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Bifurcations in elliptical, asymmetric non-neutral plasmas
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A pure electron plasma held in a Malmberg—Penning trap deforms into an ellipse when subjected
to a stationaryl=2 voltage perturbation on the trap wall. At first, the plasma’s ellipticity is
proportional to the strength of the perturbation, but once the perturbation increases beyond a critical
value, the plasma equilibrium bifurcates into two stable off-axis equilibria and an unstable saddle.
At the bifurcation point, thd =1 diocotron frequency dips to near zero. The diocotron orbits
become very elliptical just below the bifurcation, and, after the bifurcation, split into three classes
delimited by a separatrix: two classes surrounding the individual new equilibria, and one class
surrounding both equilibria. The mode frequencies slow near the separatrix, and the trajectories
themselves slow near the saddle at the origin. Interaction with the elliptical mode causes the
diocotron mode to spontaneously and reversibly jump across the separatri00® American
Institute of Physicq.S1070-664X00)04010-4

I. STATIONARY ELLIPTICAL PERTURBATIONS the perturbation voltage in Fig. 4 and the plasma’s ellipticity
) ) , is plotted in Fig. 5. The theory curves in both graphs are
Pure-electron plasmas form into circular cylinders Whe”derived from a second-moment Hamiltonian model given by
confined in Maimberg—Penning trafsee Fig. 1 with azi- 46 The model describes two-dimensiofi2D) motion in
muthally symmetric trap walls. When azimuthal sectors ony,, plane perpendicular to the trap at@sd magnetic field
the wall are biased to make\acos Z-like voltage perturba- 54 assumes that the plasma has a flat-top densityd an
tion, the plasma deforms into an elliptical cylinder like that ;.aon  Motion along the trap axis is ignored. Chu’s Hamil-
shown in Fig. 2. Despite the lack of azimuthal symmétry, tonianp is the sum of three termsd,, the exact self-
the plasma_ is s;able,_stationary in_ the lab frame, and reasokieraction energy of an elliptical plasma in free spade;
ably long-lived Curiously, negative voltages attract the he exact interaction energy of a circular plasma with its own
negatlvelycharg_ed plasma, Whllposm\_/evoltages repel the image and with the external potentiéi(r,6); andH,, a
plasma. Thus, in Fig. 2 the plasma is squeezed away frofgries expansion, accurate to ordel, of the interaction
the +17V applied to the left and right sectors. energy with the image and with the applied field due to the

Some years ago, we studied the effects of small voltag@eyjation of the plasma from circular to elliptical. Thus,
perturbations on the plasma shadeRecently we extended

these studies to strong perturbations and highly deformed

plasmas:® For a V cos ¥-like perturbation, we predicted oo Vﬁl
that the plasma becomes increasingly elliptical as the pertur- s 2 :
bationV increases. WheW exceeds a critical voltage, the

system undergoes a classic pitchfork bifurcation, and the )
plasma moves qff center to one of .tvv.o new equilibria. As H,= —Vp¢(r,6)+vgln( 1— r_2) )
illustrated in Fig. 3, these predictions are born out R

experimentally.

Trap construction asymmetries favor one of the postbi-
furcation equilibria over the other, but the effect of these
asymmetries can be tuned out by applying a small voltage to
the top or bottom sectors or by making the left and right
sector voltages slightly different. Here we tune by applying a @
voltageV,= BV to the bottom sector. Typically the balance
proportionality | 8| is less than 0.005. The tuning is quite
sharp; changing by less than 0.0015 will consistently send
the plasma up or down. In Fig. 3, for example, changihg
from —0.0027 to— 0.0031 changed the selected equilibrium.F'G- 1. Basic Malmberg—Penning trap geometry. Negatively biasing the

R end cylinders provides axial confinement, and the axial magnetic field pro-
Over the course of a few days, however, the equ"lb”ﬂm vides radial confinement. The plasma is emitted from the filament on the

can drift. left, and loaded into the trap by temporarily grounding the left cylinder.

