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Abstract. We introduce a set of scalar variables and projection operators for the vector
momentum and magnetic field evolution equations that have several unique and desirable
properties, making them a preferred system for solving the magnetohydrodynamics
equations in a torus with a strong toroidal magnetic field. We derive a “weak form” of
these equations that explicitly conserves energy and is suitable for a Galerkin finite
element formulation provided the basis elements have C* continuity. Systems of reduced
equations are discussed, along with their energy conservation properties. An implicit
time advance is presented that adds diagonally dominant self-adjoint energy terms to the
mass matrix to obtain numerical stability.

1. Introduction

Here we are concerned with developing a set of scalar equations that are appropriate for
use in finite element computations of three-dimensional global-scale magneto-
hydrodynamics (MHD) in a strongly magnetized torus, such as a tokamak. It is well
known that there are severe challenges to be overcome in applying the MHD equations to
a tokamak. There are multiple time and space scales present, the divergence of the
magnetic field must be constrained to vanish, and the treatment must be such as to
accurately describe a flow field that avoids compressing the strong externally imposed
magnetic field to a large degree [1]. In linear MHD, this latter property has been called
the avoidance of spectral pollution [2].

The M3D [3] approach to overcome these difficulties was to introduce a potential and
stream function representation for the velocity and the magnetic vector potential and to
develop a partially implicit algorithm for integrating the equations in time. In M3D-C*
we build on that approach by introducing slightly modified forms of the velocity and
magnetic field variables that have several desirable properties. They are compatible with
appropriate projection operators that lead to energy-conserving weak forms of the
equations when the Galerkin method is applied. When the numerical algorithm of
differential approximations [4-8] is applied, they also lead to self-adjoint forms for
partial-energy terms that are added to the mass matrix to give a stable well-conditioned
fully implicit time advance. This technique has been demonstrated in two-dimensional
slab [6, 7] and toroidal geometry [8]. The latter reference goes into the two-fluid
extensions in some detail. Here we present the full 3D toroidal equations and discuss
their properties but restrict our attention in the main text to single fluid resistive MHD for
simplicity. The technique presented is readily generalized to include additional terms in
the equations, such as gyroviscosity and additional transport terms.

% Corresponding author: jardin@princeton.edu



““Some properties of the M3D-C* form . . .”

Another important feature of the formulation presented here is that it leads naturally to
several systems of “reduced MHD” equations that are obtained simply by zeroing out one
or two of the three scalar variables in the velocity field, and not including the
corresponding projection operator for that component with the momentum equation.
Similarly, the magnetic field advance can be simplified by zeroing the contribution to the
toroidal field by the plasma currents and removing the corresponding projection operator
for the magnetic field advance equation. This procedure provides 3D, toroidal, energy-
conserving sets of reduced MHD equations that are generalizations of equation sets
previously proposed.

We state the resistive MHD equations in Sec. 2 and introduce the forms of the velocity
and magnetic vector potential vectors in Sec. 3. Taking the weak form of the projection
operators introduced in Sec. 4 and 5, and of the scalar density and pressure equations in
Sec. 6 is shown in Sec. 7 to lead to an energy conserving set of evolution equations.
Properties of the velocity representation are discussed in Sec. 8, and how this leads to
energy conserving subsets of 2-field, Sec. 9, and 4-field, Sec. 10, equations that are
energy-conserving toroidal generalizations of equation sets previously proposed. Sec. 11
introduces the implicit time advance and shows the close connection with it and the ideal
MHD perturbed energy sW . In sections 12 and 13 we explicitly demonstrate that the
partial-energy terms added to the mass matrix for the implicit time advance are self-
adjoint. A subset of these same terms is used in the reduced equation sets. The first
Appendix covers the two-fluid extensions in the generalized Ohm’s law. Appendix B
describes the variables and projection operators used in the original M3D code for
comparison. Appendix C introduces a self-consistent set of orderings that are used to
demonstrate desirable properties of the formulation presented in the main text.

