PDESOL Application Examples'

ADVECTION EQUATION (11 sec)

First-order convective (hyperbolic) PDE. Shows the propagation of afinite discontinuity (step change) along x. Advantage of upwind approximations for the convective termisillustrated.
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ONE-DIMENSIONAL BURGERS EQUATION (75 sec)

A standard test problem for PDE numerical methods, with known analytical solutions. The equation is of the hyperbolic-parabolic type. For small values of m the Burgers equation is strongly hyperbolic, and
the solutions can exhibit steep moving fronts which are difficult to resolve numerically. This example presents solutions for a case of Burgers equation with front sharpening as time progresses (m= 0.003).
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KORTEWEG-DE VRI

ESEQUATION (264 sec)

Classica nonlinear PDE which balances front sharpening and dispersion to produce solitons, i.e. travel
the dispersion term without the need for boundary conditions, as long as the computed solitons do not closely approach the finite boundaries that are used in place of the infinite boundaries.

ing waves that do no change shape or speed. A special third-order derivative routine is used to evaluate
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KORTEWEG-DE VRIESEQUATION WITH TWO-PULSE INITIAL CONDITION

(386 se0)

Same as above, with two-pulseinitial condition of different amplitudes and speeds. As the solution progresses, the faster pulse catches up and merges with the ower pulse. The two original pulses eventually

reappear, and continue to travel in their original shape.
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CUBIC SCHRODING

ER EQUATION (395 sec)

The Cubic Shrédinger Equation (CSE) governs the movement of solitons traveling with constant vel ocity and amplitude (without changing shape)

two coupled PDEs. The equations require afine grid in space in order to resolve the sharp spatial variations of the solitons; 401 points are used in the example (802 equations).
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0.5*2/ (cosh(0.5*sqrt(2)*(x+15)))"2 +
0.5*0. 5/ (cosh(0.5*sqrt(0.5)*(x-15)))"2

. When separated into real and imaginary parts, the CSE gives

dxx(V, DD) V@0 = sqrt(2)*cos(0.5*x)/cosh(x)
dxx(W DD) Wa0 = sqrt(2)*sin(0.5*x)/cosh(x)
-Wxx - (VA2+W2)*W | V&L = 0 WaxL = 0
V_oxx + (VA2+W2)*V | V&U = 0 Wa&xU = 0

sqrt (VA2+W2)

RIVER POLLUTION MODEL WITH POINT SOURCE (3 sec)

Hyperbolic-parabolic or convective-diffusion equation. The equation models pollutant concentrationsin ariver and includes a spatia point source p(x,t), turned on during afinite timeinterval over the course
of the solution. Note the special outflow boundary condition and the use of the step function to specify the point source.

U U U p(x,t)=0for 0 £ x < /2 U(x,0)=0 Ux = dxu5b(U, 1) p = 100*(step(t) - uao = 0

o TPtV UHpGY | p(/2)=100for 0£t£10 | y(o,ty=0 Uxx = dxx(U, DD) step(t-10)) UaL =0

Tt x Tx (1/2,)=0for t > 10 ' Ut = D*Uxx-v*Ux- pp = p*(step(x-249.95) - Ut@&uU = -v*bx@&U
pilr, r*U + pp st ep(x-250.05))

p(x,t)=0forl/2<x £1
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! Note the similarity between mathematical statements and PDESOL statements. Operators for spatial derivatives are explained in the Help file. Numbers in parenthesis are the run-times obtained on a Pentium
90 machine.




FOURIER SECOND LAW IN CYLINDRICAL COORDINATES (28 sec)

Parabolic PDE governing diffusion in cylindrical geometry. The example shows how the "divide by zero" at r = 0 can be avoided in PDESOL by using the operator “>".
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ONE-DIMENSIONAL WAVE EQUATION (4 sec)

Second order hyperbolic PDEs, i.e. PDEs which are secon
procedure.

d-order in time, can be integrated by expressi

ng them as systems of two first-order PDEs. The one-dimensiona wave equation is used to illustrate this

