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Supersonic rotation in mirrors may be produced
by radio-frequency waves. The waves produce coupled
diffusion in ion kinetic and potential energy. A popula-
tion inversion along the diffusion path then produces
rotation. Waves may be designed to exploit a natural
kinetic energy source or may provide the rotation en-

I. INTRODUCTION

Magnetic mirror traps with supersonic rotation have
many possible uses, including fusion energy and isotope
separation.'”” For fusion applications, the rotation pro-
duces enhanced axial confinement and magnetohydro-
dynamic (MHD) stability.3-!! Plasma centrifuges for
isotope separation have the advantage of larger rotation
speeds than gas centrifuges, leading to higher separation
factors.!>!3 In both of these applications, a significant
technical hurdle has been the presence of electrodes or
end insulators, at the surface of which the rotation may
be limited to the Alfven critical ionization velocity (CIV)
(Refs. 1, 14, and 15). The electrodes have been necessary
to create a radial electric field, which causes the plasma
to rotate by the E X B drift. We have shown that instead
of driving current through electrodes, the rotation could
be produced volumetrically by radio-frequency waves
near the ion cyclotron frequency.'®!”

To appreciate the usefulness of these waves, we
may consider the issues that have been critical to elec-
trode design. The limitation imposed by the Alfven CIV
has been the most difficult to overcome, appearing in
different applications across many orders of magnitude
in pressure and temperature.'> The critical velocity is
v. = \2ed;/m,, where ¢; is the ionization potential of
neutrals and m,, is their mass. As the power supplied to
the plasma is increased to raise the rotation velocity
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ergy on their own. Centrifugal traps for fusion and iso-
tope separation may benefit from this wave-driven
rotation.

KEYWORDS: magnetic mirrors, rotation, radio-frequency
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above this threshold, the power only produces electron
heating and increased ionization. The mechanism re-
sponsible for instability has been the subject of some
debate as a result of conflicting data from space-based
experiments.'8

Several experiments have succeeded in surpassing
the Alfven CIV at the electrode surface. The only fusion-
relevant scheme to do so has been the PSP-2 experiment
in Novosibirsk.! Velocities exceeding the Alfven CIV
by a factor of 40 were achieved by careful electrode and
liner design, strong vacuum conditions, and extensive
conditioning. The Alfven CIV has also been exceeded in
plasma centrifuges of the vacuum-arc type.®?° These de-
vices feature strong vacuum conditions and a highly ion-
ized plasma. However, they may be limited in separative
power by the small column radius and single-direction
flow.21-23

Besides the limitation due to the Alfven CIV, the use
of electrodes to drive rotation may restrict the achievable
rotation through other considerations.?* If the electrodes
are placed in the mirror throat, there must be sufficient
plasma there to provide parallel conductivity to the bulk
plasma. If the rotation profile is instead determined by
the perpendicular conductivity (for example, by using an
electrode along the center axis), ionization and MHD
instabilities may develop in the plasma.

One can see that it would be desirable if instead of
relying on current driven by electrodes, the rotation could
be maintained by current drive within the bulk plasma.
Rotation speeds small compared to the ion temperature
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have been observed in tokamaks, and one possible mech-
anism for this is the presence of waves near the ion cy-
clotron frequency.?> The rotation may be produced by
absorption of wave momentum or by neoclassical ion
viscosity.?*~28 We will see that rotation may be produced
in a similar manner in centrifugal mirror traps and that
with appropriate waves this can be done efficiently.

The primary source of momentum drag in most cen-
trifugal mirrors is the formation of new ions.> When a
neutral is ionized, the heavy ion moves one gyroradius
toward the negative electrode while the electron is nearly
stationary, producing a charge separation. Processes of
thermalization and transport are ambipolar, so that this
charge separation is maintained despite collisions.?® The
energy lost due to the charge separation is provided by
the external power source once both the ion and electron
are lost axially.