2. The Resistive MHD equations;
Consider the standard resistive MHD equations for the mass density n, the fluid velocity
V, the magnetic field B, and the fluid pressure p (in Rationalized MKS units):

on
—+Ve(nV)=0 la
& HV(nv) (1a)
oV
H(E+V-VV)+Vp+V-H:JxB (1b)
Z—?ZVX(VXB_UJ) (1c)
%+ VeVp+ypVeV =(y —1)[ 7d? - VV | (1d)

Here, the current density is defined by J =V xB and the condition V-B =0is implied by
Eq. (1c). The viscous stress term is taken to have the form:
=4[ VV+VV']=2(ut — 1) (VV)1
VeIl = —uV?V = (2pe — p)V(VeV)
We have introduced the adiabatic index, y (= 5/3 for an ideal gas), the electrical
resistivity z, and the isotropic and compressible viscosities #and uc

(1e)
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3. The Form of the Vectors V and B.

We use a physics-motivated decomposition of the vector fields in toroidal geometry.
Using a cylindrical coordinate system (R,p,Z) with|Vg|=1/R , we define the 2D gradient
and 2D divergence operators asV a=a,R+a,Z,V, +A =R (RAR), +(A+Z), . Subscripts
denote partial differentiation with respect to R and Z. We also define the 2D inner

products and Poisson brackets. For any two scalar variables a and b, we define the inner
product:

(a,b)=V,a:V b=ayb, +a,b, , (2a)
and the Poisson bracket
[a,b]=[VaxVbeVp]=R™(a,b; —agh, ). (2b)

The velocity field is represented in terms of the three scalar variables (U,w, ) as follows:
V=R’VUxVp+awR*Vp+R?V 7. 3)

This form is chosen so that the in-plane stream function U does not compress the

toroidal field (as described in Sec. 8), w is the toroidal angular frequency, and the in-

plane compressibility term y is orthogonal to the others as described below.

The magnetic vector potential is given in terms of the two scalar variables (f,y) and the
constant Fo (proportional to the current in the toroidal field magnets) as:

A=R*VpxVf +yVp-F,In RZ . 4)

This form leads to orthogonality between f and y in the magnetic energy (below) and

to a particularly convenient form for the current density J. Note that the gauge condition
implied by this formis: vV .R?A =0. The magnetic field and current density are
calculated in terms of the vector potential variables as:

B=VxA=VyxVep-V f'+FVgp , (59)
=VyxVep-Vi'+FVep , (5b)

and
J=VxB=VF xVp+R?V y'-AyVe. (6)

The third term in this expression for J is the toroidal current density. The second is the
poloidal current needed to make the toroidal current divergence-free when it has ¢
variation. The first term is the remaining poloidal plasma current that contributes to the

toroidal field F. Here we have defined auxiliary variables: F = F, +R*V.V  f ,
F*=F,+R°V’f =F + ", and the operator: A"y =R?V -R*Vy . Primes denote

differentiation with respect to the anglep. Note that B and J are manifestly divergence
free in these forms.



““Some properties of the M3D-C* form . . .”

The forms for the vector fields vV and B have the property that their corresponding
energies do not have any cross-terms when integrated over a volume, as these cross-terms
become surface terms that vanish if the normal components of these vectors vanish at the
boundaries. Thus, if we define the 2D volume integral (at constante) asd’R = RdRdZ , we
have:

[Jd*RV? = [[d’R[R*(U,U)+R™ (7. 1)+R*&’ | , (7a)

[[d*RB? = [[d’R[R*(y,p)+ (" f)+R7F?] . (7b)
The different terms in the velocity and magnetic field vectors, Esqg. (3) and (5) are
therefore orthogonal in this sense. However, we note that if a non-constant density is
present, the kinetic energy will have the additional factor of the density and so the cross

term n[U : ;(] will not vanish, albeit these terms are still approximately orthogonal.

4. The Scalar Momentum Equations

We introduce a set of trial functions with C* continuity, which we denote v.. These can
either be 2D functions v,(R,Z) or 3D functionsv,(R,¢,Z). To get scalar forms for the
momentum equation, we take the weak form of the following three projection operators

applied to Eqg. (1b), integrate over the 2D plane (R,Z) and perform integration by parts as
indicated in Eq. (8):

[[d’RvVpv xR?(1b) — [[d’RR*V v, xVee(lb) (8a)
[[d*RviR*V pe(1b) - [[d’RvR*Vp-(ib) (8b)
~[[d°Rv,V+R(1b) - [[d’RR?V 1;+(1b) (8c)