2 2 U(x,0) = sin(px) Ul_x = dx(U1) UL@0 = sin(pi*x)
U _Tu_ N UL xx = dx(ULx) 2@0 = 0
IS S Y x0 =0 Ut = W ul@L = 0
fit U2_t = Ul_xx Uul@&u = 0
uO,t)= U@Lt =0
FOUR-PASS SHEL L AND TUBE HEAT EXCHANGER (6 se)
Mixed PDE/ODE system with stirred tank ODE boundary conditions to simulate mixing in the headers.
Ty(x,0) = Tp(x,0) = T4(x,0) = %_X = g>l<U(TIl 1) G (T5-T1) %gg = 8-
t = - X + - = 0.
ﬂ: Vﬂ +ﬁ(T5_ T) T4(x,0) = T5(x,0) = T(x,0) = - - T3@0 = 0.
fit fix ArC, T;(%,0) = Tg(x,0) = To(x,0) =0 T2 x = dxu(T2,-1) T4@0 = 0.
1T, _ T,  UA, T2_t = Cl*T2_x + C3*(T6-T2) T5@0 = 0.
T:VW ATC, (Te- T2) T6e@0 = 0.
To(0) =0 T3.x = dxu(T3,1) T7@0 = 0.
M _ [ T, UA, T3_t = -Cl*T3_x + C3*(T7-T3) T8@0 = 0.
it T Arc, (fr-T) To(0,) =TS T9@0 = 0.
9 T4 x = dxu(T4,-1)
- * * - =
%:V% AUACh (- To) dTl(O t) _ — QT - T,0.) T4 t = Cl*T4_x + C3*(T8-T4) TO@0 = 0
X r
dT. (| B T5_t = C4*(T1-T5) + C5*(T9-T5) T9@L = TSI
s UA, (T,- To) + UoAno (To- T) A 2 =Q(Ty(1,1) - T,(,1)) T6_t = C4*(T2-T6) + C5*(T9-T6) Tl t@&L = B1*(Tl-Tl@&L)
Tt Anl mCom 15 Al nCom 5 T7_t = C4*(T3-T7) + C5*(T9-T7) T2 _t @&U = B2*(T1@U T2@V)
- UA U v dTa(O,t) — Q(T,(0.0) - To(0,1)) T8_t = CA4*(T4-T8) + C5*(T9-T8) T3_t @&L = B2*(T2@L- T3@&L)
Moo A, 1)+ 201y | 2 a A . T4_t@U = B2*(T3@U T4@V)
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UA U V, —22 = Q(T,(l, 1) - Ty(l,1)) T9 t = -C2*T9_x - 4*C6*T9 +
7o _YAn 1)+ Yo (1) dt 06* (T5+T6+T7+T8)
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TO_t = Bl*(T4@L-TO
Mg__YAn (r,. 1+—fmo (7, N (TeeT)
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1t ™ AdCp
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v, ot
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BLACK AND SCHOLES EQUATION (0.2 sec)
The Black and Scholes equation governs the price of any derivative security dependent on a non-dividend-paying stock. This exampleis for an american put option.
= - f_x=dx(f) f = (50-x)>f
it T 150 9% f(x,1) = MAX(50- x,f) _
—=rf-rf—-=s%xX"— _ f _xx=dxx(f, DD) f @0=(50-x)>0
1t x 2 f(x,0)=MAX(50- x,0) £t = -(r*f - r*f*f x - f @L=50
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PACKED HUMIDIFICATION COLUMN (1 sec)

PDE system with an ODE equation to simulate a Pl controller plus many intermediate variables.
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M _p, T

=P4— - P5(tl - tg) - PB(ys- y)p7
T I PS(tl - tg) (ys- y)p

Tiev =- plﬂ;ep +P3(tl - tg) + P2(ys- y)p7
It x

€(x,0 =0

y(x,0) =001

tl(x,0) = 4333

ev(x,0) = CVATI(x,0) +y(x,0)(CVVtl(x,0) + DHVAP)

e=tl(l,t)- TLSET

xcon = XSS+KC(e+ei/Tl)

O<xcon<1l

v = CVDPxcon

_ Vv

" Gs

tg = (ev- yDHVAP)/(CVA +yCVV)

ep = CPAtg+y(CPV tg+ DHVAP)
7.96681- 30024/ (3784 +18tl +32))

pl

p= 10(
ys=p/(760- p)
p7 = CVVig+DHVAP

y(0,t) = 001

ti(l,t) =4333

tg(0,t) = 4333

ep(0,t) = CPA tg(0,t) +y(0,t)(CPV tg(0,t) + DHVAP)

Tev . _
o 00 =0

ei_t = e

y_x = dxu(y, 1)

y_t = -pl*y_x+P2*(ys-y)

tl_x = dxu(tl,-1)

tl_t = P4*tl _x-P5*(tl-tg)-
P6* (ys-y) *p7

ep_x = dxu(ep, 1)

ev_t = -pl*ep_x+P3*(tl-tg)+

P2* (ys-y)*p7

ei@0 =0
y@0 = 0.01
tl@o 43. 33
ev@o0 CVA*tl @0 +
y@ 0* (CW*t | @ 0+DHVAP)

e = tl @&L - TLSET
xcon = XSS+KCr(e+(1/Tl)*ei)
xcon = (xcon > 0.0) < 1.0

v = CVDP*xcon

pl = v/ (GYS)

tg = (ev-y*DHVAP)/ ( CVA+y* CWV)
ep = CPA*t g+y*( CPV*t g+DHVAP)

p = 107(7.96681 -

3002. 4/ (378. 4+1. 8*t | +32))
ys = p/ (760.0-p)

p7 = CW*tg + DHVAP

y@L

tl @&U
tg@L
ep@L

= 0.01
43. 33
43. 33
CPA*t g@&L +

y@L* ( CPV*t g@L+DHVAP)

ev_t@L =0

PANCREATIC RESPONSE TO AN INFUSION OF GLUCOSE (0.4 sec)

Nonlinear ODE system with conditional RHS. Note the usage of the operator “>" to specify the conditional RHS member and the operator “ step” to specify afinite duration of a condition.

I,=Q, OE£t<05
ng—G=Q+In-GgIG- DG, G<G, n=Q
dt I,=0, O5Et£12
Co B 2Qt1,- GyIG- DG My(G- Gy), GG, | S(O=8L4
dt 1(0) =5671
dl

Ci—=-A,l, G<G
|dt a’ 0

Ci%z-Aal +By(G- Gy), G2 Gy

Gil=(OH NG *G DDF G (MJF (G GK) >0) ) / CG

| _t=(- AA*| +(BB* (G Q0)>0))/Cl

IN = step(0.5-t)*Qr
Gao = 81.14
@0 = 5.671

A VERY STIFF ODE PROBLEM (2 sec)

This example considers a second-order, linear ODE system, with aratio of eigenvalues of 2000000 (L1 =-1000000, L2 = -1), illustrating the use of an explicit integrator (RKF45) and an implicit stiff
integrator (L SODES) for the different time scales of the problem.
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TR T b = 4999995 i
- : yo(0)=2
dy2
X2y -
ot Y1- &>

-a*yl+b*y2
b*yl-a*y2

yl@o
y2@0