With wave-induced ion diffusion, the ions interact
with the wave and travel radially within the plasma, but
electrons do not. If ions that move toward the positive
electrode are allowed to exit but ions that move toward
the negative electrode are not, the average charge sepa-
ration is decreased. This means that less energy must be
supplied by the electrodes to maintain the plasma. If the
average radial distance the ion travels before exiting is at
least the initial gyroradius, the electrodes may be elimi-
nated entirely. Resonant particles can only absorb energy
and momentum in a ratio proportional to their velocity,
which is w/k. This momentum is ultimately balanced by
the reactive force of the wave on the antenna. This will be
the foundation for producing plasma rotation with waves.'6

First, this paper will discuss the branching ratio, a
new term to describe wave-particle interactions in rotat-
ing plasmas. Then, the method for using waves to pro-
duce rotation will be described. Finally, we will show
how waves can be used to drive rotation in fusion plas-
mas and plasma centrifuges.

1. BRANCHING RATIO

When a particle interacts with a wave, it must absorb
or emit wave momentum and energy in the same propor-
tions that they exist in the wave. For example, the parti-
cle cannot reduce the wave energy but increase the wave
momentum. This leads to a strong constraint on the change
in the constants of motion of the particle. If a particle
interacts repeatedly with the same wave at random phase,
its motion can be described by a diffusion path in
phase-space.

This path describes constrained diffusion not only in
velocity but also in position. To see this, consider a slab
geometry with a uniform magnetic field in the z-direction
and a uniform electric field in the y-direction. Shift to the
frame moving with vg = E,/B,, denoting terms in this
frame with a tilde. The particle is moving in circular
orbits in this frame, as there is no electric field.
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A wave with phase velocity 7, = k, /@ interacts with
a particle moving with &, = #,,,. If the velocity is changed
by Av,, this will lead to a change in the gyrocenter po-
sition Ay, = —Av,/€);, where (); is the gyrofrequency.
The change in velocity leads to the change in energy
AW = m; 0, Avy, so that using the resonance condition we
find Ay,. = —AW/0,,Q;m;. From this relationship, we
see thatif §i,;, > 0, the particle must move down if it gains
energy and must move up if it loses energy.

In the moving frame, the interaction appears to be
only between the particle and the wave, since there is
no electric field.’® However, if we consider the inter-
action in the lab frame, the E, field can be seen to play
a significant role. Since the particle gyrocenter has moved
by Ay,., there is a change in the potential energy gA® =
—qE,Ay,.. Substituting our previous result, we find
gA® = vy AW/D,,. This relationship is the basis for the
branching ratio fr = —vg /.

The branching ratio is the increase in the potential
energy divided by the total change in the particle ener-
gy.!® For | fg| < 1, energy is primarily transferred be-
tween the wave and the particle through kinetic energy,
as in the stationary mirror case.’!32 However, if | fz| =1,
the potential energy change is at least as large as the
kinetic energy change.

To apply the branching ratio to a rotating plasma,
we must introduce the centrifugal force and Coriolis
effect. The first leads to an additional drift, and the
second leads to an effective change in the cyclotron
frequency.®® We define the ratio y = vg/r(;, so that the
rotation frequency Q ~ Q,(y — x?) and the cyclo-
tron frequency ; ~ Q,(1 + 2y) for small y. Defining
ng = kg/r, we find the branching ratio!”

. LD ¢
(14 4x)&/Q; + ny x>

Note that Eq. (1) is a minor correction of Eq. (7) in the
referenge.17 One can see the full solution in terms of y
and nyQ); /@ in Fig. 1 (for perpendicular waves, the y-axis
is just ny). We note that for y < — 3 particles are un-
trapped, as in the band gap ion mass filter.” We have
divided the space into three regions based on the type of
interaction. Let us consider these regions one at a time.

