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This is the same as Eq. (2) in MATT-523 if we let the term in the brackets go to 1, let 
hπ=1, and let b2 → b 
 
 

Appendix 1:  Determinant method 
 

                           
Consider the three equations: 
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This gives back equation (6) as expected. 
 

Appendix 2:  can we take kx=0 ? 
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Leads to the dispersion relation: 
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Comparing with the previous determinant, it looks as though it should be ok. 
 

 4



Appendix 3:  Nonlinear equations: 
 
We will assume a particular value of k|| and derive a set of 2D time evolution equations 
that reduce to (1a)’-(1f)’ ?   Assume all quantities vary as ~ exp(ik||z) and that we take the 
real part at the end. 
Let the vector potential be given by:  ˆ ˆA z z fψ= − + ×∇

G
.   This corresponds to a 

particular gauge condition.  Then, the magnetic field can be written as: 

0 ˆ ˆ ˆB A F z z Fz ik fψ ⊥= ∇× + = ×∇ + − ∇&
GG

, where   , or, 2
0F F f⊥≡ + ∇

 2
0, ,x y z

f fB ik B ik B F f
y x x y
ψ ψ

⊥
∂ ∂ ∂ ∂

= − − = − = + ∇
∂ ∂ ∂ ∂& & .                             (A3:1) 

The current density is given by: ( )2 ˆJ B ik F k f z 2 ẑψ ψ⊥ ⊥= ∇× = − ∇ + ∇ − × + ∇& &
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The evolution equations are given by the following.  Take the curl of the momentum 
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Note that in steady state, (A3:5) becomes: 
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∇ = Ω + Ω Ω +

∇

&

G

G

G G

i

G G G Gi

G Gi i

i { }
{ } { }

2

2

2

ˆ( )

ˆ ˆ

,

z z

z z

u u z V V

z z V V
⊥ ⊥ ⊥

⊥ ⊥ ⊥

⊥

× ∇ = − ∇× ∇ Ω∇ Ω + ∇

= − ∇∇ Ω× ∇ Ω − ∇ × ∇

⎡ ⎤= Ω ∇ Ω⎣ ⎦

G Gi i

i i

ẑ

( )

 

 
 

Appendix 6:  Corrected Derivation 
 

 
Let 0 0

0 0 ˆ,B B z n n x= =
G

.  The equilibrium is given by:   0 0J B p0× = ∇
G G

.   If we assume 
that , then the equilibrium condition implies an equilibrium velocity 

given by:  

0 0
0 ( i eJ ne u u= −
G G G )

0 0 0 0 0

0 0 0 0

ˆ ˆ ˆ,B B
i x i e x

k T k Tu n y u y u n y u y
n eB n eB

= ≡ − = − ≡
G G 0 ˆi

0×

.   The equations governing 

the first order linear quantities are then: 
 

( )0 0 2
1 12y i i i Bn Mi k u u u Tk n J Bω µ⊥ ⊥ ⊥ ⊥− − ∇ = − ∇ +
G GG G                     (A6: 1a) 

1 1
B

e
k Tu B
ne

φ⊥ ⊥−∇ + × = − ∇ 1n⊥
GG                                        (A6:1b) 

0
1 1( ) ei

B
mik n k T en J

e
0νφ− − +& =&                                    (A6:1c)                               
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0 0
1 1 1 0x

x y ii n u n ik u nω + − =                                                  (A6:1d)                               

1 1 0x y
x yik u ik u+ =                                                           (A6:1e) 

From Eq. (A6:1e) 
1 1ˆ; ,x y

i yu z u ik u i⊥ = ∇Ω× = Ω = − Ω
G

xk                                              (A6:2) 
Take the ẑ component of the curl of (1a): 

( ) ( )20 0 2 2 2 2
0( )y i x y x yi k u n M k k k k B ikω µ⎡ ⎤− + + + Ω = −⎢ ⎥⎣ ⎦ & &J                      (A6: 3a) 

From (A6:1b), using ( ) 0i eJ ne u u∇ = ∇ − =⎡⎣
G

⎤⎦
G Gi i , we have the identities: 

