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Quadrupole-Induced Resonant-Particle Transport in a Pure Electron Plasma
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Small transverse magnetic quadrupole fields sharply degrade the confinement of non-neutral plasmas
held in Malmberg-Penning traps. For example, a quadrupole magnetic field of only 0:02 G=cm doubles
the diffusion rate in a trap with a 100 G axial magnetic field. Larger quadrupole fields noticeably change
the shape of the plasma. The transport is greatest at an orbital resonance. These results cast doubt on
plans to use magnetic quadrupole neutral atom traps to confine antihydrogen atoms created in double-
well positron/antiproton Malmberg-Penning traps.
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FIG. 1 (color online). A cutaway drawing of a simplified
where �1 and �2 correspond to the fields from two sets of
Malmberg-Penning trap showing the confinement rings, the
filament, the plasma, and the phosphor screen.
An axially invariant, transverse, quadrupole magnetic
field can dramatically change the shape and transport
rates of non-neutral plasmas confined in Malmberg-
Penning traps. Experiments show that these effects de-
pend on whether the plasma is above or below a resonance
between the plasma rotation frequency and the end-to-
end bounce frequency of the plasma particles. The trans-
port near resonance is strong, even for the relatively
modest quadrupole fields used in this experiment.

The effects of magnetic field asymmetries are relevant
to the general study of resonant particle transport in
Malmberg-Penning traps [1–5] and in tandem mirror
machines [6–10]. This work, however, was motivated by
the cold, trapped antihydrogen ( �HH) generation teams,
ATHENA [11] and ATRAP [12], who hope to test the
CPT invariance of the standard model. Antihydrogen can
be generated by mixing trapped positrons and antiprotons
[13]; to capture �HH atoms, however, the neutral antihydro-
gen atoms must be confined in the same physical location
as the positrons and antiprotons. We show here that the
magnetic quadrupole neutral atom traps proposed to con-
fine the antihydrogen will likely destroy the confinement
of the positrons and antiprotons in the Malmberg-
Penning traps.

Malmberg-Penning traps consist of a series of three or
more collimated, cylindrical, conducting rings immersed
in a strong axial magnetic field, Bz, as shown in Fig. 1.
Voltages applied to the end rings provide axial confine-
ment, and the axial magnetic field provides radial confine-
ment. The traps can confine electrons, positrons, or
antiprotons; for electrons, the plasma source is a tungsten
filament. Momentarily grounding the first ring loads the
electrons into the trap. Grounding the last ring dumps the
electrons out of the trap. All Malmberg-Penning traps
employ an axial magnetic field Bz; here we also employ a
transverse, axially invariant, quadrupole magnetic field.
The total magnetic field (Fig. 2) is

B � Bzẑz � �1�xx̂x � yŷy� � �2�yx̂x � xŷy�; (1)
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. In this experiment, Bz ranges from 40 to

1500 G and � � 1:0 G=cm. Although these quadrupole
fields are weak compared to the axial field, they produce
clear shape changes and strong transport.

The ten rings of radius rw � 1:905 cm in our trap allow
us to vary the plasma length L from 5 to 28 cm. For
typical parameters such as kT � 1 eV, L � 28 cm, Bz �
100 G, and plasma density n � 107 cm�3, the time for a
typical electron to traverse the trap once is tT � L=vz �
0:7 �s and the E�B plasma rotation frequency about
the trap axis (caused by the plasma’s self-electric field) is
! � 3� 106 rad s�1.

As the quadrupole field has twofold symmetry, there
exists a resonance condition,

!tT �
N�
2

; (2)

such that an electron rotates about the trap axis by an
integer multiple N times �=2 during the time it takes to
travel the length of the trap. If ! is independent of radius,
an on-resonance electron travels ever outwards or inwards
following the magnetic field lines as it bounces from end
to end. The direction taken by the electron is set by its
initial angle in the xy plane relative to the quadrupole
angle �o �

1
2 tan

�1��1=�2�. We define above �>� and be-
low �<� resonance by the conditions !tT _ �=2. Off-
resonance electrons will travel radially one way, and then
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FIG. 3 (color online). A voltage signal, �V1 � V3� � �V2 �
V4�, that is proportional to �� 1 shows that the below-
resonance plasma has the shape of a magnetic flux tube.

