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INTRODUCTION

e A CLOSED THEORETICAL MODEL APPLICABLE TO SLOW, MACROSCOPIC
INSTABILITIES AT LOW COLLISIONALITY (SUCH AS THE NTM) IS BEING
PROPOSED, BASED ON THE ORDERINGS:

0 ~ pL/L ~ VSL/vths ~ <m€/mb>1/2 ~ UL/UthL <1
AND KEEPING ACCURACY TO THE INVERSE TIME SCALE:

W) Wi ~ 520,5;M/L ~ 650, ~ 5?’vth€/L.

e HYBRID FLUID-KINETIC MODEL: FLUID CONSERVATION EQUATIONS FOR
PARTICLE NUMBER, MOMENTUM AND ENERGY, AND DRIFT-KINETIC
GYROTROPIC (ALSO CALLED PARALLEL) CLOSURES.



e ELECTRON SIDE OF THE THEORY IN Phys. Plasmas 17, 082502 (2010) [1]. ION
SIDE IN POSTER 1P34 AT THIS SHERWOOD CONFERENCE [2]. IN THOSE WORKS
THE CONSERVATION OF MOMENTUM AND ENERGY ARE FULFILLED WITHIN
THE ACCURACY OF THE PERTURBATION ORDERS KEPT CONSISTENTLY:

%[n(meue + mLuL>] + v ) <> — O<53nmLU§hL/L) )
0 [n 5 L 1 3 3
a [g(meue + mLuL) + 7(Te _|_ 71) + §B ] + v ’ () — 0(6 nmbvthL/L> :

e HERE, A SUMMARY OF THE COMPLETE MODEL WILL BE PRESENTED, WITH
A PARTIAL SET OF HIGHER-ORDER TERMS ADDED, WHICH ENSURES EXACT
MOMENTUM AND ENERGY CONSERVATION LAWS.



CHAPMAN-ENSKOG-LIKE, FLUID-KINETIC FRAMEWORK

e QUASINEUTRAL MAXWELL AND CONTINUITY EQUATIONS WITH SINGLE ION
SPECIES OF UNIT CHARGE [s = (1,¢), e, = —e. = €]:

0B . on
e KINETIC EQUATIONS:
afs 8fs Cs 8f5 _
ot + Vv Ox + E(E + Vv X B) : ov %:Oss’[fs;fs’] 3

where (', are Fokker-Planck-Landau operators for Coulomb collisions.

e NEAR MAXWELLIAN DISTRIBUTION FUNCTIONS WITH SMALL PARALLEL
TEMPERATURE GRADIENTS:

2
T V_us o
fS — fMS _|_ fNMS — (271')3/2 U3h eXp (_‘ 2 ,UQh ’ ) + fNMS Wlth /Ut2h8 - TS/mS 9
ths ths

fNMLNéfML7 fNMeN52fMea bVZNdﬂ/L, b'VT€N52T€/L.



e MAXWELLIAN AND NON-MAXWELLIAN PARTS OF THE DISTRIBUTION FUNCTIONS,
furs + fyvars » EVALUATED IN THE REFERENCE FRAMES OF THE MEAN FLOWS, u, ,
WHICH ARE DERIVED FROM THE FLUID MOMENTUM EQUATIONS.

e DENSITY AND TEMPERATURES CARRIED BY THE MAXWELLIANS AND ALSO
DERIVED FROM THE FLUID CONTINUITY AND ENERGY EQUATIONS.

e 1, v—u, AND |v — u,J* VELOCITY-SPACE MOMENTS OF [y, EQUAL TO ZERO.

e DRIFT-KINETIC EQUATIONS FOR fyys, TO PROVIDE FLUID CLOSURE TERMS.
SINCE fyys ARE OBTAINED IN THE REFERENCE FRAMES OF THE MACROSCOPIC
FLOWS, THE EVALUATION OF THE STRESS AND HEAT FLUX TENSORS IS DIRECT
WITHOUT THE NEED OF SUBTRACTING THE MEAN FLOWS.



FLUID MOMENTUM AND TEMPERATURE EQUATIONS

men {% + (u, - v)uel +V(nT,) + V - |(pe) — per)(bb = 1/3)] + en(E + u, x B) = F' =0

mn Pa]: +(u, - V)uL] +V(nT,) + V- |(py — pir)(bb = 1/3) + PTV| — en(E + u, x B) = F{* = 0
3n (OT.
7” ( o e VTe) +nT.V - ue + |(pe) — per)(bb — 1/3)] - (Vuo) + V- (gqb + qer) — G =0

3n <8TL

2 \ ot

5 +u, - VTL) + 0TV -u, + |(py — p) (b — 1/3) + PEV] 1 (Vu,) + V- (qb + quu) — G =0



