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Extended MHD Models

Model Momentum Equation | Ohm’s law WIS | AW OV o s
General m”%—f — V(p.+p) E=1—VXB+’7~’ Yes | Yes | Yes | Either
+—(IxB-Vp,-V-II,,)
+IxB-V ([, +T1,)-V-TI* | " ne
Generalized dVv E=-VxB+nJ
Generalize mnaz—V(pﬁpi) ) xB+7 Yes | Yes | No |No
+—(IxB-Vp, -V II,)
+IxB-V-(IT, +I1;) ne
Neoclassical- dVv
MHD mn--==V(p. +p) E:—V><B+77J—niev-nIe No | No | Yes | Yes
+IxB-V- ([T, +I1;) -V -TTY"
Generalized |\ OV _ oo 3 5 . |E=-VxB+nJ No |No |No |No
resistive dt P I T
MHD?®
g;r?][\tgrallzed - (?j_\t/ MV, WV, 4o, |E="VxB+nd No | Yes|Yes | Yes

+nmuViV -V (I1,
-V(p, +p;)+IxB
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1
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Higher order modes present in
Extended MHD models present new
numerical challenges

Mode Origin Wave Equation Dispersion Comments
Whistler 0'2 5 2 ) ) 2{ 1 2} eelectron response
B \Y; o =Vpak 1+ = (pik
in Ohm Z2_|TA (b V)ZVZB A IB(’O' ”) «finite K|
IxB A2 Q
KAW in Ohm é’ZB vV Vth 2 ) eion and e" response
= . . 2 -
V) Pe At ( (b V) VX[bb VXB] 0] :VAk”l:l'i‘(pskJ_)jl ofinite i,
Parallel eion response
ion GV term in %VJ_ 2,4 —V k| +1+ 1+p k
G p—s==-1V||V, o VRN e
—c a
Perp. ion . 2 eion response
B term in oV 2.4 2 224 1B B 2
v p ZL =-m3V1iV] " =Vik {1+7+_(f" i)} « finite
v.ne a *
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M3D-C*

A parallel, implicit, extended MHD code using C* finite elements

Advantages of C! elements:

* more compact (fewer unknowns per variable)

 higher order continuity (fewer variables)

 block matrix patterns (more efficient solution)

Developmental Stages

2D | Reduced (2-variable) NL cylinder | done-published

2D | Reduced (4-variable) NL cylinder | done-periodic bc
being added

2D | Extended (6-variable) NL cylinder | In progress

3D | Extended (6-variable) linear cylinder

3D | Extended (6-variable) linear torus

3D | Extended (6-variable) NL torus

Coding principles:

» Extension of M3D
*...Same variables

eFortran 90

e [solate communication
routines (MPI/Shmem,
OpenMP)

* CVS
o CCA-friendly
o X1-friendly



Element Order

If an element with typical size h contains a
complete polynomial of order M, then the error

will be at most of order hM+1

This follows directly from a local Taylor series expansion:

M| & 1 0" ¢ | kI M +1
¢(x,y)=kz;;)‘,“(k_l)!{ax.8zk.Lzo(x—xo) (2- 2, +O(n")

Thus, linear elements will be O(h?)
quadratic elements will be O(h?)
cubic elements will be O(h%)
quartic elements will be O(h®)
complete quintic elements will be O(h®)
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Element Continuity

Theorem: A finite element with continuity C¥! belongs to Hilbert space
H¥, and hence can be used for differential operators with order up to 2k

Hk means that

Continuity Hilbert Space Applicability ugri\éaélr\éeesrim
CY H! second order equations
Ct H?2 fourth order equations

This applicability is made possible by performing
integration by parts in the Galerkin method, shifting

derivatives from the unknown to the trial function
The vast majority of the

literature concerns C° recall:

elements, (including [[ v[vetoy)velddy= - [[ f(xy)VyVgdxdy

Spectral Elements, domain domain

NIMROD, Glasser’s SEL. [[ W[V i)V ldxdy = [[ f(xy)V2vV pdxdy
domain domain

Here we concentrate on C!

elements

NOTE: requires the trial function have
appropriate boundary conditions
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Reduced Quintic 2D Triangular Finite Element

1=

#(&,n) = Zakémkn”k

e
Ty

&,m are local
orthogonal
coordinates

Note: general quintic has 21 terms. 1
has been set to zero, and 2 others will
be determined by constraints.