Je (1)

Region 1

The simplest case, fr ~ 0, is familiar as particle
heating in a nearly stationary plasma. At fr = 0 exactly,
there is no change in the potential energy. For 0 < fp <
0.5 (the darker part of Region I), there is a small increase
in potential energy as the kinetic energy decreases, while
for —1 < fr < 0 the opposite is true. The radial motion
of the particle may be seen as the drift due to an average
accelerating force, or as absorption of wave momentum.

Region 11

In this region around fz = 1, kinetic and potential
energy are interchanged and wave energy is nearly
FUSION SCIENCE AND TECHNOLOGY
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Fig. 1. Classification of wave interaction versus y = Qg/Q;
and nyQ;/@. In Region I, energy transfer is primarily
between the kinetic and wave energy; in Region II,
energy transfer is between kinetic and potential energy;
and in Region III it is between wave and potential en-
ergy. The lines in the middle of the regions are fr = 0,
fe =1, and | fz| — oo, respectively.

constant. If we consider a particle in the rest frame, we
find that its energy, E = W + ¢®, must be conserved
since vy, = 0. The particle may scatter off the stationary
wave in the x-y plane, which allows stochastic motion in
the y-direction.

Region 111

In this case, |fz| > 1, so the wave energy is pri-
marily converted to potential energy. We see that | fz| —
oo if the wave is traveling with the same speed as the
moving frame, v,, = vg. Thus, the wave does not change
the particle’s kinetic energy in the rotating frame W but
breaks the azimuthal symmetry and provides a source
of angular momentum, by which the particle can travel
radially.

11l. PRODUCING ROTATION

We have described the interaction of a single particle
with a wave, but we have not yet detailed how to use
these waves to produce rotation in a mirror. First, we will
complete the picture of diffusion paths in a full mirror
machine. Then, we will discuss how to fulfill two criteria
necessary for alpha channeling.’! The diffusion paths
must be favorable for driving rotation—there must be a
population inversion along the diffusion path in the de-
sired direction. Also, it is necessary to limit the energy a
FUSION SCIENCE AND TECHNOLOGY
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particle can gain from the wave to prevent losing signif-
icant rotation energy to few particles.

When particles interact with a specific wave, the
perpendicular and parallel energy changes are related
through k, and k, (Refs. 30 and 34). The potential energy
change is related to the perpendicular energy change
through the branching ratio. Knowing these changes in
the wave region, it is easy to then determine the perpen-
dicular, parallel, and potential energy change at the mid-
plane.'® These will uniquely determine particle orbits if
we ignore gyroangle, azimuthal angle, and bounce posi-
tion. Repeatedly interacting with the wave at random
phase thus produces diffusion along a one-dimensional
path in W0~ Wio-®y space.

A wave located at a specific position along the axis
of a mirror has magnetic field By < B < B,,, where B is
the midplane magnetic field and B,, is the mirror (max-
imum) magnetic field. Particles that are resonant with the
wave satisfy the relation @ — kv, = Q; locally. In rotating
midplane coordinates, the resonance is a line with slope
(R,; — 1)7! where R,; = B/B,, that is, the same slope as
the loss cone for that mirror ratio (Fig. 2). We can thus
use waves placed at different mirror ratios to be resonant
with particles in different regions of phase-space, as seen
in Fig. 3 (Refs. 31 and 32).

Three diffusion paths are apparent in Fig. 2 that allow
us to remove trapped particles through either the loss
cone or the outer radius of the plasma. Path (a) to the loss
cone reduces both the kinetic and potential energy of the
particle, path (b) to the outer radius increases potential
energy but decreases kinetic energy, and path (¢) in-
creases both kinetic and potential energy. In this diagram
we have assumed that y > 0 or E, < 0. This polarity has
been somewhat more common in rotating mirrors.! y >0
is also preferred in this application since path (b), which

=
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Fig. 2. The shaded region indicates the wave resonance, de-
pendent on radius. The dashed lines depict diffusion
paths that could eject particles from the plasma.
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W.o (MeV)

Wio (MeV)

Fig. 3. Several wave regions are used to remove alpha parti-
cles across phase-space. The line at 3.5 MeV indicates
the alpha-particle birth energy, and the upward sloped
line indicates the alpha particle loss cone. The proper-
ties of the waves are described in Table I.

produces rotation, has no opposite path leading to a loss
region.