The plasma’s center-of-charge is plotted as a function oPetails of the trap operation can be found in Ref. 14. The center section of
the trap wall shows three of the four electrically isolated, azimuthal sectors,
which, when biased appropriately, produce the desired édi&e voltage
dElectronic mail: joel@physics.berkeley.edu perturbation.
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+0.0V X axis. All the terms in the Hamiltonian are normalized by
/\ 47eqy, and are in mks units. The plasma densityenters
these equations throughi,=enA,/4me,, wheree is the
magnitude of the electron charge. The momenta conjugate to
¢ and ¢ are P,=(BV,/2)r? and P,=(BV,A,/8m)[(1
+A?)/\], whereB is the trap’s axial magnetic field. As with
+17.0v ° +17.0v the terms proportional to the external potential, the magne-
tron terms come from averaging the magnetron potential,
V,r2/R? over the 2D elliptical plasma, where the propor-
tionality V,, comes from averaging the confining field’s ra-
dial component over the plasma length. The magnetron term

adds an extra drive equal to {/BR?)V,, to both thed and
the ¢ equations of motion.

FIG. 2. Experimental image of the end view of a plasma deformed into an

ellipse by the application of-17.0 V to the side sectors. The0.046 V

applied to the bottom sector is a balancing voltage, described later in the

-0.046V

paper. Il. BIFURCATIONS
If the external potential is given by cos 2, V,,=0,
VA [1=N\2\[ 2Vv.r2 and, if corrections fron\# 1 are ignored, then the position
\= oS A0— @) of the plasma is given b
8w A (Re—r%) p g y
PP sin2(0—¢) P x=0
+ — — ’
Cos2A6=¢) 2 r arae
N sin2(6—¢) d¢ @ 0 V<V,
e 0] YEIRISVIV vV,
To Chu’s Hamiltonian we add a “magnetron” term coming
from the confining fields at the ends of the trap, where the critical bifurcation voltag¥€. equalsV,. In the
P experiment, however, the trap’s four 90° sectors do not gen-
Yy VoA, ) . . .
Hp=— V (1+N\H)V,,. (4) erate a pure cos2field; rather, they generate a field given

2 - 2
R® "™ 4mR by the Fourier sumda(r,0)=VZA,cosmd, where A,

Herer and 6 are the position and angle of the center-of- =(— 1™ 2M(4/mm), m=2,6,1Q.... Consequently the
charge of the plasma, is the aspect ratio of the plasma, and equilibrium must be found by solving for=0, 6=0, ¢
¢ is the angle between the major axis of the plasma and the: 0, ande=0 numerically. Moreover, our plasma is neither

+0.0V

+0.0V /’\
N
000 ‘ +28.3V + +28.3v
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FIG. 3. Experimental images of the end view of a plasma as it is subjected to ever greater voltages on the side sectors. The bifurcation occur3lae17.67 V.
bottom sector is tuned to select the up or down equilibrium. In each image, the plus marks the center of the trap, while the small circle marks the
center-of-charge of the plasma.
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FIG. 4. Measuredtriangles and predictedline) center-of-chargénormal-
ized by the wall radiusof the ellipse as a function of the perturbation
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FIG. 6. Diocotron frequency as a function of the perturbation voltage. The
measured value§,=47.6 kHz andV.=17.67 V are used to calculate the

voltage. The bifurcation occurs at 17.67 V. The up and down equilibria ar&heory line.

selected by tuniny,, .

creasingly important as the plasma approaches the wall, as is

flat-topped nor infinite length, so we cannot use Chu’s equaclearly visible for theV=28.3V plasmas in Fig. 3.

tions directly. In principle, we could find a new set of equa-

tions by averaging over the observed plasma density profilg;; pjocoTRON MODE
and by bounce averaging along the trap axis. However, we . o . )
can get satisfactory results simply by definivig such that An important prediction of the theory is that the dio-

the theory predicts the bifurcation to occur at the measure@otron frequency goes to zero at the bifurcation. Thel
bifurcation voltageV.=17.67 V. Thus, diocotron mode is driven by the plasma image charge fields,

but, at the bifurcation, these fields are canceled by the fields
from the perturbation voltage. Consequently the diocotron

V- AVe—Vn (5) stalls. Theoretically, the small-amplitude diocotron fre-
—_2c n
P A, Ne—1 quency should be
1_
47R% A,

