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« Can a stellarator plasma rotate?
« Effect of turbulence?

* If so,how quickly?
— Fast rotation

V ~ vp; = ion thermal speed
— Slow rotation

VNévTi, 52—



Tokamak rotation
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Tokamak plasmas rotate freely, even spontaneously, in the toroidal direction.
— Mach numbers ~1/3, up to ~1 in spherical tokamaks with unbalanced NBI

Poloidal rotation much slower
— Damped by collisions

— Friction between trapped and passing ions

Toroidal rotation determined by E.
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Rotation in LHD
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Much smaller rotation in LHD
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Theorem: fast rotation is only possible in quasi-symmetric configurations,
and then only in the direction quasisymmetry.

Follows from the Oth-order (!) drift kinetic equation
— requires only small gyroradius and fluctuations
— independent of collisionality and turbulence

Mathematically, the Vlasov equation

0 oV 0
a—{+(v+v)-Vf+% (E+(V+V)XB—E—(VJrV)'VV)'a—i:C(f)

and the ordering

Q—1% < pV <1
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Theorem: fast rotation is only possible in quasi-symmetric configurations,
and then only in the direction quasisymmetry.

Follows from the Oth-order (!) drift kinetic equation
— requires only small gyroradius and fluctuations
— independent of collisionality and turbulence

Mathematically, the drift kinetic equation
df . 0fo

8—to+(v||b+V)-Vfo+w% = C(fo)
V(r,t) = Vb + B X V&(y)

B2

w = ek —mv“V-VV-b—mvﬁb-VV-b—l—,uBV-VlnB

implies that
— either V << ion thermal speed
— or B is quasi-symmetric + O(8) corrections



Slow rotation
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Projections of the momentum equation

3<p§t"]> = —(V-(pVV +71+M)-J)
8<p\(;t'B> — (V- (pVV + 7+ M) -B)

where
pVV = Reynolds stress
T = viscous stress

1 (B2 ..
M= — | —I|—-BB | = Maxwell stress
po \ 2
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The gyrokinetic ordering

~ ~

V. fu B e

f. BB T,

~ ~ <1, kipi =0(1)
UTa fa

gives

V - Teoct ~ V - (pvv)turb ~V + Mgurb <V - Trurb

Tneocl = (p|| _pJ_)(bb - |/3) ~ 0(519)

The turbulent gyroviscous force dominates locally.
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However, on a volume average over a volume AV
— between two flux surface several gyroradii apart

pPLAr L r

— neoclassical viscosity dominates

0 J J
EAVpV<B) dV_/AVﬂ'neocl-v<B> dav

Hence, gyrokinetic turbulence cannot affect macroscopic rotation!
— one exception...
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The radial neoclassical current
(J-Vp) = (m) - VI) /' ()

vanishes in case of intrinsic ambipolarity (for any E,).
In what configurations does intrinsic ambipolarity hold?

Theorem: B is intrinsically ambipolar if, and only if, it is quasisymmetric.

k

Boozer, PoP 1983



Intrinsic ambipolarity = Max-Planck-
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* Proof: From the drift kinetic equation
vV fa1 + Va Ve = Co(fa1) (1)
In an isothermal plasma follows an entropy production law
) 3T = 3 T < / d%falca<fa1>/fao> <0
But then the H theorem implies
J-VP)=0 = fo = (aa+ Bav) +7a)fa0

Re-insert into (1):

(Bx Vi) -VInBY
v”( VB )_O

= B is quasisymmetric

T

Skovoroda and Shafranov, 1995
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« Large-scale rotation determined by neoclassical theory
— E, set by ambipolarity
— is much easier to calculate in stellarators than in tokamaks!

« Gyrokinetic turbulence unimportant except on short radial length scales
— zonal flows

« Exception: quasisymmetric B
— free (even sonic) rotation in the symmetry direction
— E, set by momentum transport (neoclassical + turbulent)
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How close to perfect quasisymmetry must a stellarator come, in order to
have tokamak-like rotation?
— depends on collisionality and on the radial length scale considered

In the 1/v regime, the diffusion coefficient is

T;

3/2
D~ é/?8?
m;v;

The current becomes

. 3/2 9 Dif;
<J : V’M ~ Eh/ 51'2 ”

and its torque exceeds the Reynolds stress, averaged over the volume
between two flux surfaces N ion gyroradii apart if

v\ 2/3
%>(ﬁ)
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Special magnetic fields:

* Quasisymmetric
— |B| symmetic in Boozer coordinates:

— Neoclassical properties identical to those in a
tokamak

— Isomorphism between stellarator and tokamak
drift kinetic equations (Boozer 1984)

« Omnigenous (Hall and McNamara 1972)
— No radial magnetic drift on a bounce average

Ty
/ Vg Vi dt =0
0

Plasmaphysik

omnigenous

quasisymmetric
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« Quasi-isodynamic fields (NUhrenberg) are, by definition, those that
— are omnigenous and
— have poloidal precession of trapped particles

« Examples

— W7-X at high beta
— More recently found configurations (Subbotin et al 2006)

« What can we say about rotation in such configurations?
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DKES calculation with the usual approximations:

- Particle diffusivity Bootstrap current coefficient
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It can be shown that the radial departure from a flux surface is

