methods

a=localized polynomial => finite element methods




Finite Elements

* Project onto basis of locally defined polynomials of degree p
 Polynomials of degree p can converge as fast as hP*!
« Integrate by parts:

dV;
jaiajdtJdV Z—IaiV-H(Othj)dV :\.[ Vaj -H(ajVj)de—jajn-H(Othj)dS

Evaluate IT only ~ —
Boundary condition

— Simplifies implementation of complex closure relations
— Natural implementation of boundary conditions

« Automatically preserves self-adjointness
«  Works well with arbitrary grid shapes

An Employee-Owned Company
Conter for Energy and Space Science
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Three Examples of Favorable Properties
of High Order Elements

2- ht e i g; —O—— sim. data & it
: / PR LN T wlytc W,
Sr —o6— bicubic A&
WO = | S
M 2 af .
= | o)
a °r S o
‘ =t , z
\‘\“\, S 6F h
X =2 J ~
7+ r \\\
e S
In(h) X Yperp
Grid used for ELM studies Magnetic divergence Critical 1sland width for
Non-uniform meshes retain  constraint temperature flattening
high-order convergence Scalings show expected Dealing with extreme
rate convergence rates anisotropy

Agreement on scaling

CE = =
B
% An Employee-Owned Company
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Multiple Time Scales
(Parasitic Waves)

+ Su
——
Slow time scales:
Resistive instabilities, island evolution,
(interesting physics)

 MHD contains widely separated time scales (eigenvalues)

Al
Qu Fu
—— S~
Fast time scales:

a Full MHD operator
Alfvén waves, soundwaves, etc
(parasitic waves)

« “Parasitic” waves are properties of the physics problem but

are not the dynamics of interest
* Treat only “fast” part of operator implicitly to avoid time

step restrlctlonun+1 0 1
=Fu"" +su”

At
* Precise decomposition of Q2 for complex nonlinear system

1s often difficult or impractical to achieve algebraicly

An Employee-Owned Company
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Dealing with Parasitic Waves

e Original idea from André Robert (1971)
— QGravity waves in climate modeling
 F and Q are often known, but an expression for

Q=F+S = S=0Q-F
")

S is difficult to achieve
Q2: full MHD operator
— F: linearized MHD operator
un+1

=Fu™ 4+ (@Q-F)u" =Qu" + AtF "

« Use operator splitting:
CEX

Conter for Energy and Space Science
San Diego, CA

n+1_u

u
At
« Expression for S not needed




Semi-Implicit Method

un+1 "

At

n+1 n n Un+1—Un\
= Fu +(Q-F)u" =Qu" +AtF| ————
At )

* Recognize that the operator F 1s completely arbitrary!!

(- AtG U™ =1 -AtQ)u" - AtGU"
=~ Q ) ——

Operator Operator

* G can be chosen for accuracy and ease of inversion

— G should be easier to invert than F (or €2, e.g., toroidal coupling)
— G should approximate F for “modes of interest”
— Some choices are better than others!
« Has proven to be very useful for resistive and extended MHD

— Used for spheromak, RFP, tokamak, and solar corona modeling

CE —aa

B
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SI Operator for MHD

B

—=Vx(VxB-nJ

By (vxBm)

ap

—=-V.pV

A P

v pv-(-1pv-V

N JXBO-I_V}/POV'%

,()%:—,OV-VV—Vp+J><B+05At2 VxVx(ExBO

~ Vo
| Alfvén waves Sound waves |

« Ideal MHD operator (Lerbinger and Luciani)
* Anisotropic, self-adjoint
* Avoids implicit toroidal coupling (great simplification)

KVAL <1

CE

Conter for Energy and Space Science
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Semi-Implicit Leap Frog

« Variables staggered at different time levels
 SI operator on velocity AV v by i
t Ap= plt1/2 _ i-172
~ TR} AV _ __ypll2, AtS(AV\
At At At )
"""""""""""" f vi=viav
! P s " |
At At —FoV-V
...................... i1 pj+1/2 _ pJ—1/2 Ap




Extended MHD Time Advance

“Implicit leap-frog” (also used in MHD)

— Maintains numerical stability without
introducing numerical dissipation

MHD advance unchanged (semi-implicit
self-adjoint operators)

Need to invert non-self-adjoint operators at
each step for dispersive modes

Requires high performance parallel linear
algebra software




Implicit Leap Frog for Extended MHD

L2 AV L Loy o || A i+172 ] . i
m;n o p Y VAVACAV. YV AL (AV)+| Vv IO;(AV)  + Momentum
Implicit advection SI MHD Includes ALL stresses
gtz Bj+1/2_minj+1/2vj RVVa _vpj+1/2 —V-Hi(\/j)
An Ly i yank v (v g J'+1/2) Continuity
At 2
AT i
3-”(—“ 4LV gaT ) |4) V- 0u(AT,) =
2 UAt |2 2 N —
Anisotropic thermal conduction c
) ) ) . . . nergy
n,, j+ +1/2 +1/2 +1 +1/2 +1/2
SOV e v v g, T )l
AA—'?%V L VAB+%VXL(] FU2 o AB+AJ Bj+1/2]}+ %VX nA) =
e~ , AR Maxwell/Ohm
Implicit HALL term Implicit resistive term

_ VXLL(] U2 g2 _ Vpe)v i g 12 4 g j+1/2}

ne
CE = =
% B
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Nonlinear ELM Evolution

