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A Tutorial on

the Calculus of Variations for Fields

• Action functional → Variational Principle

A[ψa] =
∫

L(ψa, ∂µψ
a; xµ) d4x → δA = 0

◦ Functional derivative

δA ≡

(
d

dε
A[ψa + ε δψa]

)

ε=0
≡

∫
δψa

δA

δψa
d4x

=

∫
δψa

[
∂L

∂ψa
−

∂

∂xµ

(
∂L

∂(∂µψa)

)]
d4x

◦ Variation of Lagrangian density

δL ≡

(
δψa

δA

δψa

)

︸ ︷︷ ︸
Euler-Lagrange Equations

+
∂

∂xµ

[
∂L

∂(∂µψa)
δψa

]

︸ ︷︷ ︸
Noether Equation



• Noether Method

Lagrangian Symmetry ⇔ Conservation Law

◦ Eulerian variation: Dynamical definition

δψa ≡ lim
∆t→0

(
∆t

∂ψa

∂t

)

ẋ∆t→ δx

◦ Lagrangian variation: Constraints!

∆ψa ≡ δψa + δxµ ∂µψ
a

◦ Example: Fluid density (δx = ξ)

∂tn = −∇ · (nu) → δn = − ∇ · (n ξ)

∆(nd3x) ≡ 0 → (∆n) d3x = −n∆(d3x) = −n [(∇ · ξ) d3x]



• Energy-momentum Conservation Law

◦ Infinitesimal space-time translations xν → xν + δxν

δψa = ∆ψa − δxν ∂νψ
a ≡ − δxν ∂νψ

a

δL = − ∂ν

(
δxνL

)

︸ ︷︷ ︸
Density Variation

+ δxν ∂′νL︸ ︷︷ ︸
Explicit Gradient

∂µT
µν = ∂′νL

◦ Canonical energy-momentum tensor

Tµν ≡ gµν L −
∂L

∂(∂µψa)

∂ψa

∂xν

◦ Noether Theorem

Symmetry : ∂′λL = 0 ⇔ Conservation Law : ∂µT
µ
λ = 0



Gyrokinetic Variational Principles

• Gyrocenter Hamilton variational principle

Particle → Guiding-center (gc) → Gyrocenter (gy)

◦ Guiding-center transformation

ρ0 ≡ guiding-center gyroradius

{ , }gc ≡ Guiding-center Poisson bracket

◦ Noncanonical phase-space Lagrangian

Γgy ≡

[(
e

c
A + p‖ b̂

)
· dX − W dt

]

︸ ︷︷ ︸
≡ gc Symplectic Part

− (Hgy −W ) dτ

B ≡ ∇×A = Background magnetic field

(X, p‖,W, t;µ, ζ) ≡ Gyrocenter phase-space coordinates



◦ Gyrocenter Hamiltonian

Hgy(X, p‖, µ, t; φ1) ≡


µB +

p2‖

2m




︸ ︷︷ ︸
≡ Hgc

+ eΦgy(X, µ, t)

◦ Effective gyrocenter potential

Φgy ≡ ε 〈φ1gc〉 −
ε2

2

〈{
S1, φ̃1gc

}

gc

〉
+ · · ·

◦ Gyrocenter transformation (〈 〉 ≡ gyroangle average)

φ1gc ≡ T
−1
gc φ1 = φ1(X + ρ0, t) ≡ 〈φ1gc〉 + φ̃1gc

S1 ≡ (e/Ω)