Pz(xz’yz)

OCOO~NOUITRWN X

Specify the function and
o it’s first and second
ongin derivatives at the 3 nodes

» X (¢’ ¢x’ ¢’ ¢xx’ ¢xy’ ¢yy)

Guarantees C° continuity

Pl(xl,yl)

OFRPNWAIORNWP,PORPNWORNOROZ

NRPRRRRRRRE R
COWONOUDRWNRO

For C1, require that the normal slope along the edges ¢, have only cubic variation:
Sb#ca,s + (3b%c® — 2b’c)a,, + (2bc* — 3b3c?) a , + (¢° — 4b2c3)a,, — Sbca,, = 0
Sa‘ca, + (382 — 2a*c)a , + (-2ac* — 3a3c?) a,4 + (C° — 4ac3)a,, — Sacta,, = 0

20 — 2 = 18 unknowns:

These are determined in terms of [ 4, 4, ¢,, 4., ¢,,, 4,18t P1,P,,P, |mp|ies C1 continuity at

edges and C2 at nodes !



3=, ‘ The Trial Functions:

¢ = Zacf =22 0;®;" n'—Zch vj=§§ 9

=l j=1

‘

These are the trial
functions. There are
18 for each triangle.

The 6 shown here
correspond to one
node, and vanish at
the other nodes, along
with their derivatives

Each of the six has
value 1 for the
function or one of it's
derivatives at the
node, zero for the
others.

Note that the function and it's derivatives (through 2™) play the role of the amplitudes
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Comparison with a popular C° Element

split
°® >
[
L L L @
Lagrange Cubic: C9, h4 9 new unknowns: 2 new triangles
9/2 = 412 unknowns/ triangle
6 6
split
6 6 6 6
Reduced Quintic: C1, h® 6 new unknowns: 2 new triangles

~PPPL 6/2 = 3 unknowns/ triangle
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Comparison of reduced quintic to other
popular triangular elements

Vertex | Line | Interior |accuracy | UK/T | continuity
nodes | nodes |nodes | order hp

linear element 3 0 0 2 Yo CO

Lagrange quadratic | 3 3 0 3 2 Co

Lagrange cubic 3 6 1 4 4% CY

Lagrange quartic 3 9 3 5 8 CoO

reduced quintic 18 0 0 5 3 Ct~
 J
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Reduced Quintic Triangular Element

Results for Simple Problem ¢=x(x-L )z(x-L,)sinkx: Elliptic solve
1e-1 ~
\\ —— k=05
\ —8— k=1.0
1e-2 \\ i k=2.0
\ k=4.0
\ —8— k=80
y 1e-3 "fs.:f_;.:.. - ——— scaling
‘é 1e-4 1
A L0
1 1e-5 1
O
Q
N
s le-6 1
0 > E
0 4
) N ) « § le-7

Verifies that error scales as

N-5 for smooth functions 1e-8 1

1e-9 -

1e-10 T T T T
2] 10 20 40 80

number of elements per side N

Note that there is 1 wavelength per cell
when k=nN/2. For k=8, this is N=5
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Anisotropic Diffusion

Shows greater than N- convergence

O BB
E = V‘|:K| BZ°V¢j| + V’Kv¢ +S

Solve to steady state

/

o

ZZ

v

zy

S=y = cos”—xcos
%PFFI L L
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RMS error in steady-state

le-1

le-2 -

le-3 -

le-4 -

le-5 ~

le-6

—_— K= 10**4
— &, = 10"5
N — 10**6
K= 10**7
\\\ — «,= 108
N N — power law

NN\ N4
N
AN \\
AN
N
N\
N—5

10

20 30 40 60

N..number of points per side




2D Incompressible MHD

9,

EV2¢ + [V2¢’ ¢:| - [Vzl//, W:| = ,UV4¢ “reduced MHD”

