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Bifurcations in elliptical, asymmetric non-neutral plasmas
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~Received 22 May 2000; accepted 15 June 2000!

A pure electron plasma held in a Malmberg–Penning trap deforms into an ellipse when subjected
to a stationary,l 52 voltage perturbation on the trap wall. At first, the plasma’s ellipticity is
proportional to the strength of the perturbation, but once the perturbation increases beyond a critical
value, the plasma equilibrium bifurcates into two stable off-axis equilibria and an unstable saddle.
At the bifurcation point, thel 51 diocotron frequency dips to near zero. The diocotron orbits
become very elliptical just below the bifurcation, and, after the bifurcation, split into three classes
delimited by a separatrix: two classes surrounding the individual new equilibria, and one class
surrounding both equilibria. The mode frequencies slow near the separatrix, and the trajectories
themselves slow near the saddle at the origin. Interaction with the elliptical mode causes the
diocotron mode to spontaneously and reversibly jump across the separatrix. ©2000 American
Institute of Physics.@S1070-664X~00!04010-6#
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I. STATIONARY ELLIPTICAL PERTURBATIONS

Pure-electron plasmas form into circular cylinders wh
confined in Malmberg–Penning traps~see Fig. 1! with azi-
muthally symmetric trap walls. When azimuthal sectors
the wall are biased to make aV cos 2u-like voltage perturba-
tion, the plasma deforms into an elliptical cylinder like th
shown in Fig. 2. Despite the lack of azimuthal symmetr1

the plasma is stable, stationary in the lab frame, and rea
ably long-lived.2 Curiously, negative voltages attract the
negativelycharged plasma, whilepositivevoltages repel the
plasma. Thus, in Fig. 2 the plasma is squeezed away f
the 117 V applied to the left and right sectors.

Some years ago, we studied the effects of small volt
perturbations on the plasma shape.3,4 Recently we extended
these studies to strong perturbations and highly deform
plasmas.5,6 For a V cos 2u-like perturbation, we predicted
that the plasma becomes increasingly elliptical as the pe
bation V increases. WhenV exceeds a critical voltage, th
system undergoes a classic pitchfork bifurcation, and
plasma moves off center to one of two new equilibria.
illustrated in Fig. 3, these predictions are born o
experimentally.7

Trap construction asymmetries favor one of the pos
furcation equilibria over the other, but the effect of the
asymmetries can be tuned out by applying a small voltag
the top or bottom sectors or by making the left and rig
sector voltages slightly different. Here we tune by applyin
voltageVb5bV to the bottom sector. Typically the balanc
proportionality ubu is less than 0.005. The tuning is qui
sharp; changingb by less than 0.0015 will consistently sen
the plasma up or down. In Fig. 3, for example, changingb
from 20.0027 to20.0031 changed the selected equilibriu
Over the course of a few days, however, the equilibriumb
can drift.

The plasma’s center-of-charge is plotted as a function

a!Electronic mail: joel@physics.berkeley.edu
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the perturbation voltage in Fig. 4 and the plasma’s elliptic
is plotted in Fig. 5. The theory curves in both graphs a
derived from a second-moment Hamiltonian model given
Chu.4,6 The model describes two-dimensional~2D! motion in
the plane perpendicular to the trap axis~and magnetic field!,
and assumes that the plasma has a flat-top densityn and an
areaAp . Motion along the trap axis is ignored. Chu’s Ham
tonian is the sum of three terms:Hs , the exact self-
interaction energy of an elliptical plasma in free space;Hc ,
the exact interaction energy of a circular plasma with its o
image and with the external potentialf(r ,u); and Hl , a
series expansion, accurate to orderAp

3 , of the interaction
energy with the image and with the applied field due to
deviation of the plasma from circular to elliptical. Thus,

Hs52
Vp

2

2
lnF ~11l!2

4l G , ~1!

Hc52Vpf~r ,u!1Vp
2 lnS 12

r 2

R2D , ~2!

FIG. 1. Basic Malmberg–Penning trap geometry. Negatively biasing
end cylinders provides axial confinement, and the axial magnetic field
vides radial confinement. The plasma is emitted from the filament on
left, and loaded into the trap by temporarily grounding the left cylind
Details of the trap operation can be found in Ref. 14. The center sectio
the trap wall shows three of the four electrically isolated, azimuthal sect
which, when biased appropriately, produce the desired cos 2u-like voltage
perturbation.
9 © 2000 American Institute of Physics

 AIP copyright, see http://ojps.aip.org/pop/popcpyrts.html.
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Hl5
VpAp

8p S 12l2

l D F 2Vpr 2

~R22r 2!2 cos 2~u2w!

