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Summer Program in Plasma Physics and Fusion

Engineering

Problem Set #1

June 10, 2015

The following homework is intended to introduce you to the course material and
to set you thinking about some of the things you will be learning. If you cannot
answer all or any of these questions, do not worry about it. Keep the questions in
mind, and, by the end of the week, you should be able to answer them.

Problem 1 Fusion Reactor and its parameters

A typical first-phase-ITER plasma is composed of ionized deuterium at 10keV (assume
the ion and electron temperatures are equal) with a density of 1020 m�3 (or 1014 cm�3)
in a magnetic field of 5T (or 50kG). Calculate the following lengths for the plasma
and compare them to the size of the plasma, a torus with major radius 6.2m and
minor radius 2m.

(a) Debye length

(b) electron and ion gyroradii

(c) electron and ion mean free paths

(d) gyroradius of a 3.5 MeV ↵ particle (the product of a D-T fusion reaction)

In order to estimate the mean free paths, take the ratio of the thermal veloc-
ity to the collision rate. The ln⇤ = 20 in the formula for collision rates.

(e) For a 1000MW electric fusion power plant the size of ITER, how much tritium
in grams is used up per hour?

(f) For the same power plant, how long would it take to burn up a 50:50 DT mix?

(g) For the same power plant, if each neutron stopped displaces one atom in the
blanket, how long would it take to displace most of the atoms in a 0.5m thick
blanket?
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(h) Given that about one atom in 6000 of hydrogen in ocean water is deuterium, and
that the average electricity use per capita in the US is 1700 W, approximately
what volume of seawater provides enough D (then fused with a proportional
amount of Tritium) to power your life for a year?

. . . . . . . . .

Problem 2 Pressure and Energy Density

Using the parameters above, find the plasma pressure in Torr in ITER. What is the
density of kinetic energy? What is the magnetic energy density? About how many
joules are stored in the magnetic fields? How much is this compared to the energy in
TNT?

. . . . . . . . .

Problem 3 Probes and Sheaths

This question is concerned with the plasma sheath – the region that forms between
a plasma and any surface in contact with it.

(a) Say that an isolated object suddenly appears in our uniform proton-electron
plasma, describe in words what happens. Why does the sheath form?

(b) It can be shown that ions are accelerated towards the surface by the sheath
potential so that they reach the surface with the Bohm velocity, cs =

p
kBTe/mi.

Here kB is Boltzmann’s constant, Te is the electron temperature and mi is the
ion mass. Assuming the electrons are thermal (i.e., have a Maxwellian velocity
distribution), what is the voltage di↵erence between the plasma and the object.

(c) Imagine that we now connect a wire to our object, meaning the net current to
the object is no longer constrained to be zero. Describe in words how we can
use this to measure plasma properties. Which properties can we measure? What
happens if the electrons do not have a Maxwellian distribution function.

. . . . . . . . .

Problem 4 Plasma Oscillations

Consider a homogeneous cold electron plasma, where the ions may be assumed to be
an infinitely massive neutralizing background. Suppose that a small fraction of the
electrons in the slab x1 < x < x2 are removed and then placed at x1+L < x < x2+L.

(a) Linearize the fluid equations for the electrons and derive the equation for plasma
oscillations.
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(b) When might the nonlinear terms that you neglected be important?

(c) Sketch the subsequent evolution of the electron density, the electric field, and the
electron fluid velocity. Sketch the trajectory of a single electron.

. . . . . . . . .
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Problem 1 Z-Pinch

Consider a long cylinder of plasma with a current passing through the axis of the
cylinder in the ẑ direction. Ignore variation along z, and assume for simplicity that
the current density can be written as ~

J = J(r)ẑ, i.e., as cylindrically symmetric. The
current heats the plasma through the plasma resistivity, creating a pressure p = p(r).

(a) Show:

~

B = b

✓

(r)✓̂ =
µ

r

Z
r

0

rJ(r)dr. (1)

(b) The time to reach force balance is short, at which point rp = ~

J ⇥ ~

B. Show that:

dp

dr

= �µ

r

J(r)

Z
r

0

rJ(r)dr. (2)

(c) Where is the pressure the highest? Can you see why this might be called a
Z-pinch? These devices, however, succumb to a number of MHD instabilities,
although recently there has been reported stabilization during the current rise.

. . . . . . . . .

Problem 2 Distribution Function

Suppose N electrons are distributed with distribution function f(x, v, t) in 1D. That
is, f(x, v, t)dxdv is the probable number of electrons located at position x with velocity
v at time t within a volume element dxdv.

(a) In terms of f(x, v, t), what is the electron density n(x, t)? And the electron
current density j(x, t)?
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(b) Suppose at t = 0,

f(x, v, t = 0) =

⇢
1, for |x| < x0, |v| < v0;
0, otherwise.

(3)

Sketch f(x, v, t) for non-colliding particles in the absence of external forces.

. . . . . . . . .

Problem 3 Non-Maxwellian Distribution Function

Most of the schemes for extracting energy through nuclear fusion are thermonuclear,
in other words, the plasma ions fusing have a thermal distribution of energies. Why
might one wish for a non thermal distribution? Why might one be stuck with a
thermal distribution?

. . . . . . . . .

Problem 4 Wave Kickin’ (Quasilinear Di↵usion)

Consider an ion immersed in a uniform homogeneous magnetic field pointing in the
ẑ direction. The ion also interacts with a a wave, traveling in the x̂ direction with
phase velocity v0. As the ion gyrates, it is struck by the wave every time its x̂

directed velocity v

x

is equal to the wave phase velocity, i.e., v
x

= v0. Assume that
the interaction with the wave is instantaneous, so it results in no change to the ion
position, but v

x

! v

x

+�v.

(a) Sketch the ion motion prior to interaction with the wave. Sketch the ion motion
subsequent to an interaction with the wave.

(b) As a function of �v, calculate the change in the gyro center of the ion as a result
of interacting with the wave once.

(c) As a function of �v, calculate the change in the energy on the ion as a result of
interacting with the wave once.

(d) If the ion experiences many interactions with the wave, with the sign �v random,
sketch the trajectory of the ion in energy/gyrocenter space.

. . . . . . . . .
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