∫
φ̃1gc dζ



• Gyrocenter Equations of Motion in Axisymmetric

Tokamak Geometry

◦ Gyrocenter Euler-Lagrange equations

0 = δ
∫

Γgy ≡
∫
δZa

(
ωab

dgyZb

dτ
−

∂Hgy

∂Za

)
dτ

e

c

dgyX

dt
×B∗ −

dgyp‖

dt
b̂ −∇Hgy = 0 = b̂ ·

dgyX

dt
−
∂Hgy

∂p‖

B∗ ≡ ∇×

(
A + p‖

cb̂

e

)
→ B∗

‖ ≡ b̂ ·B∗



◦ Gyrocenter noncanonical Hamilton equations

dgyX

dt
=

p‖

m

B∗

B∗
‖

+
cb̂

eB∗
‖

×∇Hgy

dgyp‖

dt
= −

B∗

B∗
‖

·∇Hgy

1

B∗
‖

∇ ·

(
B∗
‖

dgyX

dt

)
+

1

B∗
‖

∂

∂p‖

(
B∗
‖

dgyp‖

dt

)
≡ 0

◦ Gyrocenter canonical Hamilton equations

pgy ≡
e

c
A + p‖ b̂ ⇒

dgypgy

dt
= − ∇Hgy



◦ Axisymmetric Tokamak Geometry

B ≡ ∇ϕ×∇ψ + q(ψ) ∇ψ×∇ϑ

◦ Toroidal canonical gyrocenter momentum

pgyϕ ≡
∂X

∂ϕ
·pgy = −

e

c
ψ + p‖ bϕ

◦ Gyrocenter toroidal-momentum Euler-Lagrange

equation

−
∂Hgy

∂ϕ
=

∂X

∂ϕ
·

(
dgyp‖

dt
b̂ −

e

c

dgyX

dt
×B∗

)

=
dgyp‖

dt
bϕ −

(
e

c

dgyψ

dt
− p‖

dgybϕ

dt

)

≡
dgy

dt
pgyϕ



• Gyrokinetic Vlasov-Poisson Action Functional

Agy =

∫
d4x

8π

(
ε2 |E1|

2 − |B|2
)

−
∑ ∫

d8Z Fgy(Z) Hgy(Z; φ1)

≡
∫

Lgy d
4x

◦ Extended gyrocenter Hamiltonian

Hgy(Z; φ1) ≡ Hgy(X, p‖, µ, t; φ1) − W

◦ Extended gyrocenter Vlasov distribution

Fgy(Z) ≡ c δ(W −Hgy) F (X, p‖, µ, t)



• Gyrokinetic Vlasov-Poisson Variational principle
∫
δLgy d

4x = 0

δLgy = − ε δφ1

[
∑ ∫ (

ε−1δHgy

δφ1

)
Fgy d

4p

]

+
ε2

4π
(δE1 ·E1) −

∑ ∫ [
δFgyHgy

]
d4p

◦ Eulerian variation of Vlasov distribution

δFgy ≡ {Sgy, Fgy}gc =
1

B∗
‖

∂

∂Za

(
B∗
‖ Sgy{Z

a, Fgy}gc

)

◦ Functional derivative [δ3gc ≡ δ3(X + ρ0 − x)]

ε−1 δHgy

δφ1(x)
= e

〈
δ3gc − ε {S1, δ

3
gc}gc + · · ·

〉
≡ e

〈
T
−1
gy δ

3
gc

〉



• Total Gyrocenter Reduced Displacement

T
−1
gy δ

3
gc ≡ T

−1
ε δ3(X − x) ≡ δ3(X + ρε − x)

ρε ≡ ρ0 + ερ1 + · · ·

= (ρ00 + εB ρ01 + · · · ) → Guiding-center

+ ε (ρ10 + εB ρ11 + · · · ) + · · · → Gyrocenter

◦ First-order gyrocenter displacement

ρ10 ≡

{
X + ρ00, S10

}

gc
= 〈ρ10〉 + ρ̃10

◦ Gyrokinetic polarization = Guiding-center (εB 〈ρ01〉)

+ Gyrocenter (ε 〈ρ10〉+· · · )



