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! Has R? inserted in first two momentum equations and new gauge condition.



0.0 Preliminaries and Definitions
We use a cylindrical coordinate system (R, @, Z) and define the 2D gradient operator as:

VlaEaRI§+aZZA 0.1)

Here, and elsewhere subscripts denote partial differentiation. The velocity field and
magnetic vector potential are represented in terms of the constant R, and the 5 scalar

variables (U, 7,v, f,w) as:
V=VUxVp+V y+Wp 0.2)

A=R¥VpxVf +yVp-R, InRZ (0.3)

(This is different than what was used in the original M3D). The constant Ry is
proportional to the total current in the toroidal field magnets, It¢, for an axisymmetric
system:

!
R, = —”;;F (0.4)

Also, note that the new gauge condition implied by (0.3) is:

RV 2 A=RZL AR+ L AG 20 (0.5)
i 2
R R R YA

The magnetic field is the curl of the vector potential, B =V x A, thus from (0.3)

B=VyxVep-V f'+FVe

. (0.6)
=VyxVeo-Vi'+F Vo

Here, for convenience, we have defined the scalars F and F* in terms of Ry and f such
that

F=R,+R*V.V f
F*=R,+R*V*f =F + f”
We define the operators:

(0.7)

2 2
A*UEV-VLu:a—UZ+£6—U+aLi (0.9)
OR° ROR oZ

2 2
Ly 0w 1ov oy (0.10)

A'w = R?*V. =
v R Y TR RGR | az2




We also define the brackets:
[a,b]=[VaxVbVop] :%(azbR —agh, )

(a,b)=VasVh=ayh; +a,b,
Note the useful identities:
R*[a,b][c,d]=(a,c)(b,d)—(a,d)(b,c)

[a,b][c,d]=][c,b][a,d]-[c,a][b.d]

[a,b](c,d)—[a,d](c,b)=[d,b](a,c)

Also, letting the perpendicular volume element be dV, = RdRdZ , we have, for any scalar
quantities (a,b,c):

”dv cla,b]= _Udv afc,b]= ”dv b[a,c]

[[av.c(ab)=-[[dv,a(c,b)-[[dV,aca’
=—|| dVlE(cR,b)— [[dv,acv2b
=—[fav. =5 (cR* b)- [[av, aca’s

Also, for any vector A and scalar field v, (R,Z):

[[dV VeV xA=—[[dV Vo v, xA
[[dRdZRY,V ,+A = ~[[ dRdZRV ,;-A



1.0 The Momentum Equation.

The implicit form of the momentum equation time advance is as follows:

M={p—(05t)°’ L} V™ +S5tO{ pV"™ - VV" + pV" -V | 4 5tV - 11,
={p—(06t)° L} V" +5t{-Vp+(VxB)xB+ pg} - 5t(1-O)V - 11 (1.1)
~(L-20)st{pV"-VV"}

Here we have defined the ideal MHD (plus gravity) operator:

L{V} ={VX[VX(VXB):I}XB+(VXB)X|:VX(VXB)]

(1.2)
+V(VeVp+ypVeV)—gVe(pV)

The ion stress tensor IT, will be taken to have the form

I =—u(VV+VV' )+ huVe (Vv + VT )+ T

where x is a constant viscosity, h is a hyper-viscosity multiplier, and the last term is the

gyroviscous part of the tensor, which will be ignored for now. Excluding this piece, the
divergence of the physical (non-hyper) part of the stress tensor is

VI, =—uViv— (2, — 1)V (V-V).



1.1 First Projection of the Momentum Equation (U):

~[[ dRAZRY,R*V -V x M = [[ dRAZRV -V (R?;) x M = [[ dRdZRI,

1, E{—%(szi,U"+l)+p[R2Vi,;("+1]—(6’5t)2[Lﬂ {U n+1}+ L, {Vn+1}+L13{Zn+l}:|}

w1 n+l Un"'l’Un n+l Ao n+l

—PAsz szi’Un:I_( S )[RZVwP}—p; (RZVi’Um)—PA;:Z (RzVi:Zn)

AU 2[R, B[R, - 22 23 ) o, )
+00t . (Un Un+1) ‘

_pARLi [szi,unﬂ:l_ 2’R2 I: zvi,p]_P4 (RZVI U n+1) d (RZVI )(n+1)

+[U”,;(”+l][R2Vi,pJ+pV2n I:sziizml]_%‘;ﬂ%_%( n Zn+l)|:R2VI ,0]

n+1
1. WL AU v (10" gy o
—ﬂ05t|:¥(A RZVI)(A U)+VI?—2%(EG—R+8—};—8_‘;Ji|
I L R (R I |
AU i (Uu) pv ) , AU :
ol TR R?v,U"] 2nR2 [Rv,. p]- N (R, U")-p ~2 (Rovi, ")
|4

+ts—— sz.,t//’)—Ri[sz., f”]—%l:RZVi,F:"FRZViva G-Vo

1. \ AU" v, (18U" oy oV
+ul-0)| = (ARW,)(A'U)+v, 2L | == 24 OF
A )[RZ( J(av) ' R? RZ(R R oz azﬂ




L.{x}= —E—;[[th//],z] —%[[pr],z']

F v 1. ._F 1 . (F. .\ 1 .
+g((7m’/)’va) +?(Vi"// )VQVJ—?A w(?(z,vi)) +?((z,w),(vi,f )

(R [ ]) - e A [0 R 1 2]
_%(F[I’Oi])" +:_2’[(\7i' f')vZ]JF% (Ow f')')(' —%(Rz[f',;(],ﬁi)’

F ~ " 1 4 \/ !
+V.¥VLZ[Vivf ]_?(Rz[f 2} (0 f ))

NOTE: used identity: Rz[ﬁi,%}—[ﬁi,F]:—i—fﬁiz



1.2 Second Projection of the Momentum Equation (v):

[[ dRdZRv;R*V M = [[ dRdZR {1, }

o [0 b ]

+9§tpv {[ n+l U n:|+(vn+1’Zn)+ VnJrRllz/’n [Vn,Un+1:| (V Znﬂ) Vn;rzml}

, , n+l
—5'[6’{VIUA V+2/Féc i (Zluc )(Vi’l,)_l_ 2uv, (6}( _lﬁu )}

R \0R R oz

- {pviv” —(65t)? ['—21 {U n} +Ly {Vn} +Loy {Zn}]}

—-(1-26)pv, {[V,U]+(V,)()+ VRVZ } =2 — (v v )+v, [ w]+v[F.v]

+ot+v [fw']-vi (F, f")=v, (f,F)-vp’

2/” /r ' ZﬂV 8/1/, 1 aU,
0 A" cVi 2 Vi, ! A
+(1- ){Vﬂ V+—— R’ ( Hc — )( i Z)+ R (GR R oz j}




U} = (Ul ()| [

+vi[f’,[U,l//]] +%((U, f'),l//) +v, —[F Ul+v, _[F U']
S T R P I SR L R O
—Vi[f',(U,f’)]