The boundary terms from the integration by parts are assumed to vanish here, but will be
the subject of a future publication. By comparing the integrands on the right in Eq. (8)
with the form of the velocity in Eq. (3), we see that after the integration by parts, these
projection operators are equivalent to taking the inner product of the momentum equation
(1b) separately with each of the three terms in the velocity field, but with the trial
function v, replacing each of the three scalars (U, ®, 7). We show in Sec. 7 that this

property leads to an energy-conserving set of discrete equations, to two energy-
conserving subsets of reduced equations, and in Sec. 11 we show that this leads to self-
adjoint energy terms being introduced in an implicit time advance. After substituting for
the magnetic field and velocity from Eqgns. (3) and (5), Eqns. (8a-c) give the following
integrands:
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nRZ(Vi,U)—n[Vi,j(]
(ViU —%;{ZJ(R4[vi,U]+(vi,;{ ))—a)[vi,;(’]+ R*(v;,U")

=-n
2 2 1 2 2 1 2
+Ra)viz—§R I:Vi,R (U’U)+F(Z,Z):|+R [Vi’[U’l]:I (ga)

Ny [vw]- (v, f’)]+%(vi,w')+ F[v., ']-R*[p.v,]

R (V20 (V2U) - (v,0")]

NR2v,m = —nv, {RZ [RPo,U] +%(R2a), 7)+ Rza)a)’}

k) [Frw Jen [ ]=v (1F ) -np! (9)

+ [viyA*(Rza)) + Zucvia)”] ,

%(vi,j()+n[vi,U']

+ =@V — ;2 (vi, R*(U ,U)+%(;{,;{)j——(vi,[z,U ]) (9c)

1
24 ?AfviA* X
Here and elsewhere we are denoting time derivatives as U =dU /&t , etc. We again note

that the terms —n[vi,j(] and n[vi,U'] on the left sides of Eqgns. (9a) and (9¢) would
vanish for constant density, n = const.

5. The Magnetic Field Evolution Equations

In a manner analogous to the momentum equation, we obtain the scalar weak form of the
magnetic field evolution equations by applying the following two projection operators to
Eq. (1c), integrating over the 2D plane, and performing integration by parts:

J‘J‘dZRviV(p-VLx(lC) - ”dZRVLvixV(oo(lc) , (10a)
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[[d*RvVeeic) - [[d*RwVee(lc) . (10b)

As in the discussion following Eq. (8), if we compare the integrands on the right in Eq.
(10) with the form of the magnetic field in Eq. (5b), we see that these projection operators
are equivalent to taking the inner product of the magnetic field evolution equation (1c)
with the first and third terms in the magnetic field, but with the trial function v, replacing
the scalar quantities w and F*. In this case, there is no need to take the third projection,
which would be

~[[d*Rv,v+(1c) > [[d°RVv(1e) | (10c)
since the divergence constraint on the magnetic field assures that this is satisfied. After
substituting for the magnetic field and velocity from Eqgns. (3) and (5), Egns. (10a,b) give
the following integrands:

(11a)

and

—(vi, f')=%|:' = F[vi,U]Jr%F(vi,;()—a)[vi,l//]+a)(vi, f')
(11b)
—%(vi, F)—%(V“ f")+%[vi,t//']

Eq. (11b) is seen to be an evolution equation both for f and for F.
6. Density and pressure evolution:

The density and pressure equations follow directly from Eqns. (1a) and (1d) after
substituting for the magnetic field and velocity from Eqns. (3) and (5),

. 2 : n ~
n+[nR?,U |+ (ne) +VL-[¥VL4_O, (12)



““Some properties of the M3D-C* form . . .”

, o1
p+[ PR%U |+( po) [ } ( 2UZ+a)+FA;(j
u[ R (V2U)(V2U)+(Uru) ]+ iz R0, R%0)+2 4.0/ @ +2yCRiATZA*Z
+(7 _1) 77 n n
NNy () + 5[ v F ]+—(F F)
R R R?
(13)
7. Energy Conservation:
The well known demonstration of energy conservation by Eqns. (1) depends on the
equivalent of the following vector identities being satisfied by the scalar equations:
NVe(VeVV)=nV.V Gv Zj (14a)
VeVeIl =—I1: VV+ ST (14b)
B[ (VxV)xB]|=-V+(VxB)xB+ ST (14c)
B[ Vx(V=B)|=-n(VxB)’ + ST (14d)

(Here we denote by ST those surface terms that vanish at the boundary if the normal
velocities and Poynting fluxes vanish there). It is seen that these vector identities are
satisfied exactly in the present formulation because of the equivalence of the weak forms
of the projection operators that we use to taking the inner product of Eq. (1b) with each of
the vector components of V and of Eq. (1c) with each of the vector components of B.
Since the weak form of the equations (9) and (10) holds true for any function v, in the
admissible function space, to explicitly demonstrate energy conservation, we make the
particular choices in Table 1.