We wish to create a population inversion along path
(b) to drive rotation. The wave’s resonant parallel energy
must be greater than the energy required to overcome the
centrifugal potential for the particle to exit the loss cone.
On the other hand, the wave resonant parallel energy
must be less than the energy at which new particles are
created for there to be any particles in resonance. For
perpendicular waves, the particle will remain in reso-
nance with the same wave, and these simple conditions
on the resonant energy are sufficient to ensure favorable
diffusion toward the exit. For nonperpendicular waves,
the overall diffusion path must still intersect the particle
source and loss region, but the resonance region of a
single wave has no such restriction.

The final requirement for driving rotation is that the
particle energy gain is restricted. The energy gain may be
limited in three ways. The simplest way is by the limited
radial extent of the plasma. Particles move inward as
they gain energy, and once particles reach the center axis
they cannot move in further. Although this is a strong
restriction on energy gain, for most configurations this
energy is much higher than that imposed by the second
method.??

The second way to restrict the energy gain is to use
nonoverlapping waves with k, p;, ~ 1, where p; is the
gyroradius of source particles. The diffusion coefficient
for resonance with the first cyclotron harmonic is pro-
portional to J,(k, p)?, which will go to zero at k, p =~
3.83,7.02, ... As the particle increases in perpendicular
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energy, p increases, as does k; = ny/r. The diffusion
coefficient will thus approach zero at some point as the
particle gains energy from the wave.

Energy gain is further limited by the fixed resonance
region if the wave is not perpendicular. As the particle
changes its perpendicular energy, it also changes its par-
allel energy until it is out of resonance (@ — kv, = Q;
is not satisfied). If there is no wave overlapping on the
high-energy side of the diffusion path, the particle will
cease to gain energy from the waves.

IV. ALPHA CHANNELING

In a fusion device, alpha particles provide a signifi-
cant free energy source. The concept of alpha channeling
is to use waves to extract alpha particles from the system
collisionlessly at low energy.’® In a tokamak, the energy
transferred to the wave can be used to drive electron
currents or to heat fuel ions.> Rapid removal of alpha
particles from the system may double the fusion reactiv-
ity, and by redirecting their energy the heating efficiency
is also improved.?® The concept has now been extended
to mirror confinement devices.3!-3?

Supersonically rotating mirrors are especially inter-
esting as fusion devices since they combine the benefits
of axisymmetric mirrors with the possibility of high
confinement.'> The benefits include simple construc-
tion, high beta, and naturally steady-state operation. By
including supersonic rotation, one adds dramatically in-
creased confinement, stability to MHD and loss-cone
instabilities, and a natural heating mechanism.3-!! A pri-
mary reason centrifugal traps have been unable to per-
form as fusion devices has been the limitation due to the
Alfven CIV (Refs. 1, 2, 37, and 38).

If we use alpha-particle energy to drive rotation, we
may solve three significant problems simultaneously.!®
First, the alpha particles would be removed rapidly, in-
creasing the fusion reactivity as in stationary devices.
Second, the efficiency will improve as rotation energy
would not need to be provided externally. Finally, the end
electrodes will not be needed, which is advantageous for
technical reasons.

In order to drive rotation, we will need to use waves
in Regions II or III of Fig. 1, and since y > 0 we will be
considering waves in the bottom right quadrant of that
diagram. A simple way to produce these waves is to use
amagnetic perturbation that is stationary in the lab frame,
o = 0. Stationary waves conserve energy in the rest frame,
so fg =1, and these waves will convert the kinetic energy
of alpha particles into rotation energy.