CONSERVATION LAWS IN THE FLUID SYSTEM

With the momentum and energy conservation properties of the collisional moments,

. I
J'FCO
Fgoll _ Ffoll and Ggoll - Gfoll 4+ e :
en

the above fluid system has the exact particle, momentum and energy conservation laws:

on
a + V-(nus) = 0,

0 1
(%{n(meue + mLuL)] + V- [n(meueue +m,u,u,) + PGCGL + PLCGL + Pf;v + 232I — BB] =0,

1 (m. ) —(T,+T,)+-B
{%[Q(mueanuL)JrQ( — )+2 ]+
3
+ V- B( euzue+mbufuL)+§(Teue+TLuL)+P§GL-u€+(PLCGL+PLGV>-uL+qe+qL+E><B

= 0.




MAXWELLIAN AND NON-GYROTROPIC (PERPENDICULAR) CLOSURES

WM, . VeMeT

FCOH _ FCOll __Trelite et VTe
el LT 30m2e T en)ieB 0
2Uu.nm j - Feoll
Gcoll _ € € TvL o Te e
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Jk eB " Ox; * Ox; i (QB” QTH> ik T Ox; \eB € l(‘?xm k)
Snd.,
el = — 2B bXVTe
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1 5!
JVIn(nT) = n| + Vit (7 - 7k



GYROTROPIC (PARALLEL) CLOSURES TO BE DETERMINED KINETICALLY

/

2vem _
coll coll ellte . S,/ ||
B = =BT = gopiee I - vemeVe [ V' g fiave
(psH _sz_) — /dS / QUH _UJ_) fNMs )
m —
a) = 5 [ AV v v fys
m, .
a| = 5 [ AV O Fn s Q) = ) — 4B
Lo My A3y’ - [ By 12
T = 9 / v UH v o = / v vt v
where
Vi = v — ux,t) = v b(x,t) + v [cosa e(x,t)+sina exx,t)]

fNMS(Uﬁ:v/Laxat> — <fNMS>Oé(/U‘/|7/U/L7X7t) - (27T)_17{d04 fNM’S(vﬁaUl)a?X?t)'



DRIFT-KINETIC EQUATIONS FOR THE GYROPHASE-AVERAGED,
NON-MAXWELLIAN PARTS OF THE DISTRIBUTION FUNCTIONS

In terms of the velocity-space coordinates (v|,v) in the reference frames of the macro-
scopic flows, the gyrophase-averaged, non-Maxwellian parts of the distribution functions,
fvars(v), v/, x, t) satisfy drift-kinetic equations of the form:

dsfnns  Ofnars : .afNMs L OfNns L Ofnrs

= + Xg+—— Ve —a,— T U, = . -
dt ot o Ox Is v| 5 o) ’ °

where, consistent with the desired accuracy of  fyi. = O(6%far.) + O(63fye)  and
fNML - O(5fML) + 0(52fML) .

d,/dt = O(vyn/L) + O(Svy. /L) d,/dt = O(vy /L) |
D, = O(8v, /L) + O(8*v, /L) | D, = O(8%v. /L) |

Q“l = O(8*v, /L far) QM = O(8*vine/L fare) -



KEY POINTS IN THE DERIVATION OF THE DRIFT-KINETIC EQUATIONS

SYSTEMATIC USE OF GALILEAN TRANSFORMATIONS TO THE MOVING FRAMES
OF THE MACROSCOPIC FLOWS.

FARADAY’S LAW SUBSTITUTED FOR b/0t.

FLUID MOMENTUM CONSERVATION EQUATIONS USED TO ELIMINATE THE
ELECTRIC FIELD ALGEBRAICALLY, WITHOUT ADDITIONAL APPROXIMATIONS.
INERTIAL PIECE OF THE ELECTRIC FIELD CANCELLED BY INERTIAL FORCE
FROM TRANSFORMATION TO THE MOVING REFERENCE FRAME.

FLUID CONTINUITY AND TEMPERATURE EQUATIONS SUBSTITUTED FOR THE
TIME DERIVATIVE OF THE MAXWELLIANS.

NO UNBALANCED O(vy, /L) OR O(vy./L) TERMS IN D, OR D, WITH CONDITIONS
b-VT,~8T,/L AND b-VT, ~ > T./L, WHILE b - Vi REMAINS ARBITRARY.