FIG. 4 (color online). The normalized ellipticity versus the
axial field. The ellipticity increases as the axial field is in-
creased and the plasma goes from above resonance to below
resonance. Typical CCD plasma images are also shown, along
with schematics of the inferred plasma shape.

FIG. 2 (color online). Magnetic field lines for the transverse
quadrupole field and for the total magnetic field. A flux tube
that is circular at some arbitrary center z � 0 is elliptical for
z � 0.
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the other, as their phase slips relative to an on-resonance
electron. Resonances exist for all the odd integers N, but
higher order resonances are less dramatic.

As the plasma electrons’ axial velocities are thermally
distributed, some electrons are above resonance while
others are below resonance. A good indicator of the
average electron’s behavior is whether or not an electron
with the thermal velocity vth �

�������������
kT=m

p
is above or below

resonance. Henceforth we will use vth to define tT
and speak of the plasma itself being above or below
resonance.

When the plasma is below resonance, !tT � 1, the
electrons bounce many times before they rotate signifi-
cantly. Hence, they follow the field lines in Fig. 2 and the
plasma has the shape of a magnetic flux tube: circular in
the center and elliptical on each end, but with the end
ellipses rotated by 90	 with respect to one another. Above
resonance, when !tT 
 1, the radial excursions engen-
dered by the quadrupole field average out and the plasma
is cylindrical.

The ellipticity � of the plasma [14], defined as the rms
height of the plasma cross section divided by the rms
width, can be determined by measuring the image
charges induced on the trap wall. One of the confine-
ment rings is divided azimuthally into four 90	 sectors.
The ellipticity �� 1 is proportional [15] to the signal
�V1 � V3� � �V2 � V4�, where the Vi are the voltages
induced on the four wall sectors. By manipulating the
voltages on the ten rings in the trap, the plasma can be
moved such that the sectored ring surrounds any desired
axial position of the plasma. For below-resonance plas-
mas (see Fig. 3), �� 1 is zero at the plasma center and is
equal and opposite at the two plasma ends �zo (corre-
sponding to the ellipticity having rotated by 90	). As
expected, �� 1 is proportional to �. Measurements
also show that �� 1 at the end of the plasma is propor-
tional to L.

Because the trap is not sufficiently long, the sectored
ring cannot be used in the above-resonance regime.
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However, the z-integrated plasma shape can be deter-
mined in all regimes by dumping the plasma onto the
phosphor screen [16] and measuring the resultant light
with a CCD camera. The CCD measurements in Fig. 4
show that the plasma changes from elliptical for !tT � 1
(large Bz) to cylindrical for !tT 
 1 (small Bz), as
expected.

As noted above, the quadrupole field induces radial
excursions in the electron trajectories. In conjunction
with electron-electron collisions, these excursions cause
radial transport.We can measure the diffusion coefficient,
D, from the time histories of the density profile n�r; t�
obtained from the CCD plasma images; i.e.,

D �
dN=dt

2�rdn=dr
; (3)
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FIG. 5 (color online). Diffusion versus quadrupole field
strength �1 and �2, with Bz � 100 G, r � 0:95 cm, and ! �
2:0� 106 rad s�1. The data are represented by the solid dots.

FIG. 6 (color online). The normalized diffusion, DB2
z versus

the plasma rotation frequency !. The rotation frequency is
varied by changing both the magnetic field Bz and the plasma
density; the field dependence is shown explicitly. For small !
the diffusion scales like !2.