L, {v} = +(ViF\;—;(t//,w)j{vi%(l//"‘//)j’—v Q[F v]
v R_[F w']+R*Ve(1V, f )[R }+R [vi.w]V F\; Vlf'_R_l(V[f ,!//]+v[f",;y]),
_; ( "Tfw]+v[ T 1,//]) +VR—(F f)+VR—(F f")+ R’ ( (1) +v (f"f"))’

—V-?Vl F[RVe(nV, )] +R—‘2(vp’) + 7R—i2( pv')

Lzs{)(}_"'%((}( v).v) —%(F E2%)
—%(F[}(',l/l]) —%(Rz[f 7] ) ~vi[ f.(2w) ] +v, E;(F xZ)+v ?(F Z')

F o Fooon) no. F :
+(Vi?(f 7Z)+Vi?(f 11)} —RVH(1V, f )V'EVLZ_RZU 2)[Fvi]

R[] H ] + (v (2 p) +vir PV 2)



1.3 Third Projection of the Momentum Equation (y):

[[dRdZRv, v +M = —[[ dRdZRV ,v;+M = [ RdRdZI,

ly==p (v, 2")+vi [ P U ] =000 [ Ly U+ Ly v+ Lo {27}
I 1 *pn+l 1 n+l
?A u (U v) (v ?(U ur )j

(v, [0 )

m 0
(") R
_;;_Z[Vi’ulrwl}_A*Un [Vi,

n+1

14

n+l
14

n+l n

(v (2™ 2

+6otp

" mn+ nn+1ai n+ n+
Lt O () [0
—S5t02u AV, AT

:_p(Vinn+l)+Vi [P’Un]_(‘95t)2[L31{Un}+Lsz {Vn}+|-33{7(n}]
( I,%(u,u)j_%[vi,u']_xu v 7]

iAU(U vi)—%|v

-(1-20)p

v, ., veov, |
@i (2 2) - (2 V)
ot 8| )+ 1] (1 F )+ 1)L ]

+(vy )+ G-Vo+(L-0)2u AvATy

R2 [V“Um]_A*UnJrl[Vi’Zn]

zml]




{%,u}(vi,f")_g_;(u,RZ[vi,f'])—%(u:Rz[vi,f'])—F(g[wU]}”

' V)R 1)

L= v ) o) )| T e [, 1) |
L )l R 0] 1 )

[ ) [y Vg v +F(R3 [ve w]j ‘F(%(f"v‘)j”

+[FA*Vi—(vi,f")]V-%VLf’—E[fﬂR v, f H—?[f”,Rz[vi,f’]]

+Viy, (% p’)'i_vivi (7’[3(%}}

I-33:+

(R 2L )+ s () RO D)4 25w (RO o))

2l e)] w2 ) e 8w (F L)) g [ RE v ]

F

[ R TR [ R 0] +[F 0+ )= (0 )] 95V 2
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2.0 Magnetic Field Evolution Equations
Next, consider the evolution of the magnetic field:

N=B_ _vxE, (2.1)
ot

The electric field is given by Ohm’s law (including two-fluid terms),

JxB-Vp, —V-l:[e

E+vxB=nJ+ (2.2)
Yo,
The electron stress tensor will take the form of a hyperresistivity with coefficient A:
1, =Anpvd (2.3)
Note that Equation (2.1) can be written in terms of the vector potential A :
Vx%:—VxE, (2.4)
ot
or
O=RVoxV f+yVp=-E-VO (2.5)
Here, we have introduced the scalar potential @ .
2.1 First Projection of the Magnetic Field Evolution Equation ()
Operating on (2.5) with v,R*V ¢ and integrating gives
[[ dRdZRv,V -0 = [[ dRdZRy, (2.6)
J,=viy = [w.U]-v (v, x)-v (' U)+ R [ f ',Z]—%(nviRz,w)
—Viq)’-i-%(l//,l//’)-i-i( ', f")+ Y [v. f’]’ +% P, (2.7)

p p
_R2ATf {w,ﬁ} R2A' f (i f'j—ﬁ R2ATf A" '+ h-r terms
p p p

NOTE: we used the identity: ﬁ(F, f)=-R*A"f (ﬂ, f’j—ﬂ REATFATf
p p p

11



2.2 Second Projection of the Magnetic Field Evolution Equation (f)

[[ dRdZRv,V N = [[ dRdZRJ, (2.8)

J, E_(Vi, f):%(Ro + RZA*f)[vi,u]+iz(R0 +R*ATf) (v, x)

+%(Vw f')-%[%wh%[ww]——@ £")+ R’ ATfV-g v,

R2
A , R, + R?A" f 1 , (2.9)
+ Rzl,/;[(‘/i' f )_[Vi"//]]_(;T]{[VV f ]+?(Vﬂ‘/’ )}
- E [vi,F]—M+h-r terms
R°p p

Note: The last term (in red) can be evaluated as in the following. It does not require
more than two derivatives on the unknown function at the new time level f " :

(f ol e ()

JFl=-{ &

Fn Fn+1 n Fn e
=—(1—29) R2 VI’F { Vl,F [Rzpj[vin lil}

= Fn+l n o F"
=-1-20)| oo [v.F"] { [vi.F"]-(F 1){ViaR2p}}

Fr s 1
=~(-26)| g [ F" [+ O(Ro + RPATT™)F {V“Rzp}

2.3 Third Magnetic Field Equation for the Scalar Potential (®)
It follows from (0.5) and (2.5) that

1 1
Vs VO=-V, .- E (2.10)

Multiply by the basis function and integrate over the area.

Thus, the integrand is

12



_%(Vi,cp):_V(%(vi,wﬁ%[vi, f’]j{%?wj(wu)—ﬂ [vi. 2]

+n{%(vi,w’)+%[vi, f"]}—A*f [vi.n]
B RO 1))

1
+— (R, + R?AT)[v., i’
pR4( 0 )[ i !//] pR4 pR

P1R4 (Aw)(viv)- ,olR2 (a'w)v, f,]_%(vw o)

Similarly:

~F R =—a-20 £ v, F”)—@{( ';Z;j(vi, Fn){RFZ:)J(V“ FM)}

PR
Fn ; Fn+l ; . Fn
= —(1-20) R (vi.F )—9{R2pj(vi,F )-F 1v.£R2vai]}

=—(1-20) F (vi,F“)+9(RO+R2A*f”*1)F”v.[ 1 Vl/ij
R°p

2.4 Alternate form for the y equation:

We could combine (2.7) and (2.12) to get the single equation:

13



e ) 11| ) 4 )
oz (v 2)) gz (4 R 2]) g F v 20 Pl
* 1 1

Because the above expression contains derivatives of F, we would have to make F an
auxiliary variable. It would have to be solved simultaneously from the definition:

~(R?, f)=v(F-R,)

14



3.0 The Density Equation (p)

g—’(t)—i-v-(pv):DpVZp.

vip =V, [p’U]er(Vi'Z)_%Vi (pv)’ +D, (_(Vi’p)+%vip,’]

4.0 The Pressure Equation (p)

1 [op } - J p’ (p]
——|—+V:(pVv)|=—pV-V-11:VV-V.((,+Q,)+—| npI + VI —=
(@ vom @a) | k