• Final form of Gyrokinetic Vlasov-Poisson

Variational principle

∫
δLgy d

4x =

∫
ε δφ1

[
ε∇ ·E1

4π
−
∑

e
∫
F
〈
T
−1
gy δ

3
gc

〉
d6z

]
d4x

−
∑ ∫

Sgy

{
Fgy, Hgy

}

gc
d8Z

+
∫ (

∂Λ

∂t
+ ∇ ·Γ

)
d4x → 0

◦ Noether fields

Λ ≡
∑ ∫

Sgy Fgy d
4p

Γ ≡ −
ε2 δφ1

4π
E1 +

∑ ∫ (
SgyFgy

)
dgyX

dt
d4p



• Gyrokinetic Vlasov Equation

{Fgy, Hgy}gc = 0

0 =
∂F

∂t
+

{
F, Hgy

}

gc

≡
∂F

∂t
+

dgyX

dt
·∇F +

dgyp‖

dt

∂F

∂p‖

◦ Iterative solution of (Particle) Vlasov equation

f ≡ TεF = Tgc(TgyF ) ' e−ρ0 ·∇
(
F + ε {S1, F}gc + · · ·

)

0 =
df

dt
→ 0 = T

−1
ε

[
d

dt

(
TεF

) ]
≡

dεF

dt



• Gyrokinetic Poisson Equation

ε ∇ ·E1 = 4π
∑

e
∫
F
〈
T
−1
gy δ

3
gc

〉
d6z

≡ 4π

(
% − ∇ · P

)

◦ Gyrocenter charge density

% ≡
∑

e
∫
F d3p

◦ Gyrocenter polarization → multipole expansion

P ≡
∑

e
∫
F 〈ρε〉 d

3p
︸ ︷︷ ︸

Linear

− ∇ ·

(∑ e

2

∫
F

〈
ρερε

〉
d3p

)

︸ ︷︷ ︸
Quadratic (with FLR)

+ · · ·



Gyrokinetic Energy-Momentum Conservation Laws

• Noether Equation

δLgy =
∂Λ

∂t
+ ∇ ·Γ

◦ Eulerian variations associated with space-time

translations

Sgy ≡ −W δt + pgy · δx

δφ1 ≡ − δt ∂tφ1 + δx ·E1

δLgy = − ∂ν

(
δxνLgy

)
+ δxν ∂′νLgy

◦ Explicit gradient in time-independent (∂′tLgy ≡ 0)

nonuniform background plasma

∇′Lgy = −

(
B

4π
+
∑∫

F µ d3p

)
∇B −

∑
e
∫
F ∇′Φgy d

3p



• Gyrokinetic Energy Conservation Law

∂E

∂t
+ ∇ ·S = 0

◦ Gyrokinetic energy density

E =
∑ ∫

F
(
Hgy − ε e

〈
T
−1
gy φ1gc

〉)
d3p +

ε2 |E1|
2

8π

◦ Gyrokinetic energy-density flux

S =
∑ ∫

F Hgy
dgyX

dt
d3p +

ε2 φ1

4π

∂E1

∂t



• Gyrokinetic Linear Momentum Conservation Law

∂P

∂t
+ ∇ ·Π = −

∑∫
F ∇′Hgy d

3p

◦ Gyrokinetic momentum density

P =
∑ ∫

F pgy d
3p

◦ Gyrokinetic momentum-stress tensor

Π =
ε2

4π

(
|E1|

2 I

2
− E1 E1

)
+

∑ ∫
F
dgyX

dt
pgy d

3p



• Proofs of Energy-Momentum Conservation

◦ Gyrokinetic Energy Conservation

∂E

∂t
= − ∇ ·S +

∑
ε e
∫
F

[〈
T
−1
gy

(
∂φ1gc

∂t

)〉
−

〈
∂

∂t

(
T
−1
gy φ1gc

)〉]