COLLISIONLESS STREAMING OPERATORS

The coefficient functions in the operators

are

%ZQJFX g+v’a+v’ J
dt — ot *Ox Is our L5 o,
X, = vjb,

T ,U/2
Uy = ~“b.-Vlon — ~b-VhB,
Me 2

v v
W, = LT”b-va,



2 2
o = 4 _ Vig o (P n_VI\bxk . _ bxV(nI)
X, = vjb + u,—up, + 5 V X (Qa> + (U 2) 0. with up, = —
b (V.PY“h v'? v’ b x Kk
= d = / [t
= P = eI —afbe b V)] ¢ RV (P

/

b
= {olb VB & be((b: V)~ up)] — Ve —up) — oV (205}




12

with up, =

b 12 b b T,L
X, = vjb + u,—up, + %Vx (—) 1 (0’2—%) < B x V(nT)

QCL 2 QCL anQCL
. b-(V-PCYLy 72 V2 b X K
?}\/]L = mon — %b -VInB — v",b. (b-V)(u, —up,)] + %V- ( o ) 7

| b
@L:% {Uﬁb.va + b-[(b-V)(w, —up,)] = V-(u,—up,) - U|/|2v'< S;KI)} .

THESE FULFILL THE PHASE-SPACE VOLUME CONSERVATION CONDITIONS

o . OV 1 O(v) )
2k, “ s BN Rh /N
ox i v i v ov)
so that
ds fNars O fnars o - . o - 19 ,,.
At - ot + ax'<fNM$XS) + a%(fNMSUHJ + E M(UJ_fNMSUJ_s) .



COLLISIONAL TERMS
The collisional terms in the drift-kinetic equations are

ngll — <Cee[fNMea fMe} + Oee[fMea fNMe} + Oea[fNMey fML] + Ceb[fMa fML]>Oé -

v 1 (mu?
— _H FCOH _ € —3 Gcoll
nT, ¢ 3nTe< T, ) ¢

and

QSOH — <CLL[fNML7fML]+CLL[fML7fNML}>O& .



COLLISIONAL TERMS
The collisional terms in the drift-kinetic equations are

ngll — <Cee[fNMea fMe} + Oee[fMea fNMe] + OGL[fNMe7 fML] + Ceb[f]\/[ey fML]>Oé -

v 1 (mu?
— _H FCOH _ € —3 Gcoll
nT, ¢ 3nT. ( T, ) ¢

and

QSOH — <OLL[fNML7fML]+CLL[fML7fNML]>a .

THESE HAVE PARTICLE, MOMENTUM AND ENERGY CONSERVATION PROPERTIES:

/d?’vl (1,1)"|,1/2) QW = 0.



MOMENTS OF THE COLLISION-INDEPENDENT DRIVING TERMS
The complete expressions of the D, f);; terms are in Refs.[1,2]. Their first three moments are:

/dBV/ De fMe = 0 ,

2

me/dgvl U\/‘ D, fMe = b- [gv(pe\] _peJ_) - (peH _peJ_) VinB

)

mMe
2/ v v* D, fye = V- (geb)

1
gV(PLH — Do) — (P — pL)k

[d~' D, fu, = —v-{ LA

mLQCL

!,

+

2
mL/d3V/ U|/] DL fML = b- lgv(paﬂ _pLJ_) — (pLH _pLJ_> VinB

b b X K
+ V- {Q X [VQLTH + Z(QLBH - QLTH)R” + ( O ) Va1

b

mLQC//

ﬂ;/dgvl V"2 D, fML = V(qL”b> + V{ X [V?QLJ_—F(?M—?QLJ_)F{,}} +

+ (= p) (b [0 V), = up)] = V- (w, — up,)}



From the definition of v’ as relative to the mean flows and the condition that the fluid density

and temperatures be those of the Maxwellians,

J &' (1,0),0%) fyas = 0.

Using these conditions along with the expressions for x, 1'}|’|S, V' ,, it is then verified that

dS f S
[ &V (1,0],0") ];A;M = [d™V' (1,v),v"?) Dy fus -

THEREFORE, CONSISTENT WITH THE CONDITIONS |d*Vv’ (1,v|’,,v’2) fyas =0,
THE (1,v|’|,v’2) MOMENTS OF THE (FIRST-ORDER IN p./L) ELECTRON AND

(SECOND-ORDER IN p,/L) ION DRIFT-KINETIC EQUATIONS ARE SATISFIED
IDENTICALLY.



SUMMARY

A CLOSED FLUID AND DRIFT-KINETIC MODEL FOR THE MACROSCOPIC SIMULATION
OF MAGNETIZED PLASMAS HAS BEEN DEVELOPED, BASED ON SLOW DYNAMICS

AND LOW COLLISIONALITY ORDERINGS. IT HAS THE EXACT CONSERVATION LAWS:

on

S+ V() =0

a{n(meue—i—mLub)] + V-(..) =0

0 3 1
[”(meu%mu?) §<T6+TL>+§B2] L V() =0

ot
dsfnas — Ofnus d d 1o
T Y + I (..) + avﬁ(”') + o 5’2@(% )

dy s . f
J N (1), JZZQM = [V (L), 0®) (Dfars + Q) with [V (L], 0%) fyars =0