Anisotropic thermal
conduction

ELM interaction with wall

Internal Energy vs. time

| |
0.0 03 10 15 20
-4

70 kJ lost in 60 psec

2-fluid and gyro-viscosity have
little effect on linear properties

An Employee-Owned Company
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Two-ftluid Reconnection
GEM Problem

4_ —— Full Particle
5 b .- Hybrid
% - Twe Flud -~
E MHD / 4 i
1E I' y _:
ENIMROD 21, Pm=t._ L o _ g
ﬂ'ﬂl IIIILL1I|:III"""Eﬂ 312 .31:'.- 4;:}
e 2-Dslab -
* n=0.005

* Good agreement with many other calculations
e Computed with same code used for tokamaks,

— -
W

spheromaks RFPs
CE 95
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“Heuristic Closure” Captures
Essential Neoclassical Physics

Neo-classical theory gives flux
10°——————————— 3 surface average

E Analytic NTM stability boundary

| — — — - Analytic NTM stability boundary with D]

E T % vk Y PP Local form for stress tensor forces:
’é“' i v Stable
= 10"} 2\ Vo 8
% i v Ha:pa/ua<B > “ €0
= | (Ba -e0)
= 102 +Valid for both ion and electrons
‘—?, : *Energy conserving and entropy
- producing

3 *Gives:
10 0

sbootstrap current
*neoclassical resistivity

spolarization current enhancement

CE

Conter for Energy and Space Science
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Beyond Extended MHD: Parallel
Kinetic closures

-Parallel closures for ¢ and I'; derived using 10°F general 1 g
Chapman-Enskog- like approach - Braginskii x, ]

10°
*Non-local; requires integration along ;
perturbed field lines. 10"k

of
» General closures map continuously from  10°F
collisional to nearly collisionless regime. i

* General  closure predicts collisional B
response for heat flow inside magnetic island. 10°
As plasma becomes moderately collisional (T S
> 50 eV), general closure predicts correct flux 0 1 2
limited response. 10 100 1 10

Thermal diffusivity as function of T showing
T>2response of Braginskii and general closure.

CE = =
B
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Incorporated into global extended MHD
algorithms.




Beyond Extended MHD: Kinetic
Minority Species

e Minority 10ns species i
. - grawkh robe
affects bulk evolution: 1
h<<fg ,  bh~Fo | _
0.02 - NIMRDD, 40540, 3¢
dVv - -
Mn—=JxB- V.II j -
dt = 0.00 . . , ,
Bulk Plasma 9.0 0.2 D4 0.8 0.8 1.0
Bn/ Brat
- lrl:l_rl «  of determined by kinetic
- - - ticle simulation i
Hot Minority lon Species Eﬁgfjlﬁg}ﬁ‘fdi ion i
 Demonstrated transition

from internal kink to
fishbone

AT = [ M(V=Vp) (V= V) (x,v)d v
 Benchmark of three codes

CE =215
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Constraints on Modeling

Balance of algorithm performance and problem requirements with available cycles
N'Q 07

CT
— -
Algorithms Constraints
Algorithms: Constraints:
N -# of meshpoints for each
. : P * P -peak hardware performance
dimension

(Tflop/sec)
¢ - hardware efficiency

e a-# of dimensions

— 1.5 - transport . .
— 3 (spatial) fluid — &P - delivered sustained

performance

— 5-6 kinetic (spatial +

velocity) * T -problem time duration
* Q - code-algorithm (seconds)
requirements (Tflop / « C-#ofcases/year
meshpoint / timestep) _ 1 case / week ==> C ~ 50

s At - time sfep (seconds) —

%25 ®
5 “ An Employee-Owned Company

¥ pue Center for Energy and Space Science
San Diego, CA




“The Future”

Allowed Dimensionaliby

4.5

.
in

[0l

ot
tn

15

_ 2977
[ 50 THops  d E—— b,
[ 10 Tlops 3k i
L 5 Tflops* & ik H\ :
[ 1 Tflops L ik : \
L 0.5 Trlops &
: 0.1 Tflap= L :
: k 3
\a %L
: h\\ "
N at_ =1, =10 “sec. (ITER} \, x\‘
MINIMUR 1000 TIMESTEPS =N "
N =100 meshpoints / dimension
N C =50 Cases / year
[ @=1.6¥%10 " Thop /mshpt /timestep
[ Illli 1 11 Illlli 1 11 Illlli 1 1 Illllli 111 1111
108 0% 10 1072 0% 10! 10°
Problem Time {sec.}
N &P
N"Q _3,107 &
CT
— -
Algorithms Constraints

Assumptions:

Performance is delivered
Implicit algorithm
Q ind. of At (1)

Requirements:

At least 3-D physics required

Required problem time: 1 msec -
1 sec

Conclusions:

3-D (i.e., fluid) calculations for
times of ~ 10 msec within reach

Longer times require next
generation computers (or better
algorithms)

Higher dimensional (kinetic)
long time calculations unrealistic

Integrated kinetic effects must
come through low dimensionality
fluid closures

CEX
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Summary

* Fluid models are an approximation to the plasma kinetic
equation, but are required for modeling low frequency
response of hot, magnetized plasmas with global geometry

— Direct kinetic calculations are impractical

* Primitive equations and implicit methods have proven
successful in modeling a variety of plasmas
* Implicit methods are required for handling the dispersive

terms of MHD. An understanding of the dispersive
characteristics of discretized equations needed.

« “Kinetic” effects must be captured through fluid closures
— “Best” form of fluid equations still unknown
— Often problem dependent
* Next step 1s direct coupling of kinetic/fluid/transport
e MOdeEls

r N ) N a—
E =i =
C rF___ /a1 A /]
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