1
0 2 2

0 11
0 2 2

1 0 2

1

( )ˆ

1 ˆ

B
e e i

B
i

i

k T B nBu u u J
B ne B ne

B n nB k TJ ne u z J
B ne B

ikBJ n u z J
e B e

φ

φ

φ

⊥ ⊥ ⊥ ⊥
×∇×∇

= + − = −

⎛ ⎞×∇ +×∇
= + ∇Ω× − + +⎜ ⎟

⎝ ⎠
⎛ ⎞×∇

∇ = ∇ + ∇Ω× − +⎜ ⎟
⎝ ⎠

&

&
&

GG GG G G

GGG GG

GG Gi i

                 (A6:4) 

Thus, 
0

0 0
1 1 1

0

0 x
y x y y i

iknik n ik ik u n J
B e

φ= Ω + − + &
&                                  (A6:3b) 

We can write Equations (A6:3a, 3b,1c, and 1d as a matrix equation: 
 
 

2 2 0 2
0

02

0
0 0

1

0
1

0

0 0

( ) 0 0
4

0

0

0 0

i ii
y i

B

x
y x y y i

ei
B

y x y i

ib M n M bk u i iB k
k T h

knk n k k u
B e n

m Jik en ik k T
e

k n k u

π

νω

φ

ν

ω

⎡ ⎤⎡ ⎤− Ω
− −⎢ ⎥⎢ ⎥

⎣ ⎦⎢ ⎥ Ω⎡ ⎤
⎢ ⎥ ⎢ ⎥
⎢ − ⎢ ⎥ =⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥− ⎢ ⎥⎣ ⎦
⎢ ⎥
⎢ ⎥−⎣ ⎦

&

&

&& &

i⎥  

 

( )

2
2 0

2

0
1

1
2

0 0

( ) 0 0
4

0 1
0

0 1 1

0 0

ii
y i

i y

ei

B

i y y i

bib k u i i
h

u k
i m n
k k T J

u k k u

π

νω

ω φ
ν

ω

⎡ ⎤⎡ ⎤
− − −⎢ ⎥⎢ ⎥

Ω⎡ ⎤⎣ ⎦⎢ ⎥
⎢ ⎥⎢ ⎥− − ⎢ ⎥⎢ ⎥ =
⎢ ⎥⎢ ⎥− ⎢ ⎥⎢ ⎥ ⎢ ⎥⎣ ⎦⎢ ⎥

⎢ ⎥− −⎣ ⎦

& &

i  

 10



( )

( )

0

2
2 0

2 2

0

0 0

2

0
2

2 0 0 0
2

2

1

( ) 1 1
4

0 0

0 0
1 0

1 1

1
( )

14

i y

ii ei
y i

B

y i

i y i y

ei

B

i y
ii

y i y i iei

B

u k
b i mib k u i
h k k T

k u

i
u k u k

i m
k k T

u k
bib k u i k u iu ki m
h

k k T

π

π

ω
ν νω

ω

ω
ν

νω ω ν

⎡ ⎤− −⎢ ⎥
⎢ ⎥⎡ ⎤

− − − −⎢ ⎥⎢ ⎥
⎣ ⎦ ⎢ ⎥

⎢ ⎥−⎢ ⎥⎣ ⎦
⎡ ⎤
⎢ ⎥
⎢ ⎥

+ − − =⎢ ⎥
⎢ ⎥
⎢ ⎥−
⎢ ⎥⎣ ⎦

⎡ ⎤−
⎡ ⎤ ⎢ ⎥− − − +⎢ ⎥ ⎢ ⎥−⎣ ⎦ ⎢ ⎥⎣ ⎦

&

&

&

( ) ( )

0

2 22
2 0 0 0

2 0

0
1 1

( ) 1
4

i y
y

B Bii
y i y i y i

ei i y ei

u k

ik k T k k Tbb k u k u i i k u
h mu k mπ

ω

νω ω ω
ν ν

⎡ ⎤− −
=⎢ ⎥−⎣ ⎦

⎡ ⎤⎡ ⎤
− − − + = +⎢ ⎥⎢ ⎥

⎣ ⎦ ⎣ ⎦

& &
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