Table 1: Trial functions used to show energy conservation

Equation
9a

9b

9c

10a

10b

<

TSN C

With the functions of Table 1 inserted as indicated, we sum equations (9a-c) and (10a-c)
together with 1/2V? times Eq. (12) and (y-1)* times Eq. (13), and integrate over the
volume to obtain the explicit demonstration of energy conservation. After many
cancellations and integrations by parts, this yields
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ln{Rz(U,U)Jr RY? +%(;(,Z)+2[;g,u]}

& ffav j Z0+ST.

11 2 1
§|:¥((//,(//)+?+(f,f)j|+(}/_l)p

As discussed earlier, the final term in the kinetic energy term, n [;(U] , would integrate
to zero if the density n were constant.

8. Properties of the Velocity Field:

The toroidal magnetic field in a standard tokamak is much greater in strength than the
poloidal field. The dominant contribution to the toroidal field, denoted by the constant
F, in Eq. (4) and those that follow, is produced by the large toroidal field coils. It
follows that the leading order plasma motion will be such as to convect the strong
externally imposed toroidal field but not to compress it [9]. The desire to represent this
dominant plasma flow field with a single scalar variable led to the particular form of the
velocity field vector introduced in Eq. (3).

One sees from the toroidal field evolution equation, Eq. (11b) that the only place that U
enters in this integrand is in the first term on the right. This term can be written as

%Iﬁ —F[n, U]+ == [FU]+==nV FV UxVp+-- . (15)

We see that since VF, =0, U only convects the part of F that is produced by the plasma

currents, but does not compress the toroidal field. We therefore expect that to a very
good approximation, the plasma motion in the (R,Z) plane will be represented by the first
term in the velocity equation.

To understand better how this comes about, suppose the first term in the velocity field
were given by

V=R"VU xVgp+.
(In Eq. (3) we have m=2). The V¢ component of the magnetic field evolution equation,
Eq. (1c) becomes
% F=-Ve. V%} +-

=—Ve{ R™VU xVgF |+- - (15a)

=—R"?VU xV@eVF —FVU xVpeVR"?
Since the second term contains F, (if m=2 ) but the first term does not (since VF, =0), it
will dominate in this equation and hence restrict the velocity field associated with the U
variable as there is a large energy penalty associated with compressing the toroidal field.
This is the physical basis for choosing the form of the velocity field in Eq. (3), and for the
reduced MHD model presented below which follows from it.
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9. Generalized two-field equations

Since the entire system of equations conserves energy, we can also obtain energy-
conserving subsets by setting one or two of the velocity variables (@, y) to zero, and either
keeping or setting to zero the vector potential variable f. Thus, by eliminating Eqns. (9b),
(9¢), and (11b) and setting @ = y = f = 0 in the remaining equations, we obtain the
following two integrands and two equations:

nRz(vi,U):—n{(ViU)R4[vi,U]+ Rz(vi,U’)—%Rz[vi,RZ(U,U)]}

(16a)
+A*1//[vi,l//]+%(vi,l//')—R2[p,vi]—,u[Rz(Vivi)(ViU)—(Vi,U")} :
1 _ . F , soe 1 "
?(vi,t//):—[u,w]A v +(R—gj(vi,U )—%[A VA ‘//—?(VMV )} , (16b)
n+[nR*U |=0 (16¢)
2U,p+u| R*(V2U)(V2U )+ (U]
p+[ PR*U |=(r-1) . . (16d)
+

T AVAY g (vy)

It is shown in Appendix C that the force terms neglected in the evolution equation for U
in going from Eq. (9a) to (16a), which all contain f, are all higher order in a systematic
ordering and this is why these simplified equations are of interest. This set of equations
is seen to be an energy-conserving toroidal generalization of the “Strauss Equations”[10].
A further reduction is possible by eliminating the last two equations and setting the
density n to a constant ny and the pressure p to zero. This set of equations, called the
two-field reduced equations, consists of just (16a) and (16b) with n=ngand p=0. This
reduced equation set no longer has the exact energy conservation property but is
nevertheless useful for many applications.