. 1 1 '
vip=-—vI[pUl-v( p,z)—? pvv+r(v p,)()—yg pvV' +v.S, +v.S,
Here, we have defined the effective source terms:
V.S, E(y—l)viv-[KVp] :(y—l)/{—(vi, p)+% p"}

VS, =2 J.vp, —Wi—zpeJ-Vp-i-(y—l)[ng +,u|VV|2}
Yo,

0

5.0 Electron Pressure (pe)

1 |op J| p J). =

———| ==+ Ve(p.V }:—peV~V+—- Vip./p +an}+V(—j.He—Voqe+Q

(f—l){ o *VY) p [(f—l) (n/27) p ’
, 1 1 '

Vi pe :_Vi[pe’U]_Vi(pe’Z)_ R2 peviv+7(vi pe'Z)_y R2 peviv +ViSKe+ViSPe

Here, we have defined the effective source terms:

Vi Sl(e

(7_1)Viv'["Vpe] = (7/—1)1([—(14, pe)+% pé}

vS,, =2 3evp, 24P 3.y 54 (5 -1)9a?
p p

i~ pe

15



6.0 Linearized Forms in the Absence of Flow
Assume all quantities consist of a stationary real axisymmetric equilibrium component
together with a small, complex time-varying linear perturbation with toroidal mode

number n:

U(R,9,Z,t)=U,(R,Z)+Re{U(R,Z,t)e"™}

Here Re{a} means “take the real part of a”. In the following, for notational convenience

we letU(R,Z,t) >U(R,Z,t).

6.1 The Velocity Matrix Equations
The velocity equations can be written in matrix form:

v v
S11 S12
v v
SZl S22
v v
S31 S32

viph+l _
S U™ =

v _ n+l

813)( =

n+l n n

In this section, we assume there is no equilibrium flow.

S1\’3 u D) Dp Dlvs u R: Rp Rlvs 4 O/

Sy | v =|D;; Dy Dyflv| +Ry Ry Ryf|f| +0;

Si |1 X D; Dy Dy||X Ry Ry Ry |[P] |0
2n?

RZ

—(05t)°

S]YanJrl _ gé‘tliz::‘/ n+1

P (p2 1 1 v N+l N® o
- (R, U™)-65tu S A RV)AU™ -y o AU

R

(v R ) —eav R [0 ]

195'[
2 Fvn+l

n+ V n+
p[viR* 2™ ] ﬂ%t = Zzl

—(651)°

1

+in%((;(“”,l//>, szi)— inA*t//%(;(n”, szi)+(2FV- IIQ:Z

2

+n? %[IM' RzVi}LViRZV(D'V[(p’Zn+l)+pATZn+l}x g

mv”*l R V,,l//])+A*l//in;{/:H[szi,t//J—ZF{v

ViU £+1:|

l;F (U n1 [RZVVVI])—M%([U n+l’v/:|, RZVi)—i;—EA*l//[RZVwUM]

—2F Un+1 F L +n? F— (U™, R, )+ R*VpeV [ p,U™ |x g

1//,R v)+v|nR Vgo-V[F;L (,OV"”)} g

VLZM j Viz

16

n+1

RV

—g((l“*l1W)’[R2Vi1W])+%A*W[R2vi,(z“”,w)}—in%[[szi,w], ]




n 1 . *on n? n 2n2
_é(szi,U )+(l—¢9)5t,u[?A RZViA Uu'"—v R—A U - _yU’ :|

Lol mu)- avrnvw]
@] B ) ) )

2
—2F U“Ri v +n F—U R )+ VRV p,U" |x g

DU" =

H n

|nv . inv V"
R V l// +Alr// R4 I:szi’l//:'_ZF|:?!l//:|viZ

2|nv n

Dov" = u(l- 49)5t 495t

)+ VinR?V g V{%(pv”)}x g

n

plviR: 2" |+~ H)y& ;(Z

R e I e LR ¥

—(65t)° +in%((;(”,y/),R2 ) mAg//F':(;( R, )+ (ZFV-%VLZ“}/E

+n’? E—j[;{” szi]+viR2Vgp-V [(p,;(”)+pAT;(”}x o]

_ :5t{—(%j[R2vi,y/“]—[A;{n ][szi,z//o]—in%(szi,y/")}

R,f" =5t{%A*l//O(R2vi, f”)+n2%[szi, f]—ZviZFOATf”}

R,;P" =0
O =Stv,R*Vpx§eVe

NOTE: we made use of the identity:
—%[szi, RATf"]-A"f"[ R, F, | = RZATf”[szi,%}—ATf”[szi, F, |=—2Fv,A"f"

17



SLU™ = g5t

v n+l
Syt =

v _n+l

Spx =

—(651)°

2viu
R2

inus*

_m%([u n+1!l//:|!W)+ nZVi %(U n+l,w)_|:u n+l,l//:|[F,Vi]

n+1
,OViV

—(65t)?

+R? [%,U””}[vi,w]ﬂnvi %[F,U " =i (U™, p ]

2
— 06t {/,zviA*v"*l —Mv””}

R2

_ 2| _p2 v 2 Vi Vi na 2
65t)*| -R*[vi,v] w |-n* v () —in sz [F.w]-n*viyp

e 2 E [ Jrinw, (R v (2 p) inv 0V 2

vin Vil . o
DLU =—(1—¢9)5tR—2“muZ

\ n

D,,v" =

\ n

DY 4

—(65t)°

S T R TN & (1 X

F
R2

+R2|:?,Un}[1/i:l//]+invi_[F’Un]_invi (U p]

R2

2
pvv" +(1-0)ot [,uviA*V” _Mvn}

-(6at)° {—RZ [VwW]{%J//}”Z 2V (vp)—in eV [F oy nzviyp%

(1—9)5“”[—(2#(: —ﬂ)(vilx”)+2%‘z£}

—(651)°

n

R

in (")) - s (R vw ] 27 + (2 )[Fovi]

+n2§F[)(”,t//]+invi%(F,;{“)ani(;(”, p)+invi;/pVi;(“

n+l

R?’ R R2
ﬁ&tin[—(gﬂc _ﬂ)(vi,lnu)Jrzﬂ?ViZ;ﬂ}
() ) (R ]2 (2w )P
2, n+l
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%(%M”)W{F,w”]}
R, f" =5t{—n2vi[f“,l//]—RZATf“[vi,l//]—invi(f”,F)}
R,,P" =—indty, p"

Ryw" = ot {—in

0!=0
+, [,O,U n+1:|
i 1 n+ * n+ ]
(V) ) ([0 )
. F n+ : n+
SLU™ = 2 _mE[Vi’[U 1’1//]]_”‘ i (U 1 (Vi,l//))
—(6o1) LAY i(U 4l ) 2_2 n+l
W — : n®—; [Vi,U }
_+[§,u ”*1} FAY,=Viv[U™, p|-vgV| p,U 1]
] Vn+1 n+1
+in—; (l//,(Vi,l//)) inA” l// ~ (w.v;)
Sg/ZVnH (Hé‘t) n+l Vn+1 Vn+1 1
Y =3 [v l//] FA*V{ o2 y/}HnVZV}/p ==V, Ge V[?(pvm)}
—p(vi ") - 5t02u ATV AT
%((lnﬂ,l//)’(vi,l//))—%A l//((}(nﬂ,l//) V-)
Sggxml _ +in%[ (erl l//):| m%[}(nﬁ,(w,l//)]-f-A V/R_F[Znﬂ |:|

