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Steepest-descent moment method for three-dimensional

magnetohydrodynamic equilibria
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! An energy principle is used to obtain the solution of the magnetohydrodynamic (MHD)
equilibrium equation J XB — Vp = 0 for nested magnetic flux surfaces that are expressed in the
inverse coordinate representation x = x(p, 8, £ ). Here, 6 and ¢ are poloidal and toroidal flux
coordinate angles, respectively, and p = pip) labels a magnetic surface. Ordinary differential
equations in p are obtained for the Fourier amplitudes {moments) in the doubly periodic spectral
decomposition of x. A stecpest-descent iteration is developed for efficiently solving these
nonlinear, coupled moment equations. The existence of a positive-definite energy functional
guarantees the monotonic convergence of this iteration toward an equilibrium solution (in the
absence of magnetic island formation). A renormalization parameter 4 is introduced to ensure the
rapid convergence of the Fourier series for x, while simultaneously satisfying the MHD
requirement that magnetic field lines are straight in flux coordinates. A descent iteration is also
developed for determining the self-consistent value for 4.

I. INTRODUCTION

The global analysis of finite-aspect-ratio, high-beta,
three-dimensional {3-D) toroidal configurations with com-
plex external coil configurations of the type envisioned for
fusion reactor applications generally requires numerical

" methods. The variational formulation of magnetohydrodyn-

amic (MHD) equilibria'? provides a mathematically effi-
cient prescription for treating the truncation or closure of an
approximate finite-series solution of the nonlinear equilibn-
um equations. Also inherent in any energy principle is an
iteration scheme for obtaining the solution of this truncated
set of equations, which is based on seeking the minimum

energy state.
The practical application of variational principles for

obtaining numerical equilibriz has progressed recently, so

that there are currently fully 3-D codes based on either Eu-
lerian® or Lagrangian* formulations. Both of these methods
are numerically inefficient in comparison with moment
methods that have been previously applied to two-dimen-
sional (2-D) problems arising in systems with an ignorable
spatial coordinate’® or that result from averaging 3-D equili-
bria.® This has prompted the present formulation of 3-D mo-
ment equilibria, as well as an alternate approach’ based on
the variational principle of Grad.?

The moment expansion of the plasma equilibrium re-
sults in a finite set of coupled, nonlinear, ordinary differen-
tial equations for the Fourier amplitudes of the inverse map-
ping® x = x(p, 6, ¢), where (g, 6, ¢} are flux coordinates, p
labels the flux surfaces [constant pressure contours), and &
and £ are poloidal and toroidal angle variables, respectively.

" In the present paper, a steepest-descent procedure is devel-

oped for solving the nonlinear moment equafions that arise
in MHD equilibrium problems. This is the Fourier space
formulation of the numerical schieme used in Ref. 4.
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The success of moment methods is attributable in part
to the rapid convergence of the Fourier series for the inverse
equilibrium coordinates. In the present formulation, this
convergence property is ensured by introducing a renormal-
ization parameter (Sec. II) to distinguish between the geo-
metric and the magnetic poloidal angles (the latter describes
straight magnetic field lines).

The MHD energy principle’ is used in Sec. I1I to obtain
the equilibrium equations in a conservative form. 1t is shown
that the vanational moment equations correspond to the
spectral coefficients of the covariant components of the
MHD force. In Sec. 1V, the Fourier decomposition of the
inverse mapping is introduced, and the steepest-descent
method of solution for the moment amplitudes is derived.
The boundary conditions at the magnetic axis and at the
plasma edge are discussed in Sec. V, and the descent algo-
rithm is generalized toinclude a vacuum region surrounding
the plasma. The moment representation of an analytic 2-D
equilibrium is given in Sec. VI to clarify the role of the poloi-

- dal angle 8. Some details of the numerical techniques used to

solve the inverse equations are given in Sec. VII. A Galerkin
method for treating the magnetic axis and plasma shift is
described in Sec. VIII, and some numerical results are pre-
sented in Sec. IX.

The equilibria calculated here have a single magnetic
axis. By applying magnetic perturbations of the form
B = VXA, B, whered, =Z,_  4,.plexplilm8 — n{}}, it
is possible to investigate the stability of these equilibria to &
more gencra] class of (tcanng) pcrturbanons

R

ll EQU)LIBRIUM EQUATIONS INFLUX COORDIHATES

“The equations describing MHD equilibrium of a static
{no Buid flow), isotropic plasma are the force balancc cqu.a-
tion and Ampere’s and Gauss's laws: T
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SEOMETRIC IWFORMATION based on F'
MHD equilibrium C(Jacokbian) is
condensed into a handful of 1d
functions which are all that

are needed to solwve the transport
and poloidal field equations.
These ftunctions are ewvaluated by
3 highly accurate numeric integ-
tator (E. McCann) each time a new
MHD eouilibrium 1s calculat Ej.
These geametric mquantities ar
summarlized helow:
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