+
ε2φ1

4π
∇ ·

∂E1

∂t
−
∑

ε e
∫
∂F

∂t

〈
T
−1
gy φ1gc

〉
≡ − ∇ ·S

◦ Gyrokinetic Momentum Conservation

∂P

∂t
= − ∇ ·Π +

∑ ∫
F

(
dgypgy

dt
− ε e

〈
T
−1
gy E1gc

〉)

= − ∇ ·Π +
∑ ∫

F

[(
−µ ∇B − ε e ∇Φgy

)

+ ε e

(
∇Φgy − ∇′Φgy

)]

≡ − ∇ ·Π −
∑ ∫

F ∇′Hgy



• Gyrokinetic Angular Momentum Conservation

in Axisymmetric Tokamak Geometry

◦ Infinitesimal toroidal rotation

δx ≡
∂x

∂ϕ
δϕ = δϕ ẑ ×x

◦ Gyrokinetic angular-momentum conservation law

∂Pϕ

∂t
+ ∇ ·Πϕ =

∂′Hgy

∂ϕ
≡ 0 (axisymmetry)

◦ Gyrokinetic angular-momentum density

Pϕ ≡
∑ ∫

F pgyϕ d
3p

◦ Gyrokinetic angular-momentum flux

Πϕ ≡

(
ε2

8π
|E1|

2

)
∂X

∂ϕ
−

ε2

4π
E1

(
E1 ·

∂X

∂ϕ

)

+
∑ ∫

F
dgyX

dt
pgyϕ d

3p



◦ Gyrokinetic Poisson equation ⇒

∇ ·

[(
ε2

8π
|E1|

2

)
∂X

∂ϕ
−
ε2

4π
E1

(
E1 ·

∂X

∂ϕ

)]
=

∑ ∫
F
∂Hgy

∂ϕ
d3p

∂Hgy

∂ϕ
= ε e

〈
∂φ1gc

∂ϕ
− ε

{
S1,

∂φ1gc

∂ϕ

}

gc

+ · · ·

〉

≡ ε e

〈
T
−1
gy

(
∂φ1gc

∂ϕ

)〉

◦ Scott-Smirnov equation

(Gyrokinetic Vlasov moment approach)

∂Pϕ

∂t
= − ∇ ·Qϕ −

∑ ∫
F

(
∂Hgy

∂ϕ

)
d3p

Qϕ ≡
∑∫

F
dgyX

dt
pgyϕ d

3p



Gyrokinetic Momentum Conservation in

Axisymmetric Tokamak Geometry

• Magnetic-surface average

J · · · K ≡
1

V

∮
(· · · ) J dϑ dϕ

◦ Jacobian for magnetic coordinates (ψ, θ, ϕ)

J−1 ≡ ∇ψ×∇θ ·∇ϕ = Bθ

V(ψ) ≡
∮

J dϑ dϕ

◦ Important identity for arbitrary vector field C

J∇ ·CK ≡
1

V

∂

∂ψ

(
V

r
C ·∇ψ

z)



• Gyrokinetic parallel-toroidal momentum equation

◦ Gyrokinetic parallel-toroidal momentum

P‖ϕ ≡ Pϕ +
ψ

c
% =

(∑ ∫
F p‖ d

3p

)
bϕ

◦ Gyrokinetic parallel-toroidal momentum equation

∂P‖ϕ

∂t
+ ∇ ·Qϕ =

ψ

c

∂%

∂t
−
∑ ∫

F
∂Hgy

∂ϕ
d3p



◦ Surface-averaged gyrokinetic parallel-toroidal

momentum equation

∂JP‖ϕK
∂t

= −
1

V

∂

∂ψ

(
V

r
Qψϕ

z)
+

ψ

c

∂J%K
∂t

−
∑ s∫

F
∂Hgy

∂ϕ
d3p

{

JQψϕK =
∑ s∫

F
dgyψ

dt
pgyϕ d

3p

{

≡ JQψ
‖ϕ

K −
ψ

c

(
∑

e

s∫
F
dgyψ

dt
d3p

{)