—(65t)* )

+n? F3 (;('”l )+FA AL Il?: v o™

2 _n+l

+ ypVixy

+Viv ( e

)GV (p.2"")+ oA 2]
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+V, [p,U"}
(VL) e ([0 ])
D;/lU N+l _ —in%[Vi,[Un,l//i|:|—in%(un,(vi,l//))
(oo i .
+inA*WF(U ”,Vi)+n2?[vi,u ”J

{%,u“} FA'v, -V [U", p]-vg-V[p.U"]

V" PV
+In—4(l//,(l/i,l//))—lnA y/?(w,vi)
DYy ™ = —(86t)’

n

-n’F %[Vi,l//]— FA'v, {%,l//:|+ inViViyp%—vig-V{—(an)}

—p (i 2")+ (1-0)5t2u AvATy"
1 Lo _
(2" w) (o)) -z A (2 w)m)
H F n H F n * - n

DL, X" = . +|nEEvi,(;( ,W)}—IHEI:Z ,(Vi,l//):|+A WI;—rIZF[;( ,vi]

+n2%()(”,vi)+ FA*viv.%vJ“

Vi (2" p)+7pViZ")-wg V| (p 2"+ A2
Ry ¥ :é‘t{ARyZn (Wovi)+ ARI{O (‘//H’Vi)_in%[‘/i"//n]}

R, f" =§t{inA*l//[vi, f“]-n?%(vi, f")—A*f“FOA*Vi}

Ry,P" =5t(;, p")
O} =6tv,§-Vp

NOTE: We used the identity: +%(vi, F)+%(vi, F)=-A"fRAY,
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6.2 The Magnetic Field Matrix Equations
The Linearized Magnetic Field Evolution Equations can be written:

n+l T -n n+l
Slbl Slbz Slbs 4 lel lez D1b3 4 Rlbl R1b2 R1b3 U
351 ng 553 o f = Dgl Dgz D§3 | fl+ Rgl Rgz R§3 v
S;l Ssbz Ssbs @ Dsbl Dsbz D§3_ | D _R?l:)l Rsbz R3b3 4
Qr Q Q|[U] [6
+ le 52 53 v |+ 0,
le 52 53_ Lx] |G

Slbll//ml =Vil//n+l—5t(9|:—%(7]1/iRz,l//nﬂ)-i—%[y/m—l, Fo]+%vi (!//O,l//n+1):|

, |
551" =—a‘t0{—R2A* fr [w‘ﬂ—%v [y 1 4 (1 Fo)}

Spd"™ = insty,G0"

NOTE: ﬂ(f’,RWf):-RZATf(f',ﬁj—ﬁRz(A*f)(A*f')
p p) p

Dy =vy" +5t(1_0){ : (77ViR2"//n)+%['//nvFo]+pi_V' ('//o"//n)}

“R2
, .
DL £ :§t(1—0){—R2ATf”[l/lo,ﬁ}—n—vi (v, f”]+mvi(f”,F0)}
e P
DL,®" = —indty, (1- )"

RlblU n+l — —5tVi9|:l//0,U n+l]
bZVn+l — 0

RleZnJrl _ _5tvi6(V/0,ln+l>

e

O, = +5t[in9ﬁ pit +(1—9)irlH PQ}
P p
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QU =-5tv,(1-6)| w,,U" |
lezvn =

Qur" =-dtv, (1_9)(W0’Zn)

oy = —6§t[in%[vi,y/“ﬂ]_

R:l-p [Vi,V/O]A*l//Ml_RT]-p[VivV/n+l]A*V/o _inRpr(Vi’y/ml)}
( | R2A"f ”*1VL-%VM +n? %(vi, £r)
St = (y, £7) - g6t

in * n+l I:0 2 n+1 241 £n+l 1
+RTIDA V/Q(Vi,f )+RTpn [Vi,f :|+RA f FO|:Vi,RT:|

S, @™ =0

n . n 1
Dyy" = (1—9)5{|n%[vi,1// ]—

* N 1 n * H F n
by [ ()i ()

RZATf“VL-%Vlvi +n2%(vi, £")
Dy, " =—(v, ")+ @-0)t

I S
yo,

R?p R?
D;,®" =0
REU™ = @5 R Ut
21 = oot R |:Vi’ ]
n+1

Rpv" = —95tVR—2[vi W]
R§3Zn+l — 051: (%j(‘/l ’ Zn+l)

0, —5{9—[“’ P ]+(1—9)—[V" pg]]
p p
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n FO n
Q%J:a—m&(?JDJJ]

Q" =1 0)3t 25 [v,v]

Ly = (- 6)6t(§ j( 2

S?li)lwml I;nz (V l//n+1)

Z [V Wm}

ngfnu :+77n2 ':Vi’ fn+1]+ R2AT§ M1 [Vi,77]+i—nA*l/lo [V“ fn+1}
o

(V l//n+l> %A*Wnﬂ(vhwo)

n’F,
pR?
83?3 n+1 (V (Dn+1)

1
n+ 2 A1 £ 0+
(Vi' f 1)—R A'f lFOVL-WVLVi

. _F F 1
Note: ngz(vi,F)+ 2(vi,FO):—Rz(ATf)FOVl-FVyi
Dyy" =0
Dy, f"=0
D,®" =0

R:?lU nl _ +(%)(Vi U n+l)

o n+1 1
Re?z‘/ ' :_VR (E(Vi"//o)j
R§31n+1 _F I:V Zn+1

0, = _%(V p:+1>

QU"=0
Q" =0
Q?k,)a?(n =0



6.3 The Density Matrix Equations
The linearized form without flow is:

U n+1 U n
SpeN"™" =DJ+N" + [R1n1 R, Ry ]’ v +|:Q1n1 Q ans]' 4
X X

The matrix elements are given by:

2
SlnlN;Hl _ Vipn+l + Dpeévt ((V“pml)_i_%vipmlJ

DiN{ =v,p" - Dp(l—@)dt((vi,p“>+|2—221/ip“]
RiU™ = -05tv;[ p,U™ |
Ty = —in95t%vipv“+1
RALX™ = +95tp(vi,;(”+l)
Q" =—(1-0)stv,[ p,U" ]
QLv" =—-in(1- 9)§t%vipvn

QX" =(1- ‘9)5tp(‘/i X )

6.4 The Pressure Matrix Equations

The Linearized form for the pressure advance equation in the absence of flow is:

