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Ignition threshold for non-Maxwellian plasmas
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An optically thin p-''B plasma loses more energy to bremsstrahlung than it gains from fusion
reactions, unless the ion temperature can be elevated above the electron temperature. In thermal
plasmas, the temperature differences required are possible in small Coulomb logarithm regimes,
characterized by high density and low temperature. Ignition could be reached more easily if the
fusion reactivity can be improved with nonthermal ion distributions. To establish an upper bound
for the potential utility of a nonthermal distribution, we consider a monoenergetic beam with
particle energy selected to maximize the beam-thermal reactivity. Comparing deuterium-tritium
(DT) and p-''B, the minimum Lawson criteria and minimum pR required for inertial confinement
fusion (ICF) volume ignition are calculated with and without the nonthermal feature. It turns out
that channeling fusion alpha energy to maintain such a beam facilitates ignition at lower densities
and pR, improves reactivity at constant pressure, and could be used to remove helium ash. On the
other hand, the reactivity gains that could be realized in DT plasmas are significant, the excess elec-
tron density in p-''B plasmas increases the recirculated power cost to maintain a nonthermal fea-
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ture and thereby constrains its utility to ash removal. © 2015 AIP Publishing LLC.

[http://dx.doi.org/10.1063/1.4936346]

I. INTRODUCTION

Fusion reactions which release most of their energy in
charged particles are desirable for power applications. In
particular, if the number of energetic neutrons produced’ is
small, the power plant can be designed with less expensive
shielding and with fewer material constraints. Also, direct
conversion® of charged particle energy could offer such a
scheme much greater efficiency than a thermal cycle. The
p-"'B reaction is ideal due to the low incidence of neutron-
generating side reactions and the reactants’ natural abun-
dance. However, at typical densities, an optically thin p-''B
plasma loses more energy via bremsstrahlung radiation than
it gains from fusion reactions, making sustained burn diffi-
cult.>* Lacking sustained burn, or what is referred to as igni-
tion, does not mean that fusion energy cannot be extracted,
as in a wet wood burner. But the lack of ignition makes such
a means of extracting energy technologically difficult and
expensive.’

Previous efforts toward p-''B ignition have focused on
mitigating the bremsstrahlung loss channel. One approach is
embedding large magnetic fields in the fusing plasma,
restricting the motion of unbound electrons and reducing
the bremsstrahlung emission both directly by modifying
electron-electron scattering, and indirectly, by modifying
electron-ion scattering. The Landau wavefunctions differ
considerably from the isotropic, field-free case and the
electron-electron scattering assumes a 1D character. In the
aggregate, the spectrally integrated emission is reduced by
about 20%.° Likewise, by increasing the Landau energy
level spacing (7€), a hot ion mode (T; > T,) can be preserved
due to the suppression of ion-electron energy transfer;’ such
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a mode is characterized by low bremsstrahlung emission at a
given plasma pressure.

In a plasma with substantial electron degeneracy, brems-
strahlung is also reduced. The main effect appears to be a
reduction of the electron stopping power,> enabling a large
electron-ion temperature difference. For the same reason,
degenerate electrons are preferable in beam-initiated detona-
tions® ' of compressed p-''B fuel that rely on rapidly
heating the ion species in a small locus.

Ignition using p-''B is possible when the ion tempera-
ture is raised significantly above the electron temperature, a
circumstance realized only in high-density thermal plasmas,
although this does occur naturally in low temperature plas-
mas because of electron degeneracy. T; > T, is necessary,
but not sufficient: 7; itself must be on the order of several
hundred keV due to the small p-''B fusion cross section
below that threshold. The resulting plasma is strongly colli-
sional, but the robust fusion burn sustains ion temperatures
above the electrons cooled by bremsstrahlung (note that
|T; — T.| ~ Py/vj, under these conditions).

Because high densities and temperatures are difficult to
reach simultaneously, it is important to consider how either
of these requirements might be relaxed. In equilibrium
ignition-regime p-''B plasmas, fusion alpha particles slow
mainly on the ions. Using waves to channel alpha energy'*'¢
to the lighter fusing species (protons) could improve the reac-
tivity at fixed pressure, but, in the case of p-''B as opposed to
DT, the net gain is limited by the small fraction diverted to
electrons in equilibrium.

Nonthermal distributions offer a plausible means to ease
ignition requirements, either by improving the MHD stability
of the bulk plasma'”"'® or by increasing the number of react-
ing particles near the cross section peak in velocity space,
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as treated here. This work considers the effect of such a
non-Maxwellian feature in the ion distribution, namely, a
monoenergetic beam with particle energy maximizing the
beam-thermal reactivity.