Alpha particles are trapped by the mirror force in a
reactor, so perpendicular waves are necessary to remove
them at a low energy. The resonance condition then re-
quires |ng| = x~!. As y ~ 0.05 for reasonable reactor
parameters, this implies large wave numbers n, ~ 20
FUSION SCIENCE AND TECHNOLOGY

VOL. 57 MAY 2010



Fetterman and Fisch

TABLE 1
Properties of the Stationary Waves Simulated
for Alpha Channeling
kll L Bz(rmax)
Ry n (em™) | (em) G)
1.0 —14 —0.062 1000 60
1.13 —16 —-0.072 880 40
1.3 —-19 —-0.074 420 10
1.5 —26 —0.054 580 100

(Ref. 3). In a vacuum, a perturbation of this type will
decay like r"¢. While this is a rapid decay, the plasma
exists only near the cylinder boundary in a layer of thick-
ness a. The ideal ratio a/r ~ 0.1 to 0.3, so that the inside
of the wave with ny = 20 will have decayed by a factor of
10 to 1000 assuming the vacuum decay. Clearly, this is a
significant loss, but only a small magnetic perturbation
(<1 G) is necessary for alpha channeling to be faster than
the collisional slowing-down time.

To demonstrate how these waves can be used for
alpha channeling, we simulated alpha particles in an ex-
ample reactor using the full equations of motion. The
reactor has midplane magnetic field By = 2 T, a mirror
ratio of 5, y = 0.05, an inner radius of 125 cm, and an
outer radius of 150 cm. This leads to a deuterium rotation
energy of 500 keV, T; = 100 keV and T, = 30 keV accord-
ing to the scaling in Ref. 3. We assumed a plasma density
of 1.4 X 10" cm™3 and estimated the plasma response
using the cold plasma dispersion relation.?”

For alpha channeling, we chose to use four waves to
remove alpha particles from a large fraction of phase-
space (see Table I and Fig. 3). The results of the simula-
tion are shown in Fig. 4. On average, resonant alpha
particles were removed at 1.3 MeV. The remaining 2.2
MeV per alpha particle was converted into potential
energy.

These results confirm the theory and demonstrate
that alpha-particle energy can be converted into rotation
energy. The energy provided to the plasma by alpha par-
ticles must equal the energy loss rate. This implies that
without alpha channeling, the reactor must operate at
nQ = 6, where 7 is the fraction of alpha-particle energy
retained in the plasma and Q is the fusion power output
over power input. This is not unreasonable for a centrif-
ugal confinement scheme.> With alpha channeling, in
this case, no recirculating power is necessary (Q = o).

V. PLASMA CENTRIFUGE

Another application for supersonically rotating plas-
mas is isotope separation. Species of different mass have
FUSION SCIENCE AND TECHNOLOGY
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Fig. 4. The energy at which alpha particles are removed: (a)
versus initial radius and (b) versus initial midplane par-
allel energy. Large squares indicate the mean, and dots
represent single particles.

different rotation speeds in a rotating mirror trap due to
the centrifugal drift, and drag between the species drives
radial separation.* Because higher rotation speeds may
be obtained in a plasma than in a gas centrifuge, larger
separation factors may be achieved.5!3:40

Early plasma centrifuges faced the same Alfven CIV
limitation described earlier.>!? Viscous heating leads to
an additional limit on the separation factor that can be
achieved in partially ionized plasmas.*! Because the prod-
uct and waste must be collected along field lines, design
of electrodes is further complicated by reactivity be-
tween the separated material and the electrode surface.*

The later development of the vacuum-arc plasma cen-
trifuge solved many of these problems by using a pulsed,
fully ionized plasma.® The higher rotation velocities re-
sulted in significantly higher separation factors than could
be achieved in gas centrifuges.’’ However, the devices
have limited throughput due to their pulsed nature and
small diameter.”’>* The separation factor could be fur-
ther improved by using a convective (counterstreaming)
flow pattern.*17-22

We have suggested an electrodeless design for plasma
centrifuges that relies on wave energy to provide rota-
tion.!” By doing so, we expect to avoid the Alfven CIV
limit along with other electrode issues, while retaining
the advantages of a steady-state plasma centrifuge with
counterstreaming flow. Driving rotation using wave en-
ergy requires waves in Region III of Fig. 1. Because
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isotopes separated with this method will be much heavier
than hydrogen, values of | y| ~ 1 may be achieved for
reasonable electric fields.