FIG. 7 (color online). The normalized diffusion as a function
of the quadrupole strength �. Over a range of parameters, the
diffusion scales like �2.
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where N�t� �
R
r
0 n�r

0; t� 2�r0 dr0. (We ignore the density’s
azimuthal dependencies because the quadrupole fields
used for transport measurements are so small that the
plasma is essentially cylindrical.) The shot-to-shot repro-
ducibility of the system is so good that we can measure
dN=dt by generating and holding plasmas for succes-
sively longer times; the density gradient dn=dr is mea-
sured from a single image. To compute D�!�, dn=dr and
dN=dt are evaluated at fixed !. A typical plot of D versus
quadrupole strength is shown in Fig. 5. The minimum
diffusion is offset from zero, implying that we correct for
intrinsic field errors by applying a small quadrupole field.

To determine the dependence of D on the plasma
rotation rate !, we use measurements such as that shown
in Fig. 5 to calculate the average value of D around a
circle of radius 0:020 G=cm and centered on the mini-
mum of D��1; �2�. The statistical error in D�!� is
about 7%. Figure 6 showsD�!� for several magnetic fields
and densities, and fixed length L � 28 cm, radius r �
0:95 cm, and temperature kT � 1:6 eV [17]. The diffu-
sion has a clearly visible resonance in ! once an overall
scaling with B�2

z is removed.
Although not shown here [18], the rotation frequency,

!peak, where the peak diffusion occurs moves as expected
for a bounce-resonance process when L and kT are varied.
!peak moves to larger ! and the maximum value of the
diffusion, Dmax, decreases as L decreases. However, the
exact dependence on L is difficult to determine. !peak

moves to larger ! and Dmax decreases as kT increases.
There are several other noteworthy features of the

experimental data. First, over the available experimental
range ! � 8:0� 105 rad s�1 to 3:0� 106 rad s�1, D
scales like �2 for � � 0:020 G=cm (see Fig. 7). This �2

dependence is typical of transport in the so-called ‘‘pla-
teau’’ regime [6]. Second, D�!� scales like !2 at small !;
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a least squares fit to the data with !< 1:3� 106 rad s�1

in Fig. 6 gives an exponent of 2:05� 0:09.
It is difficult to test the r dependence of D because the

numerical noise in dn=dr becomes too great at both large
and small radii where dn=dr 0. Further, the numerical
noise in dN=dt becomes too great at large radii.

In conclusion, we have applied an axially invariant,
transverse quadrupole field to a pure electron plasma
confined in a Malmberg-Penning trap. Whether the
plasma is above or below resonance, (!tT � 1 or
!tT 
 1) determines the properties of both the plasma
shape and the transport. Diffusion coefficients of order
1 cm2=s are observed at resonance for a perturbation of
only 0:020 G=cm.

The ATHENA and ATRAP antihydrogen teams will
have difficulty using quadrupole fields in conjunction
with Malmberg-Penning traps. Typical experimental pa-
rameters for ATRAP will be Bz � 2 T, n � 108 cm�3,
015001-3
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and T � 4 K [19]. We estimate that !tT � 0:6, placing
them near the resonance. Even if operating off resonance,
the magnitude of the quadrupole field will be strong
enough to severely limit confinement times. We note that
our experiments contradict the conclusions of Ref. [20].
This reference, however, deliberately ignores the resonan-
ces that are key to this configuration.

Many of the results shown here can be predicted by a
simple diffusive resonant particle transport calculation
[21]. In this model, electrons take steps caused by the
radial excursions described above, at a rate set by the
plasma collision frequency. However, the simple theory
predicts a resonant temperature that is too low by a factor
of 4. A more detailed model, which would have to include
a detailed calculation of the energy surfaces, and also the
electron mobility, is beyond the scope of this Letter.
Recently, Kabantsev [22] has proposed that these effects
are related to trapped particle mode transport. This
model may be able to explain the temperature discrep-
ancy found in the resonant particle transport model, but
its application to the quadrupole configuration is not
straightforward.
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