1cos 2~u2w!
]2f

]2r
2

sin2~u2w!

r

]2f

]r ]u

1
sin 2~u2w!

r 2

]f

]u G . ~3!

To Chu’s Hamiltonian we add a ‘‘magnetron’’ term comin
from the confining fields at the ends of the trap,

Hm52
Vpr 2

R2 Vm2
VpAp

4plR2 ~11l2!Vm . ~4!

Here r and u are the position and angle of the center-o
charge of the plasma,l is the aspect ratio of the plasma, an
w is the angle between the major axis of the plasma and

FIG. 2. Experimental image of the end view of a plasma deformed into
ellipse by the application of117.0 V to the side sectors. The20.046 V
applied to the bottom sector is a balancing voltage, described later in
paper.
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x̂ axis. All the terms in the Hamiltonian are normalized b
4p«0 , and are in mks units. The plasma densityn enters
these equations throughVp5enAp/4p«0 , where e is the
magnitude of the electron charge. The momenta conjugat
u and w are Pu5(BVp/2)r 2 and Pw5(BVpAp/8p)@(1
1l2)/l#, whereB is the trap’s axial magnetic field. As with
the terms proportional to the external potential, the mag
tron terms come from averaging the magnetron poten
Vmr 2/R2 over the 2D elliptical plasma, where the propo
tionality Vm comes from averaging the confining field’s r
dial component over the plasma length. The magnetron t
adds an extra drive equal to (2c/BR2)Vm to both theu̇ and
the ẇ equations of motion.

II. BIFURCATIONS

If the external potential is given byV cos 2u, Vm50,
and, if corrections fromlÞ1 are ignored, then the positio
of the plasma is given by

x50,

y5H 0 V,Vc

RA12Vc /V V.Vc
,

where the critical bifurcation voltageVc equalsVp . In the
experiment, however, the trap’s four 90° sectors do not g
erate a pure cos 2u field; rather, they generate a field give
by the Fourier sumf(r ,u)5V(Am cosmu, where Am

5(21)[(m22)/4](4/mp), m52,6,10,... . Consequently the
equilibrium must be found by solving forṙ 50, u̇50, ẇ
50, andẇ50 numerically. Moreover, our plasma is neith

n

he
7.67 V.
arks the
FIG. 3. Experimental images of the end view of a plasma as it is subjected to ever greater voltages on the side sectors. The bifurcation occurs at 1The
bottom sector is tuned to select the up or down equilibrium. In each image, the plus marks the center of the trap, while the small circle m
center-of-charge of the plasma.
 AIP copyright, see http://ojps.aip.org/pop/popcpyrts.html.
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flat-topped nor infinite length, so we cannot use Chu’s eq
tions directly. In principle, we could find a new set of equ
tions by averaging over the observed plasma density pro
and by bounce averaging along the trap axis. However,
can get satisfactory results simply by definingVp such that
the theory predicts the bifurcation to occur at the measu
bifurcation voltageVc517.67 V. Thus,

Vp5
A2Vc2Vm

12
Ap

4pR2

lc
221

lc

, ~5!

whereA2Vc is the cos 2u component of the external potenti
at the bifurcation, andlc51.45 is the measured ellipticity a
the bifurcation. The value of the magnetron potential,Vm

56.1 V, is determined from the measured plasma den
and confining fields.8 Equation~5! depends weakly on the
plasma areaAp , but Chu’sAp also assumes that the plasm
is flat-topped. Fortunately, the initial slope of theV vs ellip-
ticity data is proportionalAp , so we can findVp and an
effectiveAp by using this slope and the measured bifurcat
voltage simultaneously. The resulting theory lines are plot
in Figs. 4 and 5. The discrepancy between the ellipticity d
and theory curve for very large voltages is probably due
the higher order terms in the potential. Such terms are

FIG. 4. Measured~triangles! and predicted~line! center-of-charge~normal-
ized by the wall radius! of the ellipse as a function of the perturbatio
voltage. The bifurcation occurs at 17.67 V. The up and down equilibria
selected by tuningVb .

FIG. 5. Measured~dots! and predicted~line! ellipticity as a function of the
perturbation voltage.
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creasingly important as the plasma approaches the wall,
clearly visible for theV528.3 V plasmas in Fig. 3.