A ) . | | f foVl—VIV, V<V,
whereA,V. is the cos 2 component of the external potentia = s ,
at the bifurcation, and ;= 1.45 is the measured ellipticity at 2To(VIV)TNI=VeIV V>V,

the bifurcation. The value of the magnetron potentigl, ) )
=6.1V, is determined from the measured plasma densityvherefo is the unperturbed diocotron frequency. As shown

and confining field§. Equation(5) depends weakly on the N Fig. 6, this predictio_n is verified by our experiments. H0\_/v—
plasma ared\,, but Chu’'sA, also assumes that the plasma eVver, the meaSL_Jred d!ocotron fregyency does not go precisely
is flat-topped. Fortunately, the initial slope of thevs ellip- 0 zero at the bifurcation. The minimum frequency is a sharp
ticity data is proportionalA,, so we can findv, and an function of thg bal_a_nce proporti_onalit@see Fig. 7. When
effectiveA,, by using this slope and the measured bifurcationdétuned, nonlinearities dropped in the analysis leading to Eq.
voltage simultaneously. The resulting theory lines are plotted®) keep the diocotron frequency finite. The importance of
in Figs. 4 and 5. The discrepancy between the ellipticity datdh€se nonlinearities is magnified by the shape of the dio-

and theory curve for very large voltages is probably due tOtron orbits near the b_ifu_rcation, which, as shown _in Fig. 8,
the higher order terms in the potential. Such terms are inbe€comes extremely elliptical. Even very low amplitude or-
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FIG. 7. Minimum diocotron frequency as a function of the balance propor-

FIG. 5. Measureddots and predictedline) ellipticity as a function of the
perturbation voltage.

tionality 8. (The optimalB, +0.005, has drifted from the optimglfound in
Fig. 3)
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+17.4V FIG. 10. Signal induced on the upper sector by the plasma charge demon-

strating separatrix jumping. The magnitude and sign of the signal depends
on the position of the plasma, with large negative-going signals indicating

\/ that the plasma is close to the upper sector, and smaller positive-going

+0.01V signals indicating that the plasma is far from the upper sector. The labels
indicate the instantaneous orbit class.

FIG. 8. Measured diocotron orbits just below bifurcation. Proceeding out-

wards, the orbit frequencies are 4, 8, 16, and 16 kHz. The ellipticity of the

4 kHz orbit is almost 28. . . . . -
frequencies. As the jumps can continue for over fifty milli-

seconds, making many transitions therein, they cannot be

bits have large vertical excursions, and sample the nonlindue to dissipation. We suspect that they are caused by an

earities found away from the origin. The postbifurcation dio-eXxchange of energy between the diocotron mode and the el-

cotron orbits (Fig. 9) exhibit all the phase-space features liptical mode; strictly speaking, the separatrix only exists for

associated with a 2D bifurcatichthere are teardrop shaped the two-dimensional X;,y.) system, not for the full

closed orbits around each of the two new equilibria as wel(Xc:Yc. N, @) system. Previous experiments on adiabatic

as peanut shaped orbits which close around both equilibridivariants® two-vortex stability' and on autoresonante

the equilibria themselves are separated by a saddle, tHeave demonstrated that the diocotron mode is well decoupled

saddle connects to a separatrix which delimits the teardrofom the elliptical mode. Effectively irreversible

and peanut OrbitS, the orbit frequencies are lowest near tH-@teraCtiongs have been observed between the diocotron and

separatrix, and the orbital velocities slow near the saddle. €lliptical modes, but this may be the first time that reversible
Classically, the separatrix between the teardrop and pe&oupling has been observed.

nut orbit is inviolable. We find, however, that if we drive the

diocotron mode too close to the separatrix, the plasma caf. CONCLUSIONS

spontaneously jump between the three orbit classes. The

jumps are not repeatable, and occur at random intervals. ées

typical sequence is shown in Fig. 10. All the teardrop orbitshav

in the sequence have roughly the same frequency, impIyinﬁflz

that the teardrop orbit amplitudes do not change. The pean rge?aasrfgggrergsh%f dzlfc?aosglr{[re;(r-] ttrm c;'c;'r:n:)r(lse'?nrﬁl leggrsu
orbit frequencies are approximately half the teardrop orbit P P ’ q

polar strain applied to a vortex will cause it to deform, and a
strong enough strain will cause the vortex to bifurcate away
from the center of the strain.

Because of the close relationship between the equations
cribing the behavior of pure-electron plasmas and the be-
ior of two-dimensional, inviscid fluids, all of the phe-
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