10. Generalized 4-field Equations:

Another set of energy-conserving reduced equations is obtained by keeping the full
magnetic field advance equations for y and f but just eliminating the third velocity
equation Eqg. (9¢) and setting = 0 in the remaining equations. This leads to a set of
toroidal equations where the component of the velocity field in the (R,Z) plane does not
compress the toroidal field. These equations are toroidal energy-conserving
generalizations of those presented in [11,12] which can be extended to two-fluid MHD as
discussed in the Appendix.
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11. The Implicit Time Advance Equations:

It has been shown by several authors [4-8] that a stable implicit numerical time stepping
algorithm, now known as the method of differential approximation, can be obtained by
replacing Eq. (1b) by the following equation, and then by applying centered time
differences and either centered space differences or finite elements:

{n—¢92(5t)2 L}%V+ NVeVV +Vp+ VeIl =JxB . (17)

This is followed by an implicit time advance for the magnetic field, pressure, and density
using the advanced time velocity. Here we have introduced the implicit parameter 6,
where 1/2 <8 <1 for numerical stability, ot is the time-step, and L is the linear ideal
MHD operator [13]:

L{V}={Vx[Vx(VxB)[|xB+(VxB)x[Vx(VxB)]+V(VsVp+ypV+V) (18)

When the operator projections in Eq. (8) are applied to Eq. (17), new terms, called partial
energy terms, appear on the left sides of Eqns. (9abc) but the right sides remain
unchanged. The left sides of these integrands then become:

W, (v,,U) + W, 8 (v;,U") + oW, (v;,U")
R (v;,U)=n[w, 7] 6°(5t)° { +OWS (v;, @) + W, (v;, ") =.-- (19a)
+OW,S (v, 2) + WL (v, 7) + W (v, 7")
WO, U") + W2 (v, U")
NR*v,i>— 67 (5t)* L +OWD (v,, @) + WD (v, ") =---  (19b)
+OW,5" (v, 1) + WG (v, 7) + W5 (v;, 1)
SWL (v, U) + SWE (v, U") + W2 (v, U")
%(vi 7)+ [V, U= 02(5t)2 L + WS (v, ) + SWE (v, ) + WL (v, ") =~ (196)
+OW (v, 1) + WG (v, ) + WG (vi, 1)

Properties of these partial energy terms as applied to an axisymmetric equilibrium with
zero equilibrium flow are discussed in the next section.

12. Direct Evaluation of Energy Terms.

The partial energy terms, W, (a,,b;) are obtained by taking the 2D integral of the inner
product of the k™ velocity component with the operator L operating on the j™ velocity
component. For example: oWy, (U, 7) =R*VU xVg-L{R?V, z|. Inimplementing the
Galerkin method, each finite element basis function is used in place of the first variable
and the second variable is expanded in basis functions. Integration by parts is done so
that no more than two derivatives appear on any scalar, consistent with restrictions on C*
elements.  We use the equilibrium equation, A"y = -R*dp/dy — FdF / dy , to simplify
the energy terms and put them in a manifestly self-adjoint form. Note that “prime”

10
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means o0/0¢ (e.9.: U'=0U/dp). We also make use of the identities (obtained by
integration by parts) that for any scalars a, b, and c:

c(ab)= —%(CRZ .b)—acA’
a[b,c]=—c|[b,a]

The terms that appear in the integrands of Eq. (19) are as follows:

O ,d (_d
W (1,U) =~ L (R?[Uw].R? v w])+ R dW(Fij[U v]Viy]-47pUv,

: F ' . ,
5W1(11)(Vi,U')=—¥(U IRZ[VM//])+?(VHR2[U ,!//])+A wF[v,U']
2
éVVl(J.Z) (vi,U "= F—(U ",Vi )
&Nl(zl)(vw‘")— O (R [ ]) + 0 F v, F ]+ R, p]+ 27 P,

é\N1(22) (v, 0") = _G)”Ri(l/’v Vi )

M 1,7) = (R (Zl//)R[V.'W])—%(Fj—;J[V.,V/](ZW) O )+ ez

' F F.,
W (v 1) =+ | R*[viow], x]— (4R (7)) + Ay o (7))
FZ
é\/\/1(32)(‘4 ") = F[}("’Vi]
W, (v, U") = —%(% R*[U"y])-vF[U'F]-vR*[U’, p] -2y pvU;
MZ(lz)(Vi U //) =, %(W!U r/)
W (v, @) =-R*[v,w][oy]