In order to discover the minimal ignition criteria, it is
assumed that a fraction of the fusion power is efficiently
channeled to maintain the beam against collisions with
thermal particles. By way of comparison, these ignition con-
ditions are calculated for both DT and p-HB plasmas, with
and without the presence of the monoenergetic beam, in both
magnetic and inertial fusion configurations.

In all instances, power flows from a “hot” species
(alphas, protons) to a cool one (protons, boron, respectively),
and the extra power needed to maintain the nonthermal
distributions is consistently included in the calculation. We
explicitly include the effects of ion-ion and electron-ion drag
in the energy balance.

However, we do neglect the power flow required to
maintain the beam against velocity space diffusion. Consider
a test particle born with energy slightly larger than that asso-
ciated with the fusion cross section resonance. In both p-''B
and DT plasmas, this particle’s fusion rate competes chiefly
with slowing on light ions and electrons (boron excluded).
Only after the particle slows out of the fusion resonance do
the collisional drag and velocity space diffusion due to ther-
mal ions become significant. Because the diffusion is espe-
cially small compared to drag at the beams’ typical energies,
we are justified in neglecting this term in the power balance
(see Appendix A).

Likewise, we do neglect kinetic effects such as
collisionless streaming instabilities. A cold beam in a warm
plasma will be subject to a complex array of instability
mechanisms, but the two-stream instability between the fast
monoenergetic beam ions and warm bulk species is prognos-
tic."” However, in both DT and p-''B ignition-regime plas-
mas, the bulk species are sufficiently cool with respect to the
beam that nearly monoenergetic beams are resilient to this
instability (see Appendix A).>°

Likewise, favorable assumptions and estimates are
invoked to position the calculation as an upper bound on the
feasibility of these fusion scenarios. For example, we explic-
itly assume that free energy in the alpha distribution can be
transferred to the protons with perfect efficiency, whereas in
practice rf power will likely be required to establish and main-
tain the mediating waves against collisions, etc. However,
these beams do provide an upper bound on the gross gains (cf.
net gains which would include the cost of maintaining a self-
consistent distribution) realizable from nonthermal distribu-
tions; each additional particle in the beam adds the maximum
amount of reactivity that could be gained from an extra parti-
cle at any energy.

In all cases, the relative locations of the thermal and
beam reactivities’ maxima determine the possible advantages
of a nonthermal scheme. In particular, a successful beam con-
tributes excess reactivity at constant pressure, so a plasma
burning at a temperature close to the peak cross section
energy (as in the case of DT) reaps limited benefit from non-
thermal features. Although the igniting operating regime is
difficult to access, the maxima of the p-1 'B thermal and beam
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reactivities are germane to a nonthermal configuration
which substantially lowers the ignition threshold. This work
suggests the existence of nonthermal regimes where p-''B
ignition may be possible.

In Section II, the model used to analyze the equilibrium
state of a nonthermal plasma is detailed. Sections III and IV
apply this model to predict ignition thresholds in magneti-
cally and inertially confined plasmas. Section V considers
the potential benefits of non-Maxwellian features in these
plasmas.

Il. THERMAL EQUILIBRATION MODEL

In the case of p-''B, the proton population is modeled as
a thermal bulk plus a fast monoenergetic beam located near
the p-''B fusion cross section peak at 592keV.?! A 0D equi-
librium model provides self-consistent species temperatures

ByPrus = Psp, (la)

BePrsus + Vep(Tp — Te) + Ve (Tp — Te) — Porem =0,  (1b)
ByPrus + Vpe(Te — Tp) + vpp(Ts — T)) = 0, (Ic)
BsPrus + vBp(Tp — Tg) + vge(Te — Tp) =0, (1d)

G = G(p, pR; ny,ny,ng; Te, T, Ts). (le)

Eqgs. (1a)-1(d) describe the flow of fusion charged parti-
cle power to each species in a steady state (0/0¢ = 0) config-
uration. Eq. (le) is independent of the first four and
determines the volume gain G of an assembly with tempera-
tures and densities characterized by (la)-1(d) once the scale
of the system (p) is specified.