U n+l U n
SjeP"™ =DjP" + I:eriJL R, RS ]’ V| o+ [lel Qb Qf ]’ V,| +0f
X X

SEP™ =y, p™ 4 95t(;/—1);{(,/i ) +VFi2_rf p“”}

2
DiP =v,p" —(1-0)ot(y _1)’{(‘4 , p“+1) n % pn+1}
RAU ™ = —6t0v;[p,U™"]
Rov"™ = —inydté?% prv"

REXT™ = —6t0v, ( P, ;(””) + 5t0;/(vi P, ;(””)
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U =—ot(1-0)v[p,U"]

Q" = —iny&t(l—e)% V"
5X" ==5tA-0)v, (p. 2" )+ 5tA-0)y(vip. ")
OF =0

6.5 The Electron Pressure Matrix Equations
These are not needed initially. They can be the same as for the pressure equations.
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6.6 Summary of linear 2-field reduced system:

The integrands for the weak form of the nonlinear equations are:

*

(R0 AR U A R |- R )

A*U * Vi *n 2| "
+,u{ =2 vi)+?AU = —U }

(6.6.1)

() =g (v V))- (F';j(v u)m[;mw—; (vi,w”)} (6.6.2)

For the linear solution, these are time differenced as follows:

* n+1
—%(viRZ,U””)—(%t)ZLH{U - y@&t[ARU (szi)_nzv_&”nz%u'?}

i RZ
‘%(viRZ,U”)—(%t)Z L, {u"}
(S5 Jm (3 )mn wm

A*(viRz)—nzv.AR—LzJ+2n2%UR}

+ot

+y(1—9){AF;§’
(6.6.3)

2
—%(Vn'//nﬂ) 95{ (w[‘//m ”ﬂ])—in%(vi,u)mH]RiAvAl// +77R4(vi,(//”+1)}

1 ; 1 "\ - F T P "
=—?(vi,l// )+(l—9)5t{?(vi,[t//o,U })—InR—i(vi,U) +77?A ViAy +77E(Vi,l// )}
(6.6.4)
Here we have defined the operator:

Ln{ }_ : ([U ‘//0] [ViRZJ//o])_

+in%(u,[viRZ,%])—in%([U,wo],szi)—in%A*%[szi,u] (6.6.5)

1 .. F
?A v, [viRz,[U,y/O]]—ZFO [U,R—g}/iz

nz';—f’:(u R*v,)

We can put these equations in the form:
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Here,

Sp=-
—ﬂ&&[%A*(szi)(A*U)—nzv

V__
Dll_

Sllu n+l

b. n+l

Sy

1 2 2
?(viR U)-(66t)

D11U + R1V1'// "

) ., (6.6.6)
=Dy +RU™

Rlz(u '//o [V R, l//o})_RiA l//o[v R® [U ‘//0]]

ov; 2 S
—2F0{U,R—g} ol RO (U.R,)

%(viRZ,un)—(eﬁ)2

+in%(U ,[szi,%})—in%([U ,l/lo], szi)—in%A*wo [szi,U]

18U
2+2n 2
R RaR
1

= (Vv [uRwe ) - RlA*‘”O[ViRZ’[U"/’o]]

F |0V R/
—2F,|U, +n*—2(U,R%
0[ R}&Z RG( )

+in%(U ,[szi,l//o})—in—i([U ,l/lo], szi)—in%A*on [szi ,UJ

A*U

+u(1—-6) {%A"(R%)(A*U )-n%v, 2 o (é ?FJQ ﬂ

R/, =+6t {—[A;l/zlo ][Visz'//:I_[AR*Z/][ViRZv‘//ojI_in%(viszV/)}

b _
811__

b _
D11_

R1b1 =ot

R

iz(vi,w””)—néte{%

1 1 n
—(v.,u" )+ (Q-9)nst ANVANy +—
vy @-om {R v+

%(Vi,[%,un+1 )—i

O L
AV,A gy+?(vi,t//)}

2

)

n+1

nat%(vi,u)
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7.0 Linearized Form with Flow
New terms arising from equilibrium flow. For now, neglect terms with perturbed density

7.1 Momentum Equation

u u™,u ™
Silluml:-i'eé‘t _pARz [RZV“UO]_( RZ O)I:szi’p]_pARZ (sziflo)

+[U n+l’ZO:H:R2Vi’p]_pA|;L£O [szi,U””]—in%(szi,U””)

n+l
vV n+ PV TV
S\v 1—+9§t{—2—°viz}

RZ

Sty = + nel Zo R v ,0 A;szo (RZVivln+l)+[Uo,Zn+lJ[R2Vi,,0]+in%[RZVUZM]}

DYy = —(1— )5t —

DLy =—(1-6)ots— ;( ;(0 RV p pAl;lio (szi,;(”)+[UO,;(”][Rv ,0]+|anQ [Rv ;(}}

SyU™ =+65tpv; [ v, U™ |

S,V =+05tpv, {[ n+ U0J+( n+l ;(0)+|n ;M}

Syx" =+05tpv, (VO'Zn+1)
DyU" =—-(1-0)dtpv,[v,,U" |

=t ot [ ) |

Dy, 2" =—(1-0)tpv, (vy, 2")
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%A*U ”+1(U0,vi)+%A*UO(U “+1,vi)—(vi,%(u “”,UO)]—A*U A

ngeln I 200™)

Vn+lVO %
R* OR

Sy X" = —Qétp{A*Uo [vi : ;(“*1] +(vi : [;{””,UOJ)+ in%(;(“”,vi)+(vi,()(n+1,)(o))}

SyU™ =0stp

SLY™ =205t p

%A*U”(Uo,vi)+%A*Uo(U“,vi)—(vi,%(U“,Uo)j—A*U“[vi,;(o]

e[ [0])

DLV =—(1— 6’)5tp[2m%}

D,U" =-(1-6)stp

R® oR

D,, X" =(1—0)5tp[A*U0[vi,;(“}+(vi,[;(“,UO})Jrin%(;(”,vi)+(vi,(;(”,;(0))}
7.2 Magnetic Field Equation

Slbll//nﬂ = 0oty I:Wn+1,U0:'+¢95tVi (l/ln+l1lo)
S, £ = +indsty, (£74,U, )~ ingstR?, [ 1, z, |

Dy" =—(1-0)dtv, [y U, |- 1-0)dtv, (w", 1)

D, " =—in(l-0)stv; (",U, ) +in(L-0)StR; [ 1", 1, |

Sé)ll//ml _ _I_eé-t%[‘/i ’ l//n+1

Sy, f" =—05t(Af ”*l){[vi,Uo]+(vi,Zo)}—Hinét%(vi, fr)
D" =~(-0)ot =5 [v.p']

D, f" =+(1—9)5t(A*f”){[vi,u0]+(vi,;(0)}+(1—9)in5t%(vi, )
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S?t:)ll// —HF(VUV/M)

Sy F7 =—0(AT ") (v, U, ) - OR* AT " [, ] +in0v, [ v, £7 ]
D" =—(1- 6’) >(viv")

D, f" :+(1—¢9)(A*f )(1,Ug)+ A= OR*AT " [v, 7, ]-in@A=O)vy [ v, " ]

