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2nd and 3rd order elements
2"d or 3" order spectral finite elements in poloidal plane [Cohen
et al, SIAM J. Numer. Anal. 38, 2047-2078 (2001)]
Nodal points coincide with quadrature points
Gives diagonal mass matrix
Implemented in openmp, mpp versions of m3d
Complementary to high order elements (B. Hientzsch)
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Nodal points and quadrature points

« Quadrature points integrate polynomials of degree 2k-1 exactly, where
k is the polynomial order of the basis functions (k=1,2,0r 3)

» Quadrature weights w must be positive

_ quad. pts. .
jf(x)d2x= > ()W,
A a

« Quadrature points = nodal points, basis functions N give diagonal mass matrix
I\Ii (Xa) — 5ia
- o 2
M, = [N, GON; ()d*x = 5;w,

« diagonal mass matrix is important for efficiency of M3D



31 order elements

M

31
3rd order conventional 3" order Cohen element
Lagrange element

3" order is nontrivial. Add 2 bubble nodes. Side nodes are not equally
spaced. The nodes are chosen to have positive quadrature weights.
Quadrature is exact for 5" order polynomials.



Comparisons of lumped HO elements by J. Chen in m3dp

poiss:V*f =g
gcro:[f,g]=nh

6800 nodes

f,g,h = sine, cosine
Error calculated at one
point, but comparable
to rms values
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The HO elements is more accurate than the Linear ele-

mients.

But the Inmped HO has more accuracy than the HO

elements since it has a 3rd order term.




J. Chen — timings in m3dp

Table Z: Timse

] T AEOT

Lamesr

Lagrange HO»

Loaommpescd HOC

PuTe peiss 11 505164 17993580 15 881487
star pHriss 11 9366441 178542065 15. 577235
dame poiss 11 _A87363 17T 0G50 15590550
Helmholts pure poiss  11.5903001  17.850698 15764700
Helmmholtz star poiss 11 . 827086 17617535 15, 462633
Helmholtz dagg poiss  11.127486  17.504207 15_3 200060
pure poiss Neurnmann 11 803351 17 994744 15368874
ol2ocdr 325041 2. 8220741 0443021
dlacl= oA GTI2 1 253000 0.419528
o Zacelrde - o Zxcd=dr . SE0A50 9. 453TTEA 2093601
grad D GRS 2. T154444 0_961 536
T 2341340 2418649 0544330
clelsg D.35357T26 G.T33015 05548835
— Monte:

The HO elemments is more expensive tham the linear ones.
But The lnomped HOr elements overcomees this weak poink
due to the Lagrange property at the nodal points, which

coincides with the collocation points in this case.

The elliptic solver takes more time than the other deriva-

tive operators.




2D Incompressible MHD

%_Vtvz_[w,qﬁ]qc,w]wvzw
ac _ o v o8 av],
o —[¢,C]+[W,l//]+2|:ax, ~ }+2{ay, Py :|+77V C
Vi =W
Vi =C

Strauss and Longcope, JCP 1998
Vorticity and current advance

Apply to tilt mode



Initial magnetic flux and current for tilt mode
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Convergence of peak tilt mode growth rate with order

Peak Growth Rate vs. Mesh Size
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Magnetic flux and current in 1st, 2nd, 3rd grder
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2D Incompressible MHD

%_Vtvz_[w,qj]qc,w]wvzw

oy _
ot

Vg =W

[6.w ]|+ 0V

C=Vy

Standard formulation



Magnetic flux and current in 1st, 2nd, 3rd grder

a max 0.12E+01 a max 0.12E+01 a max 0.12E+01
min —0.12E+01 t= 6.15 min —0.12E+01 t= 6.19 min —0.12E+01 t= 5.97
3.0
2B
2.8
24
22
2.0
1.8
1.8
- B >~
14
1.2
1.0
8
8
4
2
0
0 2 4 8 B 10 12 14 16 18 20 22 24 28 28 30
X X X
c max 0.52E+02
min —0.52E+02 t= 6.15 c max 0.16E+03 c max 0.61E+02
min —0.16E+03 t= 6.19 min —0.61E+02 t= 5.97
3.0
2.8
2.8
24
2.2
20
18
- 1.8
>
14
12
10
8
8
4
2
o
X X x

n=10", 14 =5%x10" 5500 meshpoints



ELM simulations — M3D (3D full MHD)

Preliminary nonlinear
ELM simulations
— ITER boundary and
initial equilibrium
— low resolution, n = 6,
pseudo spectral
in toroidal direction

— Use 2" order elements
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Nonlinear ELM pressure evolution
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Summary & conclusions

2"d and 39 order elements with diagonal mass matrix are
Implemented in M3D

Accuracy Is greatly improved compared to 15t order

Timing is much better than for standard Lagrange
elements

Tilt mode comparisons do not show clear advantage of
higher order

Can apply to realistic 3D ELM simulations
Future work

— More tests and applications

— 4% order?



Tilt mode — 1st, 2nd 3rd order mesh (low resolution)
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Commutation of derivatives

_ofas) a(as
oR\oZ ) oZ\cR
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