Unlike the alpha channeling case, it is not necessary
to use perpendicular waves to remove particles at low
energy through the loss cone. In order to produces waves
with large | fz|, we may thus use waves with small values
of @/{); rather than relying on large mode numbers 7.

Since the collision time is on the order of several
cyclotron times, waves with specific diffusion paths will
not lead to a significantly non-Maxwellian distribution
of particles. This by no means limits our ability to drive
rotation. Particles will still diffuse along the same paths
and will move preferentially down the density gradient in
phase-space.

By injecting particles near the center of the trap, a
radial density gradient may be created to drive rotation
(Fig. 5). Particles will diffuse outward along the diffu-
sion path until an equilibrium is reached between the rate
at which the particle energy changes and the density
gradient. If ny < 0, particles cool as they move outward
and equilibrium will occur for Gaussian density profiles
with r = p,\\—n,Q,/@. As particles that gain energy
move inward, waves with n, < 0 also have a natural limit
on the heating of ions. It is possible instead to heat ions
as they move outward by using waves with ny > 0. In this
case, there would be no limit on the radius or energy gain
unless the wave could be localized radially.

Because the plasma radius is limited to
p\—n,Q, /@, low frequency waves with @ < (); should
be used to drive rotation. The waves must also have
|ng| = 1. It remains to identify a wave that satisfies these
conditions and could be driven by an external antenna. In
the past, it was found that the mode converted ion Bern-
stein wave would be effective at alpha channeling in
tokamaks.*3** In mirrors, one might instead use quasi-

W,

Fig. 5. Phase-space density plot with diffusion paths to drive
rotation drawn (dashed lines). The x-axis variable is
related to the radial coordinate by g& oc r2. The tem-
perature everywhere is constant.
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longitudinal or quasi-transverse kinetic Alfven waves.*>
In the present case, an additional possibility is the resis-
tive drift wave that has been observed in vacuum-arc
plasma centrifuges.*®

VI. CONCLUSIONS

To summarize, we have shown that it is possible to
maintain the angular momentum of supersonically rotat-
ing mirror machines using radio-frequency waves. In prin-
ciple, the rotation energy may come from an arbitrary
combination of kinetic energy and wave energy. Because
electrodes are not necessary, it is possible that past limits
on rotation speed will not affect devices driven this way.

Two specific applications of these waves were dis-
cussed. In a fusion reactor, waves were found that con-
vert alpha-particle kinetic energy to rotation energy. This
is an extension of the alpha channeling effect. Waves
produced by a fixed magnetic ripple were shown to con-
vert kinetic energy to potential energy as predicted. The
practical details of this scheme, such as the spatial struc-
ture of the ripple and optimized values for a reactor, are
the subject of ongoing research.

The second application considered was isotope sep-
aration. In this case, there is no kinetic energy source, so
rotation must be created with wave energy. Eliminating
electrodes in this case has the added benefit of reducing
interaction with the outward flow of separated material.
Waves meeting some criteria for driving rotation have
been identified in experiments, but whether these waves
will be practical or effective remains to be studied.

The achievement of supercritical rotation velocities
in centrifugal mirror traps remains an exciting and so far
elusive possibility. If the effects proposed here are suc-
cessful in achieving these velocities, significant new op-
portunities will be opened in the areas of open trap
magnetic confinement fusion and isotope separation, as
well as other areas.
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