7.3 The Density Matrix Equations
The additional terms when equilibrium flow is present are:

SN =05ty p" U, |- 06tp" (vi, 1,) + in@ét%v (P"v)

npnpn n n f 1 n
DN} =-(1-0)stv,| p".U, |+ (1-0)stp (vi,;(o)—ln(l—ﬁ)&t?m(p Vo )

7.4 The Pressure Matrix Equations
The new terms in the linearized pressure equation due to flow are:

S+P"™ = Stov,[p", U, ]+ otov, (p™, 2, ) + |n5t6’R— P v,
—5t0;/(v p”+l,;50)+ln7/5t(9 aRATA
Dfj+P" =—5t(L-O)w[p",U,]-St(A-0)v; ( p ,ZO)—ln&(l 9)

+5t(1—¢9);/(vip”,;(0) inyot(l— 9) 2 p"v.v,

= ViV,
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7.5 The Electron Pressure Matrix Equations
Not yet done.
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8.0 The reduced (2-variable) 3D nonlinear equations
(numvar=1)

Consider the 3D nonlinear equations involving only U and y. The PDEs are:

. AU A" F F
AU=—R{R2 ,U}+R{RZ/,!//} RZAI//+(R2'I/IJ (8.1)
= [w,U]+77A*V/—®’ (8.2)
1 1[F 1,
Y [sz U’ +77R Vﬁ,y} (8.3)

Equations (8.2) and (8.3) together imply:
1
L R2

1 * 1 F ' 1 "
]+V. = VA 1//+Vo?{?VLU +77¥Vlt// } (8.3b)

Note that (8.3) differs from the gauge condition presently used in the full system.
Operate on (8.1) with % and (8.3b) by w, and integrate over the domain to get the

energy equation:
m = (v.v) +— (U U)———[(A W)+ Rlz (v/,t//’)} (8.4)

The integrands for the weak form of these equations are:

1 .\ AU
R(vRZU) — [ R?,

YRy ] (R 5

_(Vi,l/;):[(vi,[l,,,u])_%(Vi,u')}U[AT%A*W_%(V“W)} ©.6)

These are time differenced as follows
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* N+l N
_%(ViRz n+1) (95t) LM{Uml} 95t{_Ag [ViR21Un]_ARL£ I:ViRz,UnJrl]}

2

1. . AU 10U"
—#9&[?A (R7v;) (4 U)”i?_Z?(R oR H

=_%(sz ”)—(49&)2Lﬂ{U”}—(l—ZH)&t{ ARUH[ RZU“]}

{5 eIt

+y(1—6){%A*(R2vi)(A*U)+vi% 2R (;%Léﬂﬂ

n+1

n

+ot

8.7)
_%(V“l/lm—l):—%(Vi,!//n)-f-egt%(Vi,I:l//ml,Un+l})
1 Ny e F N+
+(1—<9)5t?(vi,[1// U 1])—5t?(vi,U) '
1 . . 1 (8.8)
+775t9{FA VA V/_F(V""”H)}
+(1- 6?)77&6?[ La VAy — F;L (Vi,l//”):|
Here we have defined the operator:
1 1 ’ ov;
Lﬂ{u}z—z([u w].[ Ry ])- AR, U] ZF{U R_}E
F ' , F . A~ F2,. .
+F(U ,[viRz,y/])—E([U W] R) - A RV - (U R
F F .1
F([U ‘//] R2Vi) {Rz U}Rz (V R?, W')
(8.9)

8.1 The finite difference equations

33



We do a finite difference approximation in the ¢ direction. All the variables in the 2D

plane j are given by U; and y;. We apply centered finite differences in the ¢ direction,
thus:

1

ueﬁ[um—uj_l]
":(5;)2 =20 +U ]
y'= 22¢[W‘“ Vi
y' = (5¢) V-2, v

The velocity and field advance equations can then be written as a pair of block-
tridiagonal equations which can be solved successively:

AU”*1+BU”*1+C U”*1+D =0

j+l

E, lP”“+F \P”+1+G \P”+1+H =0

j+l

(8.10)

Here, the coefficient matrices are defined as follows:

F m F n+
20gR" (U’*ll’[ vR’ V’]) 204R* ([UjJ’V/J’RZ%)
AU =—(651)* - |
_25¢R4AV/[ ViR UJn:l:| (5¢)2R6 (UJn:l'R i)
- 2 v 0Ul
_/16’5'{(5@ RzAUJ.+11—(5¢) o aFJg }
F n+1 2 F n+l 2
N e S R 7 EEAR
CjUj—l =—(6ot) N A" I:V'RZ UT‘+1:|_F—2(U ) V)
254R" vivin,Yia (04)°RE i
e 2 vy, oUlT
_M{(ﬁcﬁ) e VG R R }
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ST

n+l

S LECHE

* n

AU, [v R’ U“”]}

i([uml’l//J’[ViRZ,W})_%A*l//[ViRZ,[UJT‘*{W]]

81/

—(85t)?

2
_ZFI:UHH F ef

R [0z " (6p) R

F

v

oz

n+1 2

(U]

J 1

Rvi)

1

E(ur ) ) e

2Vi ® 1N+l

R R2 (R*vi.v')

4

y GU r'1+1

J

1 * # N+
—IuHé‘tI:?A (szi)(A Uj l)_(5¢)2 RZ j

ERLL

1, AU
:?(viR U7)-@1-20)st ~2

(V5w ] [wrew])

D

[szu”

1

1

_?A*w[viRz,[U?,

+(65t)°

(a'R™,)(aU])+ (5¢) s AU

2 ou?

(54’ R® oR

v]]-2F Ve

UL ] R

|
|

—2U7 +U" 1] szi)

—2A°U7 +AUY, ]

j+l

U] aug,

noto

E. =
L ()R
note

()R

(v

F

o

(69 R3

)
i)

n+1
j+l

oR

1 1 n+ n+
J_:—?(vi,l,//j )—6’&?(%[% WU 1])

1 N+ 2 n+
_77&9[ AVA Y™+ * GOR — (v 1)}

oR

|




H.