︸ ︷︷ ︸
Gyrocenter current J∇ψ ·JK



◦ Gyrocenter charge conservation law

∂J%K
∂t

= − J∇ ·JK ≡ −
1

V

∂

∂ψ

(
V
∑

e

s∫
F
dgyψ

dt
d3p

{)

∂JP‖ϕK
∂t

= −
1

V

∂

∂ψ

(
V

r
Q
ψ
‖ϕ

z)

+
∑

e

s∫
F

(
1

c

dgyψ

dt
−

∂Φgy

∂ϕ

)
d3p

{

1

c

dgyψ

dt
−

∂Φgy

∂ϕ
≡ Generalized toroidal electric field



◦ Gyrocenter quasineutrality condition

E1 + 4πP ' 4πP ⇒ % ≡ ∇ · P

∂J%K
∂t

≡

s
∇ ·

∂P

∂t

{
=

1

V

∂

∂ψ

(
V
∂JPψK
∂t

)

◦ Gyrocenter charge conservation law ⇒

∂JPψK
∂t

+
∑

e

s∫
F
dgyψ

dt
d3p

{
≡ 0



◦ Parallel-toroidal momentum equation

∂

∂t

(
JP‖ϕK +

1

c
JPψK

)
= −

1

V

∂

∂ψ

(
V JQψ

‖ϕ
K
)

−
∑

e

s∫
F
∂Φgy

∂ϕ
d3p

{

◦ Physics of total toroidal-momentum density

(
∂X

∂ϕ
· p‖ b̂

)

︸ ︷︷ ︸
→ P‖ϕ

+


∂X
∂ϕ

×
b̂

Ω
·


µ∇B +

p2‖

m
b̂ ·∇b̂ + ε e∇φ1






︸ ︷︷ ︸
→ c−1 Pψ



• Gyrokinetic Parallel-toroidal Momentum

Conservation Law

◦ Multipole expansion + Quasineutrality condition

∂Hgy

∂ϕ
≡ ε e

(
∂φ1

∂ϕ
+ 〈ρε〉 ·∇

∂φ1

∂ϕ
+

1

2
〈ρερε〉 : ∇∇

∂φ1

∂ϕ
+ · · ·

)

∑ ∫
F
∂Hgy

∂ϕ
d3p =

∇ ·

[
εP

∂φ1

∂ϕ
+ ε

(∑ e

2

∫
F 〈ρερε〉 d

3p
)

·∇
∂φ1

∂ϕ
+ · · ·

]

◦ ZLR model of Scott and Smirnov

P ' ε (mnc2/B2)∇⊥φ1



◦ Gyrokinetic parallel-toroidal momentum

conservation law

0 =
∂

∂t

(
JP‖ϕK +

1

c
JPψK

)
+

1

V

∂

∂ψ

(
V JQψ

‖ϕ
K
)

+
1

V

∂

∂ψ

[
V

(
ε

s
Pψ

∂φ1

∂ϕ
+ Rψ

·∇
∂φ1

∂ϕ
+ · · ·

{) ]

Rψ ≡ ∇ψ ·

(∑ e

2

∫
F 〈ρερε〉 d

3p

)
= R

ψ
0 + εR

ψ
1 + · · ·

◦ Residual-stress toroidal-momentum transport

Pψ
∂φ1

∂ϕ
≡ Turbulent contribution

Rψ
·∇

∂φ1

∂ϕ
≡ Electric-field shear-induced contribution



Summary and Future Work

• Noether Method

Frontload Physics into Lagrangian ⇒ Exact Conservation Laws

• Dynamical Reduction

Conservation of Toroidal Canonical Momentum

pgyϕ = − e
c ψ + p‖ bϕ

⇓

Conservation of Toroidal Momentum Density
∑∫

F
(
m

dgyϕ
dt

)
d3p

• Future Work: Electromagnetic Case