5 ¢ is stream function
a_gt” + [W, ¢] =nVy \ . v is poloidal flux

0-centering....time centered about n+1/2 for 6=0.5
V4| V24" + 05V, 4" + 0514 || V" + 05tV + 05ty |
= u| V'p+05tV'g |
g+ "+ 05Ny, ¢+ 05t | = | Viy" + 05tVy |

18

] ¢n+1 . ¢n l//n+1 . Wn N 18 N N N
¢ = A ¢ :ZVjCDj "= v
j=1

ot ot

Multiply equations by each trial function
and integrate over space

20
Vi = me‘ﬂn‘ Jij
i—1
SPPPL
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Leads to the Matrix Implicit System

Solve each time

S}l S}Z q)r-Hl D}l D}Z (Dn step using

21 22 rJ1+1 | Rt 22 rJ] SuperLU
For linear
11 12 ~ * — *
21 22 * *
55 OOt M, s+ 00K, P —7A, ] decomposition

once and do a
- - back-substitution

A -ot[G,;, D; -60G, ; D, SH(G, | _0G | ) each time step.
{D}l D}Z} +(1_9)/JBi,j] . .
21 2 |~
Dj D:

J

« M. -6t[K,, (3D, —6D,
otK; (-3 ¥ +6F)) { ! Ko, G k)}

-1=-0)nA ]

Note that stream

1818 .
J.J.Vi(giﬂ)[l//!¢]d§d77ZZZKi,j,ijq)k funqﬂ_on and
= k=t vorticity are
20 20 20
Kijx =222 01949 (Myn, —mn ) F (m, +m, +m, —-Ln, +n, +n, -1) solved together
p=1g=1 r=1
18 18
IIVi(g’U)[VZW’W]dgdU:zzGi,j,ij\yk
=1 k=1

m,(m, —1)F (m, +m, +m_-3,n +n, +n, -1)

20 20 20
G . = g, m.n —mn
h ;;;gp"gq’Jgr’k( P p) +n, (N, —1)F(mp+mq+mr—1,np+nq+nr—3)
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Tilting of a Plasma Column

Initial Condition:
| [27KJ, (K)]J, (kr)cosd, <1
~|(r=1/r)cosé, r>1
J,(k)=0

Give small perturbation and
evolve in time

(b)

Stream function and Flux (top) and current (bottom)
% vorticity at final time at initial and final times
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Tilting of a Plasma Column-cont

40

[A]
o
1

1.26

1.25

Growth Rate -- v

1.24 4

Maximum Perturbed Current Density
3]
o

1.23

1.22 T . | | |
000 002 004 006 008 010

At?

Converged (in time) growth
rate the same for N=30,40 out
to 6 decimal places




Higher order formulation

By further manipulation, it is possible to get a 4" order PDE for
®"*1 that is independent of W"*1...cuts matrix sizes down by 2

(V2 405t + (05)° L, | " = {VZ + 65tL, + 0(6 -1)StL, | "
~-05t°L,®° + otR

8122@n+l _ DIZZ(‘I'Jn . Ser(i)nJrl 4 Dr21®n 4

Llc’I”)n+1 :[Vzci)ml 4 +[V2(Dn+1 CD0:|+[V2CT),(T)M] [V2®O,d)n+1] vipH
L™ = V4V [P w0, o ] |- [0, VAP VAP | v |
—[:vzcb”” LP+LP°],§J+LP°]—2[[&>Q“ ‘?X+‘P§],‘P+‘P°]
2| [®) T, W ] e
_ [ AN F i~ ) Gi
R=—|V'® cb] [v ®°, P ] [vzcb ,cDO] relgjlfssi?]me
+|:V2(Iv’n,‘~ij :|+|:V LPO,\Pn:'-l-[VZCPn,LPO]—FﬂVA'(i) 1/gih _ 1/4th
the time

Note: L, is 4" order




M3D-C1 code has been set up in a general form, to allow non-trivial

subsets of lower rank equations:

Si Sp S| ¢ D) D, Dj
S;/l S;/z Sgs ¢ Vz = D;/l D;/z Dgs
Sgl ng 8;3 X Di;ll Dgz D;I3
n+1l
Slri Slg Slp3 4 Dﬁ Dlg D1p3
SZpl Szpz Sz% o | = szl szz D2p3
Sq Sp Su||T. D;; D5 Dg
Phase-l: Resistive MHD: done
a 2 2 2 4
Vo[ Viod |- [ Vv |- v
oy
po ——+|v.¢]=1nVy
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¢ ' Rlvl RlVZ Rle 4 '
|V, |+ R;ll Rgz Rgs o |
X Rgl Rgz R;'3 T
n n+1 n
7 Ri R, RG||¢ Qi Q) Q|| ¢
of 1|+ RZpl Rzpz Rz% * Vz + szl szz Qz% * Vz
T, Ry Ry R&|Lx Qu Q) Qi|lx
Phase-II: Fitzpatrick-Porcelli model. now

implemented- periodic bc being added

0

V=6V ]+ [ Vv |+ uv's

a;z [V, ] ¢, [1 ]+ vy,
Vg, v ]envy
%:[gﬁ,|]+dﬂ[vzw,w]+cﬂ[vz,¢/]+c;nv2|



The 2D cylindrical two-fluid MHD equations and definition of the variables.
[ =Vgxi+V y+v,

t B=VyxZ+I2

nMi(%+\7-V\7)+Vp =Jx B=VeII¥ + unv+ VV + VV' |

@-I-V e(nV)=0
ot

30 3
3. , (pe' Y

3 5p _
Vp, —=—2Vn+R |- V.(, -
2 8’[ |:2 pe 2 j| qe QA

J
ne
E%_'_V{% pIVJ:—pVoV —I1,:VV, +V(unV): [V\7+V\7TJ—V'@+QA
E@W@ pvj — PV —T1, sV, + (V) [ WV + W' ]-Ve(G, +4,)

+ {EVpe—E&VnHﬂ
ne | 2 2N




Numerical stability analysis for 2-fluid equations

t=J*><|§O

oJ OB i T\wB1—B
— =Vx—=VxVx —J B

ot ot [(V )

\ Whistler waves
Y% ——zx{J +6’5t[sz2(\/ +6’5tV)—sz2J

Alfven Waves

J=7xVV —2xV?*(J +65td)

[1-(65t)’V* [V -V") = 5t{95t[v2vn —VZJ“]} _Stix "
(14652 V? [(I™ = 3") = SEx V[V + (L-O)V"]- 5tix V

Note!
.......... “
1— (051)2V? 0 0 0! ][V 1-0(0 —1)(5t)? V2
0 1-(66t)2V? | 0 0! ||V, 0
0 ostv: 1 —estv? || 3, 0
—05tV? 0 a5tVv? 1 dy —(0-1)5tV?
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0
1-6(0 -1)(5t)*V?
(6 -1)otV?
0

—-0(5t)*V?
-5t
1
StVZ(0-1)

Note: these can be
solved sequentially!

ot
—-0(5t)*V?
o5tV (6 -1)
1




Dispersion Relation

A=iB OotV: > E  6t°V? > OtE

A=A +Ar+Art+ Ar® =(r-1)[C,+Cr+C,r’ ]|
B =B, +B,r+B,r’

_1_ i 2
A, = ~1+(1-0)" [ StE — E* + 0°5tE° | o o

2 2 43 C, =-2[1+6(1-6)D]
A =3-(1-0)(1-30)[ StE —E* + 0°StE’ | C,=1-6°D

A, =-3-0(2-30)| StE-E’ + 0°StE’ |

A, =1-0*| StE —E* + 0°5tE® | D = StE — E? + §°StE®
B, = StE*(1-6)(1-26)

B, = StE*0(3—46)

B, = StE* 26" Wehave evaluated this dispersion relation
numerically and find |r| <1 ; i.e. stability, for
0>
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Summary

e Major upgrade to the M3D code Is
underway-based on C* finite elements

* Primary motivation is to allow efficient,
high order, implicit solution of extended
MHD equations with whister and KAW

 Staged implementation using reduced sets
of equations with 2, 4, and then 6 variables

e Looks promising

=PPPL
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