__,uoj(;b) v 0 /BO 0 v ,
A= o, T aa ), hw, o, B 5 g q )P

- A77btok + Awstell
with B, a reference field, and h a function encapsulating geometric information

B =VyY x Va

oh  (BxVvY)-VB  puol(v)
o  B-VB o2&

I(¢) = toroidal current enclosed by

in Boozer coordinates.
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First-order drift kinetic equation for species a

€a¥) V)01
1

'U||v||fa1—|—Vd°Vfa0—|— faO :Ca(fal)

Solution at low collisionality:

fa — (1 . €a¢1> fa fstell + ftok

8fa0

£l = — Anpgpen —— 90 <«——— carries no net toroidal flow
tok A 8fa0 . .
Ja Yok 5 9 <— proportional to the enclosed toroidal current [(y)

where g, satisfies an equation identical to that solved in tokamak theory:

/l+(Bn1ax) C (/,Lo_[’UH afao +g ) d_l =0
I_ (Bmax) N % o
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 Therefore, in the absence of external current drive
— the net bootstrap current = 0
— the net Pfirsch-Schluter current =0

« In fact, the net toroidal toroidal rotation of each species = 0
— toroidal rotation is very slow

2
Vnet ~ 0 VT

Rotation
verboten




Physical picture
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Diamagnetic effect of banana orbits: on each
flux-surface there are

— more counter-moving trapped electrons than co-
moving ones,

— more co- than counter-moving trapped ions
— density discrepancy

d
1/2 n

Antrapped ~ = %Arbanana

These particles produce a drag on the
ciculating ones. Collisional equilibrium occurs
when

dn . el/2 dp
Angipe ~ _JATbanana = J~ _B—E
p

In stellarators, trapping occurs on the inboard
side, too.

— exact cancellation in quasi-isodynamic B

Plasmaphysik

More and hotter\

Fewer and colder\
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« Cooper et al (EPS 2003)

Tokamak Quasi-isodynamic stellarator
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Only in quasi-symmetric configurations can the plasma rotate rapidly or
freely

In all other stellarators
— E, and rotation are clamped at the value required for neoclassical ambipolarity
— gyrokinetic turbulence only matters on small scales

In a quasi-isodynamic stellarator, the distribution function consists of two
parts:

— aterm identical to that in tokamak and proportional to the enclosed toroidal
current

— a term specific stellarators that can be calculated exactly. This term carries no
current.

As a result, such a configuration is intrinsically current-free (unless one
specifically drives current)

— no net bootstrap current or Pfirsch-Schluter current
— no net toroidal rotation.
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Extra material
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» Monoenergetic particle diffusivity

I/Ro

LV

*
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In an exactly omnigenous magnetid field
— The second adiabatic invariant

lo

J(Lb,a,)\) = mv”dl
I

with

B(ll):B(ZZ)a a=0-—up

must be constant on flux surfaces,

07 _
o

0

— Specifically, for deeply trapped particles J=0. Since

E:mTv2 and M:mvi_E

2B B

are constant, it follows that the minimum value of B must be same for all field
lines on each flux surface (Mynick, Chu and Boozer 1983).
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* The minimum and maximum |B| is the same for all field lines on the
same flux surface

aBmin 8Bmax
Oa da

/ \ 0

Mynick, Chu ana Boozer 1988ry and Shasharina 1997

«  Also, for any function f (¥, B) 1

l+(¢aaaB) ’ 1
/l f (. B)dl 5.

—(¢,a,B)

is independent of a.
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Theorems that seem to be of little practical importance:

Exactly quasisymmetric equilibria do not exist. (Garren and Boozer, 1990)

— ltis possible to make B exactly quasisymmetric on one flux surface, but not on
others in general.

OK up to order O(e?), but not in order O(e?)

Exactly omnigenous fields are quasisymmetric. (Cary and Shasharina,
1997)

— B can be approximately omnigenous whilst being far from quasisymmetric.
— Possible to make B arbitrarily close to exactly omnigenous?
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When expressed in so-called Boozer coordinates,
B = Vi x Vi, + Vo, x VO = B, 0,0) Vb + (1) VO + J () Ve
the guiding centre Lagrangian

mv|2|
L:T—I—6A~V—,uB

depends only on the modulus B

L= % <19+ng)2 + Ze (wté—wpgb) _ uB

For example, if B is ,axisymmetric” in Boozer coordinates
B = B(4,0)

there is a correponding constant of motion

_ 9L _ mly
Pe= 9, B

— e, = constant
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In the tokamak, trapped particles
precess toroidally around the torus

Fundamental reason for confinement:
|B| is toroidally symmetric.
— gyro-averaged Lagrangian

mv|2|

LZT—I-GA-V—MB

Topologically, precession can only
occur in three ways:

— Toroidally
— Poloidally
— Helically

In quasisymmetric fields B is constant
in one of these directions.
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The current consists of three parts:
J(w) = Z/ (]a||b ‘|‘jai) -dS + Jaux(w)

where the diamagnetic current

u/Lu;dszi/l’x(V”f;"“%v¢@.ds

can be calculated as a surface integral over a surface of constant B

P
. Ho dpa d¢0 / /
. S - —_—— aCa————
/hLd = O<mw+nedw)ﬂ¢m¢

Like the bootstrap current, the diamagnetic current on a flux surface v is proportional
to the total toroidal current enclosed by 1.