III. DIOCOTRON MODE

An important prediction of the theory is that the dio
cotron frequency goes to zero at the bifurcation. Thel 51
diocotron mode is driven by the plasma image charge fie
but, at the bifurcation, these fields are canceled by the fie
from the perturbation voltage. Consequently the diocot
stalls. Theoretically, the small-amplitude diocotron fr
quency should be

f 5H f 0A12V/Vc V,Vc

2 f 0~V/Vc!
3/2A12Vc /V V.Vc

, ~6!

where f 0 is the unperturbed diocotron frequency. As show
in Fig. 6, this prediction is verified by our experiments. How
ever, the measured diocotron frequency does not go prec
to zero at the bifurcation. The minimum frequency is a sh
function of the balance proportionality~see Fig. 7!. When
detuned, nonlinearities dropped in the analysis leading to
~6! keep the diocotron frequency finite. The importance
these nonlinearities is magnified by the shape of the d
cotron orbits near the bifurcation, which, as shown in Fig.
becomes extremely elliptical. Even very low amplitude o

e

FIG. 6. Diocotron frequency as a function of the perturbation voltage. T
measured valuesf 0547.6 kHz andVc517.67 V are used to calculate th
theory line.

FIG. 7. Minimum diocotron frequency as a function of the balance prop
tionality b. ~The optimalb, 10.005, has drifted from the optimalb found in
Fig. 3.!
 AIP copyright, see http://ojps.aip.org/pop/popcpyrts.html.
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bits have large vertical excursions, and sample the non
earities found away from the origin. The postbifurcation d
cotron orbits ~Fig. 9! exhibit all the phase-space featur
associated with a 2D bifurcation;9 there are teardrop shape
closed orbits around each of the two new equilibria as w
as peanut shaped orbits which close around both equilib
the equilibria themselves are separated by a saddle,
saddle connects to a separatrix which delimits the teard
and peanut orbits, the orbit frequencies are lowest near
separatrix, and the orbital velocities slow near the saddle

Classically, the separatrix between the teardrop and p
nut orbit is inviolable. We find, however, that if we drive th
diocotron mode too close to the separatrix, the plasma
spontaneously jump between the three orbit classes.
jumps are not repeatable, and occur at random interval
typical sequence is shown in Fig. 10. All the teardrop orb
in the sequence have roughly the same frequency, imply
that the teardrop orbit amplitudes do not change. The pe
orbit frequencies are approximately half the teardrop o

FIG. 8. Measured diocotron orbits just below bifurcation. Proceeding o
wards, the orbit frequencies are 4, 8, 16, and 16 kHz. The ellipticity of
4 kHz orbit is almost 28.

FIG. 9. Measured diocotron orbits above bifurcation showing teard
shaped orbits surrounding one or the other of the two equilibria~marked by
1’s!, and peanut shaped orbits surrounding both equilibria. The signa
the bottom sector,Vb , is tuned to select the upper or lower equilibria. T
origin is a saddle, and the separatrix is between the 25 kHz and 16
orbits. Note how the orbital frequencies decrease near the separatrix
circles denote 1ms intervals along the orbit, and as expected the orb
velocity slows near the saddle at the origin. For clarity, the circles
suppressed on the upper half of the 16 kHz orbit, the lower 25 kHz o
and on both the 38 kHz orbits.
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n-
-

ll
ia,
he
p

he

a-

an
he
A

s
g
ut
it

frequencies. As the jumps can continue for over fifty mil
seconds, making many transitions therein, they cannot
due to dissipation. We suspect that they are caused by
exchange of energy between the diocotron mode and the
liptical mode; strictly speaking, the separatrix only exists
the two-dimensional (xc ,yc) system, not for the full
(xc ,yc ,l,w) system. Previous experiments on adiaba
invariants10 two-vortex stability11 and on autoresonance12

have demonstrated that the diocotron mode is well decou
from the elliptical mode. Effectively irreversible
interactions13 have been observed between the diocotron
elliptical modes, but this may be the first time that reversi
coupling has been observed.

IV. CONCLUSIONS

Because of the close relationship between the equat
describing the behavior of pure-electron plasmas and the
havior of two-dimensional, inviscid fluids, all of the phe
nomena reported here also occur in two-dimensional flu
The plasma corresponds to a vortex; thus an external qua
polar strain applied to a vortex will cause it to deform, and
strong enough strain will cause the vortex to bifurcate aw
from the center of the strain.
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