1

J:RZ

—(1-0)not {% AvAy! -

(viw?)- (1—0)5'[%(14,[1//]”,U “+1])+5t%(vi,u ok

1 n n n
(5¢)—2R4(Vi1[‘//j+1 -2y +l//j—1:|)j|
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Appendix A: Some Intermediate Vectors and Scalars
JEVXB:VF*XV(D-F%VJ_I//'—A*WV(D

VXB={[U,I//] (U, f)+ FI:U -(rw )—Rz[;(,f']—%l//'V}V(p

F
—?VU +R—V://+{FVL;(+VV fixVe

v o, v
VeVp+ypVeV =—[U, p]+(x, p)+? P +7p(Vi;(+?j

VxV:—A*UV(/)+%VLU'—Vl;(’xV(/hLVlva(p
AU 1% , 14 1 ' *
Vx(VxV)= ~2 —V.uU —?vlg +¥vlv+¥vjxvlu ~ANUV yxVo

! 1 ! ! !
—z ViU xV¢+V(/)[?VLU-VLU +[Z'U]_[V’U]Jf(lvl)_(‘/vl)}

*

AU 1% - 14 , 1 1
VoVV=—?VLU +¥VLZ +A le;(wi?vlu xV(p+EVL?(U,U)

2 ~
+%VL(}(,Z)+VL [;(,U]—%R+V¢[[v,U]+(v,z)+Rivv’}

JxB—Vp:{—[W,F]—%(F f) Rlz( ,w')—[l//’,f’]—p'Vgo}Vgp—%A*WLl//

F';VF Vp{gvﬂ// AWL} Vo

Define the vector Q as follows:
QEVX(VXB)
=V {[U,l//]—(U,f’)—(;(,l//)+R2[f’,;(]}ngo
F’ F V' v
' —V \Y
{RVU RVU FeAfL Ay J//}X @

7{5 VLZ+I|?: VL;(+R v, ' +R2Vlf”j

+Rz{_[(§j,uH(%j,4_v.g Vvl f}
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Appendix B: Some Vector Identities used in Momentum
Equations

All integrals are of the form:

[[RdRdz...=[[dv,... (B-1)

Gauss’s Theorem takes the form, for an arbitrary vector A :

jj dV,V.A = j j v, [V,-A+V.A]= q& dS-A + j j av, (AVe)

= [[dv, (AVp)

(B-2)

Here we assumed that the surface term vanishes.

Consider now the first projection of the MHD operator: Let v, =R,

~[[av. 2V eV x[(VxQ)xB+(VxB)xQ]

= [[dV, Vv x[(VxQ)xB +(VxB)xQ]
(VV+B)(VxQ)-V1+(VxQ)B }

+(Vv,+Q)(VxB)—(V7,+VxB)Q

_ (fav [+(VVsB)(V@eVxQ)-VV,+(VxQ) VB

il F 4V IQ(VeV xB)—(V V-V xB)VpQ

ity [HVB)H(QxV0)~(V4B)v4Qxv )

il T +V72Q(VeV xB)—(VV,:VxB)VeQ

= J.JdVLV(p-

~[[av ~(QxV@)V, (VVsB)+(Qx V7V, )V (VeB)~[(VpeB)(Qx V7, V)|
- _+V v, -Q(Vgo-Vx B)—(V VeV x B)V(/)-Q

[fav —(Qx V@)V, (VV+B)+(Qx VP, )V, (VoeB)—(VeB)(QxV 7,V )
|4V 5Q(VprV xB)~(V 7,V xB)VeQ
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Second Projection of the MHD operator:

'UdVlViRZVgoo[(VxQ)x B+(Vx B)xQ]
= [[dV. [viR* (BxVp)(VxQ)+1R* (QxVe)«(VxB) ]

_ﬁdv{ {Qx(vR BxV¢)]+QV><(viRZBxV¢)+viR2Q-(V¢xJ)}

VRQ Bngo Vo +Q-Vx(viRZBxV(p)+viR2Q-(VgoxJ)}

{ V(p -B)(Ve-Q)- (Q.B)] +Q-[Vx(viRszV(p)+viR2 (V(pr)]}
Jov. f-n(@

J_

vi( +Q VV RB-V(D)—RZ(Vl-viBL)V(p]}

=HdV Vi[-QV.,pxVp+QV, ]
' +Q-[—R2[vi,l//]V(p+RZV-(ViVlf')VgoijiVlF]

~ [Jav,{" [QVpxV,y+Qv, ]
+Q-V¢>[—R2 [Vi , 1//] + RZV-(viVL f ')J +v.QeV F

Third Projection of the MHD operator:

~[[av,vv{(VxQ)xB+(VxB)xQ]
= UdVl [(V Vi xB)eVxQ-QeVv, x(Vx B)]
= J-J.dVl [V-[QX(V v, X B):|+Q'VX(V Vv, xB)=QeVv, x(Vx B)]

= J.J.dVl {I:QX(V v, X B)-Vq)]’ +Q-[V><(V v, xB)-Vv, xJ]}

= HdVl {[—B-Vgo(Q-V v, )]r +Q°[VX(VVi xB)-Vv, xJ:I}
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+Q-

F

+Q-

_?(QN Vi )’

V(v )xVo+VR*[f' v, |xVe- RZV-[%V%}V¢+%VM

+Vo(vi, F*)—%V vixV ' +(Ay) Vv xVe

[V (viw)+ VR [T/, ]+ AWV Y, [xVg
+[—R2V-[%V vi}(vi, F*)[v,w']}W)]

—%(Q-V v, )' JF(Q-ng))[—FA*vi +(v, f")—[vi,u/'ﬂ}

+(V(p><Q)-[—V(vi,1/1)+VR2 [fv]+AwW vi]

|
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Appendix C. Momentum Eqgn. First Projection Algebra

Consider the first integral needed for the finite element discretization. Multiply by the
2D test function v, = R?, (R, Z) and integrate over R and Z:

~[[dRAZ (R*V;)RV 9V x L{V} = [[ dRAZRV ¢V (R*,) x L {V}
—(Qx V)V, (VVeB)+(QxVV, )V, (VeeB)

=[[av,| ~(V¢B)(QxV¥,-Ve)
+V,eQ(VpeVxB)—(VV;*VxB)Ve:Q

—J‘JdV [Ln +|—12 +L13{Z}]

This integral is the sum of 5 terms:
1 , , F' Fo .,
(Qngo):—?Vl{[U,l//]—(U,f )=(z.w)+R?[ ,Z]}—?VLU ~=aV.U
' v , F' F , Vv’ ”
+R4VL1//+R4VLI// +¥VLZXV(D+¥VJ_Z xV(oJrR v, xV(p+R V. "xVe
V, (BVv,) =V, [vi,w]-V. (v, )
Terml:
—(QXV(p)'VL(B'VVi)

—§<vam,m>—%< L) alliw] ) eliw]

*é_;(‘” (% )42 (w6 f'))+:—; (9, ) z]+% (@, 1. 7]
+% (v, ') f’]+% (0, ), "]
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Term3:
—(B+V ) (Q x VV,eV go),

(O (. 0.0 ) Few.a)|
o)1) i)+ et) | (T 210

~(FLz0]+v[t.50])
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F % F v ,
(Q'V¢)__|:R_ U:| |:R2 W}_{V'?VLZ"'V'?VL]‘: }

Vv, sVxB=[V,F]+[V, f’ ]+?(\7i,1//')
Term 4:

—(Q:Vp)VV,sVxB = J{— UH[V Fl+[ —(V, g//)}

{RZ "’H[ e 0 }

+V—Vf{ [+[9. £"]+= (9., )}

+Ve —VL;({ +[V;, £ ]+— v, 1,//)}

(V(DOVXB):—%A*W
Q'Wi:[Vi'[U’V’H‘[‘?v(U’f')]Jf%[ku'hg—;[\ﬂﬂ]—[Vi,(;(,t//)]{\?i,Rz[f’,;(]]
-]+ [F';'(z,oi) + (7, v)+¥—;(f’,\7i)+%(f",\7i)j

Term 5:

