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• Description of elements
• Accuracy of elements (Jin Chen)
• Tilt mode comparison
• ELM simulation example



2nd and 3rd order elements
• 2nd or 3rd order spectral finite elements in poloidal plane [Cohen 

et al, SIAM J. Numer. Anal. 38, 2047-2078 (2001)]
• Nodal points coincide with quadrature points
• Gives diagonal mass matrix
• Implemented in openmp, mpp versions of m3d
• Complementary to high order elements (B. Hientzsch)  
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Nodal points and quadrature points

• Quadrature points integrate polynomials of  degree 2k-1 exactly, where 
k is the polynomial order of the basis functions (k=1,2,or 3) 

• Quadrature weights w must be positive
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• Quadrature points = nodal points, basis functions N give diagonal mass matrix 
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• diagonal mass matrix is important for efficiency of M3D



3rd order elements

3rd order Cohen element3rd order conventional
Lagrange element

3rd order is nontrivial. Add 2 bubble nodes. Side nodes are not equally
spaced. The nodes are chosen to have positive quadrature weights. 
Quadrature is exact for 5th order polynomials.



Comparisons of lumped HO elements by J. Chen in m3dp

:[ , ]gcro f g h=

2:poiss f g∇ =

f,g,h = sine, cosine
Error calculated at one
point, but comparable
to rms values

6800 nodes



J. Chen – timings in m3dp



2D Incompressible MHD
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Strauss and Longcope, JCP 1998
Vorticity and current advance 
Apply to tilt mode



Initial magnetic flux and current for tilt mode
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Convergence of peak tilt mode growth rate with order
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Magnetic flux and current in 1st, 2nd, 3rd order

4 310 , 5 10η µ− −= = × 5500 meshpoints



2D Incompressible MHD
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Standard formulation



Magnetic flux and current in 1st, 2nd, 3rd order

4 310 , 5 10η µ− −= = × 5500 meshpoints



ELM simulations – M3D (3D full MHD)

• Preliminary nonlinear 
ELM simulations

– ITER boundary and 
initial equilibrium

– low resolution, n = 6, 
pseudo spectral
in toroidal direction

– Use 2nd order elements

Mesh Magnetic flux 



Nonlinear ELM pressure evolution



Summary & conclusions

• 2nd and 3rd order elements with diagonal mass matrix are 
implemented in M3D

• Accuracy is greatly improved compared to 1st order
• Timing is much better than for standard Lagrange 

elements
• Tilt mode comparisons do not show clear advantage of 

higher order
• Can apply to realistic 3D ELM simulations
• Future work

– More tests and applications 
– 4th order? 



Tilt mode – 1st, 2nd,3rd order mesh (low resolution)



Commutation of derivatives
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