"

Wy, (v, ") =V, ;)2 (w.w)+yvipe”
WS (v, )= F v ][ R*A 2 +(R? 7)]

WP, 0 ()22 0) 7 e
W v, 2=~ Lo F ]
2

d°p 2y «
dl//z [U'V/](Vi’l//)"‘? pU, Ay,

© I 2 ~1.d(_dF -
ML (,0) =5 (R (1) R0 ) F S )

WP (U1 =RV v [+ o (VR (1)~ Ay (vU)

2

W2 (v, U" = F [v U’

11
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W (v, ) = F [CUJ//][RQA*Vi + (R’z,vi )}

M1 = 0 ) F ) o)

é\N3(22)(Vi NORES _% F [Vi !l//]

1 1 1 1d dF
WO, v)=——=(R2(y,w),R2(v, —F?R*| Ve—Vv. || Vo=V — | F— , -
% (Vi X) Rz( (Z ‘//) (Vu ‘//)) [ R* V|:||: R Z:|+ R® d'//[ dl/’J(l ‘//)(Vl (//)
VP o+ o d’p
_RAA Al/i"'R4 dl//z(l'l//)(vi’l//)

F 2y Fr , - 1 .. ,
MB(;)(VUZ/):_?[VUR 2(}(11//)}"?[1:'? Z(VivW)J_EA ‘//F[}(1Vi]
2

" F "
éVV3(32)(Vi,Z )= +¥(7( 1Vi)

13. Symmetry Properties of Energy Terms:
The forms of the energies in Section 12 have the following symmetries that follow from

the self-adjointness property.

W (v, U) = WU, w), W (v;,U") = =W, (U ), W (v, U = WP (U" )
W (v, @) = W (@), WP (v, @) = WP (",v,)

é\N3(30)(Vi X)) = 6VV3(30)(;(,Vi), éVV3(31)(Vi X)) = —éVV3(31)(;(', Vi), é\Ns(az)(Vi X" = 5\/\/3(32)()(”,1/;)
W (v, @) =— W, (', 1,), WP (v, 0") =W, (", ;)

W (v, 2) =W (2.%,), WS (Vi 1) == Wg ('), W (v, x") =W (2" v,)
W (v g) =W (zv), WP (v 1) ==WR (' v), WP (v ") =W (2" v)

If we define V, =U,V, =w,V, = y and denote phi derivatives as: V,” =U",V,?) =U", etc,
we can write these compactly as:

W' (v, V() = (D) oW (v v) (20)

14. Summary

Equations (9abc) for the velocity and (11ab) for the magnetic field variables are the weak
forms of the 2D integrands for the momentum and magnetic field advance for a resistive
MHD plasma. They are similar to the equations used by the M3D code, given in
Appendix B, but are different in some important ways. They are preferable for use in a
3D MHD finite element code if the elements posses C* continuity with respect to (R,Z).
These forms satisfy the equivalent of the vector identities that are required to obtain
energy conservation. These are supplemented by the density and pressure evolution
equations in Eq. (12) and (13). These equations manifestly preserve the divergence-free
condition on the magnetic field and will accurately describe plasma motions that
minimize the compression of the strong toroidal field. Because the formalism of this
paper only involved 2D integrals over (R,Z) at constant toroidal angle ¢, it is generally
applicable to any kind of discrimination in the toroidal direction: spectral, finite
difference, or finite element.

12
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To construct a well behaved numerically stable implicit time advance, called the
differential approximation, we add the partial energy terms given in Eq. (19abc) to the
inertial terms on the left of Eqns. (9abc) as indicated. These terms are shown to be self-
adjoint and thus their addition to the mass matrix should lead to a well conditioned matrix
equation for the new time velocities. This clean result, and that of energy conservation
for the discrete forms, stem from the equivalence of the projection operators that we use
to taking the inner product of the momentum equation with each term in the velocity
vector, and the magnetic field evolution equation with each term in the magnetic field
vector.