An effective frequency v;; = vj; describes the drag of a
thermal population i on thermal population j.** These coeffi-
cients are notably sensitive to the Coulomb logarithms
characterizing the interacting species; the plasma electron
density is an important parameter in establishing ignition cri-
teria. The fusion power is the sum of a thermal reactivity*'
and a beam-thermal reactivity, viz., Py /Ws = ngn,(ov),,
+ ngny(ov),,, where Wy = 8.7MeV is the energy released in
one reaction. The thermal bremsstrahlung emission Ppen 1S
calculated as that from an optically thin medium, including
relativistic corrections up to (T, /m,c?)*.**

The f; denote the fraction of the fusion power Py
deposited in the ith species, such that )".f; = 1. In particu-
lar, f3, is the fraction of the fusion power spent preserving
the proton beam velocity distribution, such that f,
= Psp/Prs, With Psp = Y .mpp,Ep, the amount of power
dissipated by fast protons slowing down in the plasma (see
Appendix A). The v,,;’s are effective frequencies describing
the fast beam particles’ energy loss to the ith species.”> The
constant beam particle energy E), is displaced from the cross
section peak to maximize the beam-thermal reactivity at a
specified Tp. In order to limit the anticipated damping of
waves used to construct the beam, E;, was restricted to values
at least twice as large as Tp.

In the large 7, limit anticipated here, fusion alpha
particles slow mainly on the ions, and the amount of alpha
power diverted to electrons is of the order 10%. In order
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to estimate the amount of alpha power absorbed by each spe-
cies, consider a fast alpha particle born in a thermal p-''B
plasma with energy E;. The amount of that particle’s energy
deposited in the protons is

)
ju%,,E(o d, P

0

% T E—E

where E(t) is the instantaneous alpha particle kinetic energy.
vy 1s the effective energy loss frequency for fast alpha
particles slowing on the ith species. E; = E(ty) is the largest
alpha energy at which energy flow from the particle to one
species of field ions equals that from the field ions to the
particle. As the typical alpha particle slows down from
~3MeV in a p-''B plasma with T, = T = T;, it reaches this
dynamic equilibrium with the electrons first: although net
energy exchange with the electrons has ended, the alpha par-
ticle continues to heat the proton and boron distributions at
the 1 defined this way. Thus, Ef ~ 1.5T,, such that v, ()
vanishes. Changing the variable of integration to the particle
energy, note

dE
= Z viE 3)
and find
E;
1 Vap
= dE. 4
P E; — Ef J Vop + Vo + Vse @

Ey

¢ and ¢, are defined analogously. This model satisfies
¢ + @, + @, = 1; the distribution of fusion product energy
is sensitive to the three species’ temperatures as well as their
relative concentration, determined by € = ny /ng, the number
ratio of the heavy species “A” to the light species “B” (here
€ = ng/np).

In the model problem of an equilibrium p-''B reactor,
where a fraction f3;, of the fusion power is devoted to coun-
teracting the proton beam slowing down, only a fraction
B, = (1—=PB,)¢p, is available to the protons. This f, is
extracted from alpha particles near their birth energies of
several MeV. Because a temperature-dependent spectrum of
birth energies peaking around 3.5MeV is observed for the
p-""B reaction, it is assumed E; = 3MeV that qualitatively
predicts the energy flow to the thermal ions.”> The model
includes species absorption fractions calculated accordingly.

lll. MAGNETIC CONFINEMENT

The four equilibrium equations (la)-(1d) describe the
time rate of change of the species temperatures and the
amount of power spent preserving the monoenergetic proton
beam. Because the fusion reaction rates and bremsstrahlung
emission both depend on n?, only the ratios of species den-
sities (n,/n, and € = ng/n,) are important. However, the
temperature relaxation rates are sensitive to the Coulomb
logarithm log A, which in turn depends on the absolute elec-
tron density.
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In order to explore the full space of igniting plasmas,
consider a wide range of electron densities (10'° < n, <
10%cm~3) and disregard the boron temperature equation
(1d), instead taking T as a specified parameter. The set
(1a)—(1c) can be solved for f;, T,, and T, once n,, Tg, n,/n,,
and e are chosen. This specification of T is tantamount to
asserting an arbitrary ion energy confinement time.

With these assumptions, ignition thresholds can be defined
for magnetically confined plasmas. It should be pointed out
that such thresholds, while useful benchmarks for the model
developed here, are still optimistic due to the neglected physics
outlined in the introduction (e.g., instabilities and transport
losses).

Lawson criteria are presented for thermal p-''B and DT
plasmas, followed by nonthermal p-''B and DT plasmas.
These latter calculations provide the upper bounds on the
utility of maintaining a nonthermal distribution, abiding by
the assumptions laid out in Sec. I. In the thermal cases, the
numerical model predictions are compared to analytic
calculations.