(V@-VxB)Q-VY, :RiA y/{ K [U,y/]]+[\7.,(u,f')]—(%[\z,u])}

+%[\7i,l//']+(%j [\M//]{%( f'0 ))}

+%A*W{+[V..(z,w)][0~ Rz[f”lﬂ(%uﬁ')j}

+
2
D’r
<
—

Sumarize:
”deZRV(DoV\?i x[(V xQ)xB+(Vx B)XQ]

= [[dRAZR[ L, {U} + L, {v} + Ly {2}]
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Appendix D: Momentum Eqgn. 2" Projection Algebra
[[ dRdZRY,R*V gL {V/}
= [[dV. RV (VxQ)xB+(VxB)xQ+V(V+Vp+ypVeV)]
1 [QVexV y+QwV ] +Q-V(p[—R2 [vi.w]+R*Ve(1V  f ')]
= ([av, VY
J.J- +V,QeV F +v, (—[U, p]+(z. p)+% p’+7p(Vi;g+%D
= [V, [L U} + L, (v} + Ly {2} ]

Some intermediate results:

F Vv F Vv ,
Q'V¢7:_|:R2 Uj| [RZ W:l {V EVLZ_FV.?VL.':}

Qv F=[F.[Uy]]-[F.(U.f)]-[F.(z.w)]+[F.R*[ " 2]
+§—;[F,u]+§[F,U']—Q—L[F,w]—iz[w]
F F V(FL )+ (R 1)

+§(F’Z)+Q(FJ/) o2

LA IIL0L L e o[ R ]

RV I LAV B G BT L

R? R? R?

F F ! "
ez (1) (1) Rz(f )+ (1, 17)

QVox¥ .y ==V ]+ (UL 1))+ (1)) (R 2w

RZ
F' VI
_F(U V’)—Q(U W)+ ™

S P T L= |

V 1A
?(l/f W)

(v.y)+

First Term:



+V;

v, %((%w),w)—%(Rz[f',z],w)—(g—;[z,w]+%[z9%f/])
L ORI ] () (1.2

Second Term:
Q-Vgo[—Rz [vi.w ]+ R*Ve(vV  f ')]

:{%,u}[—Rz [V w ]+ REV(1V 1)

+{%, l//} —V-%Vl f '}[—RZ [V ]+ RVe(vv, 1) ]

—V-%VLZ[—RZ [vi.w]+R*Ve(1V  f ')]

Third Term:
, F’ F ,
MQV.F =y [FUp]]-n[F.(U )]+v o [F U]+ [ FU]
v/ v .., vV Ny Vo "
_vi?[F,w]—vi?[F,whvi =2 (F, f)+v, =2 (F.f")
F’ F 2 ’
+vi?(F,Z)H/iE(F,;(’)—Vi[F,(;{,l//)]ﬂ/i[F,R [ ,;(]]

Fourth Term:
= [U, p]'

v, v Y
+ Vin +Vi7/p?

+(vi (2. p)+virpViz)
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[[dRdZRY,R*V L {V/}
= [[dV, RV (VxQ)xB+(VxB)xQ+V (V+Vp+ypVeV)]

- J-J. dVL I:L21 {U } + L22 {V} + L23 {Z}]
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Appendix E: Momentum Eqn. 3rd Projection Algebra:

[[dRdZRV,V, {(VxQ)xB+(VxB)xQ+V (V-Vp)]

= —[[dRAZRV v, (VxQ)xB+(VxB)xQ+V, (V-Vp)]
_%(Q-V Vi )’ +(_FA*Vi +(Vi' f")_[vi’l//’])Q°v¢

= H RdRdZ —Q-V((Vi,l//)+ R*[v;, f'])xV(p+(A*ly)Q-V v, xVe
~V3y, (—[U, p]+(x. p)+% p'+7D(Viz+;—;n

= [RARAZ [ Ly {U} + Loy {v} + Ls {1} ]

some Intermediate reslts:
Q¥ = [ (U ][ U, 1) U [T ()]
DR ] el el ) 1)
Q.v(p:{g,uH%,W}_{v%mw.%vlff}
Q¥ 1V = (U)o, )+ U)o v |+l )
) ) R ) F L))
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QY ((v )+ R?[v,, F])x Vo=

—%([u,w],(vi,w)ﬁ%((u, f'),(vi,,,,))_%([u,w], R2[v,, 1])+

(U 000) = (U (00) (U R v D)~ (U7 R,

+_(‘/"(Vi"//))+—('//',(Vi,§//))+¥—;(l// R*[v:, f’])+%(z/,R2[vi, '
L) )] - R T R ]

%(u,w),(vi,w))—%m [ ,Z],m,w))

o) R ) (R0 R 1)

—;—z’[%(viM)}-%[z',(vi,w)]—;—;[z, R*[v., f']]—%[;/, R?[v,, 1']]

E@vn) = Euluw )]+ B )] -5 B

+g(§wﬂﬂ-E(%“WJ”
)] - B R LA] -5 )
([ FAv +(v, 7)) Qg
:{?,u}( [ ]- Ay, + (v, 7))
NER R
R A AR O PR BN
{

(1),
)
)

R*[v,, f’])
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ANyQVv,xVp
:+—([U ,l//],vi)A*l/l_%((U’ f’)’vi)A*V/+(%(U Vi )j A*l//

—(%(t//, ) ))I Ny + (%[ fy, ]j, Ay

1

_?((;{,W),vi)A*w+%(Rz[f’,z],vi)A*w+(%F[;{,vi]jl Ay

Combine and summarize:

”deZRviVL-[(VxQ)x B+(VxB)xQ+V(V-Vp+ypVeV)]

=—[[dRAZRY v, (VxQ)xB+(VxB)xQ+V, (V-Vp+ypVV)]
—%(Q'V v, )’ +(—FA*Vi +(v, f")—[vi,l//’])Q-V(p
= J-J. RdRdZ —Q~V((Vi,w)+ R*[v;, f ’])XV¢+A*1//Q-V v, xVe
Vi (DU 2:)+ e o 70 Vi v |

R
= [RARAZ [ Ly, {U} + L, (V) + Ly { )]
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Appendix F: Magnetic Field Evolution Equation Algebra:

Applying the operator ¢- to (2.1) results in

: F F F v 1(v,
V2f=R|U,— |-| —, 7 |-| = |[V*7+R| L v |-=| 2, f (ﬂAf'
' { RZ} (R "j (Rj o {RZ 4 R(R j R?

n " A" 1 of" 2 8@// 1 ' 1 "
+E[A (RVZf)+ o T az} E{(n,RVif)—[n,'//hE(n,f )}

R p R 01 R\Rp R 01 R%p R 01

+l ;,y/' + E Ay’ +R E "|+R| —— F ,RVZf |+R l,pe + hyper-resistive terms
R{R"p R°p Rp’ R?p’ P

[[(RHS),(R.2)dRdz =~ [[1,¥ -V x ERdRz
=~[[Vo¥x(vE)RdRdz +HV¢>-(V v, xE)RdRdz

=—§vE- dl+ﬂ( -E —dedz
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