It is shown in Sections 9 and 10 how to use this formalism to construct well-behaved
reduced systems of equations that also conserve energy and whose matrix equation for
the new time advance is also well conditioned.
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Appendix A: 2-Fluid Extensions

The primary extension of the resistive MHD model to the two-fluid model is to change
Egns. (1c) and (1d) to [6]:

a—B=V><(V><B—77J—i[J><B—Vpe]j (A-1)
ot ne

ap _ 2 pe

Zo+VeVp+ypVeV =(y -1)[ 73 -I: VV |+ —J 1% (A-2)
ot n’

It is also necessary to add an additional evolution equatlon for the electron pressure, pe,
although it does not directly enter into the energy balance. As in the discussion in Sec. 7,
the energy associated with the new terms will vanish identically up to a surface term
because we are effectively taking the inner product of Eq. (A-1) through the weak form

of the projection operators that we use. Thus, the vector identities needed,

B.V x(—i[J xB— Vpe]j = J-(_i[J «B —Vpe])+ ST,
ne ne

_1 J-Vpe +ST, (A-3)

pe Jovn+ST,
n ’e

are satisfied exactly by the weak form. This last term then combines with the new term
in Eq. (A-2) [when multiplied by (y-1)*] to give only a surface term.

The new terms that replacing Eq. (1c) by Eq. (A-1) are as follows. To the right side of
Eq. (11a) we add:

1

_[E(W'W%[W', Flelw Fr (1 F*)}A*vi
L +A*l//{%(vi,l/l)+[vi, f’]}+A*y{%(vi,y/’)+[vi, f”]}

~  TheRr?| F 1 )
| 0 F) =D T+ o (B ) =Dop T == Pl (viom)

[+ ] 0 ) DT 000

To the right side of Eq. (11b) we add:

{ V-]~ (5]{@;} v,,w)}—[vi,pe]] (A-5)
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Appendix B: The M3D Potentials and Projection Operators

In the original C° M3D code [3], the velocity is expressed in terms of a different set of
scalars U, y, and V, as

V=R*VUxV@p+RV,Vp+V g (B.1)
The magnetic vector potential, and magnetic field are given by:

A=yVp+RVfxVep-F InRZ (B.2a)

B=VyxVp+R'V f'+FVgp

1 (B.2b)
=VyxVeo+R 'V +(F = f"\WVeo
where the auxiliary variable F is here defined by F = F, — RZV%VJ ,
Projection operators for momentum are
—RV -V x (B.3)
to extract the U component;
R- and Z- (B.4)

for V, x, which leads to two equations that still contain terms with time derivatives of U,
and requires an elliptic solve for y itself; and

RVg- (B.5)
for the toroidal component. The evolution of poloidal flux y is found by applying the
projection operator

RVop- (B.6)
to the time derivative of the magnetic vector potential, Eq. (B.2a). This derivative is
determined by Ohm’s and Faraday’s laws only to within the gradient of an auxiliary

scalar @which will appear in the y equation. The choice of gauge V| -%A =0 implies

that this is the electrostatic potential (to within a sign), leading to the auxiliary equation

V-%VLGD:VL%-E (B.7)

where E is the electric field given by Ohm’s law. Finally, the toroidal field evolution may
be projected out of (B.2b) with the same projection operator (B.6).
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Appendix C: Orderings

Let R be a typical major radius, and a be a typical minor radius. Define the ordering
small parameter £ =a/R. Gradients in the (R,Z) plane are assumed ordered as:
V, ~1/a, however in the toroidal direction we have: Vo ~1/R. It then follows that we

can order the quantities that appear in the magnetic field and pressure as:

f ~Re*f
w ~ R*s%y
p~&°p
F~R
VF ~¢f
VR ~1

Here f,i7 and p are dimensionless quantities of order unity. This gives for the relative
magnitude of the 3 terms in the magnetic field:

VyxVe : V I : FVep
£ cg © 1+ e?

and for the 3 term in the current density:

VF'xVep © R*Vy' : AyVe
g? Dol &

This corresponds to the standard low-beta tokamak ordering. Applying this ordering to
the energy terms in Sections 11-12 gives the following relations between the diagonal
terms and their corresponding Kkinetic energies:

éV\/ll(U1U) - 2 6\/\/22(60,0)) o2 é\NSS(Z’Z) ~1
RZ(U’U) g ) Rza)z g 1 1 .
F(%l)

This implies that a plasma motion that is seeking to minimize the perturbed energy must
not have a large y component in the velocity field. Also, we see that the off-diagonal

terms satisfy the following ordering,

Wy, (U, @)W, (o,U) ~ g2 W5 (U, x)oW,, (7,U) ~ g2
oW, (U,U)oW,, (v, ®) ’ oW, (U, U)Wy, (7, 1)

so that the partial energy matrix is diagonally dominant in this sense.
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