A. Lawson criterion

A common metric for the performance of fusion power
systems is the criterion first obtained by Lawson.*® In steady
state, a plasma ignites if the nt product of number density
and confinement time exceeds a specific value depending on
the fusion reaction under consideration. The Lawson crite-
rion is the statement of this minimum value, determined
simply by Prys > Pioss. Taking Ppyg = Wynang(ov), with Wy
the energy released in charged particles, and defining
T = W/(—dW/dt), where W is the thermal energy content of
the plasma and —dW /dt = Pprem = Ploss,>”

T(Zg + Zue)(1 + Zp + €(1 + Z4))

>
et = Wy (ov)e ’

&)

where € = ny/ng, n, = Zana + Zpng, and T is the tempera-
ture common to all species. In general, the species tempera-
tures differ, rendering the minimization of the right hand
side nontrivial. It is however instructive to search numeri-
cally for those operating conditions which afford the least
stringent Lawson criterion. The resulting numerical criterion
is necessary but not sufficient for ignition. In pressure-
limited systems, the triple product n7T't is a superior metric
because it is proportional T2 /{cv), in turn inversely propor-
tional to the achievable fusion power W;p?(sv)/T?.*® Thus
the threshold igniting state has minimum #7't and maximum
power.

B. Minimum Lawson criterion for DT ignition

Assuming T, = T; = T, one can make a simple estimate
of the threshold Lawson criterion for DT ignition. Because
both deuterium and tritium carry the same number of elec-
trons, Pyem does not depend directly on the number ratio e.
The fusion power, however, is maximized for ¢ = ny/np
=1, so the extremal ignition case will be located near
that operating point. Using Eq. (5), we can form the triple
product criterion for DT
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272 (1 +¢)?
nTt > ( + €>
We(ov) €

=f(e)g(T). (6)

In other words, the minimum triple product is a separable
product of functions of € and 7. Considering minimization
with respect to €, we have

1
min(nTt) o< 2 + € + —, @)
€

which has its minimum at e = 1. The criterion is also propor-
tional to T?/{(ov), a function of temperature only. The
numerical optimum temperature should be located close to
the criterion’s minimum at 7 = 13.5keV. The estimated
lower bound is 1.9 x 10*' keV s/m>.

Alternately, the consistent set given by Egs. (1la)—(1d)
can be solved at various 7; to determine the threshold (mini-
mum 7n7'7) igniting configuration. A numerical search found
the extremal point at a mass-weighted ion temperature
Tion = 8.7keV and € = 0.97. The corresponding minimum
value of nTt is 2.6 x 10*' keVs/m?, in close agreement
with the estimated value. A slight excess of deuterons is
explained by their more efficient use of thermal energy. At
fixed energy, the lighter particles have larger velocities, and
for a thermal 9keV DT plasma, larger cross sections (o is
monotone increasing up to Ecy = 64keV). Balancing this
effect are the fusion rate penalty with € # 1,

€

T+ ©

Prys o
and deuterons’ larger drag losses to the electrons; the ratio of
temperature equilibration rates is vp, /v, & 1.5.

C. Minimum Lawson criterion for p-''B ignition

Following the approach of Sec. III B, the triple product
criterion has the density scaling

1
min(nTt) o< 8 +— 4+ 15¢, 9)
€

which takes its minimum value at e =ng/n, = 1/v/15
~ 0.26. Likewise, the quantity T?/(ov) is minimized for
T = 138keV. This inconsistent optimization, regarding e
and T as totally independent quantities, returns an estimated
lower bound of 5.1 x 102 keVs/m?. However, a p-''B
plasma cannot ignite with 7, = T;. (That is, unless a very sub-
stantial number of x-rays can be reflected off the walls and
reabsorbed by the plasma. Here, we assume that for all prac-
tical purposes, this cannot be done. We likewise assume that
the plasma is optically thin to bremsstrahlung.) Per the
analytic model, Pgys/Pprem has a maximum value of 0.44 at
T,=T; =204keV and ¢ = 0.11.

A numerical search allowing for species-dependent
temperatures found the extremal ignition point at a mass-
weighted ion temperature Tjo, = 193keV and ¢ = 0.26. The
corresponding minimum value of 7Tt is 2.2 x 10% keV's/m?,
in close agreement with the estimated value. The numerical
optimum is cooler and significantly more boron-rich than the
naive minimization of Eq. (5) would suggest. The extremal
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ignition state offsets a larger boron concentration (more
fusions and bremsstrahlung) with a cooler 7, = 59 keV.

D. Nonthermal gains: DT

Suppose there were some ways, say by alpha channel-
ing, to support a monoenergetic deuterium beam. In both the
DT and p-''B plasmas, the lighter species is chosen for the
beam because of the lower energy investment required to
achieve the high center of mass energy needed to access the
fusion cross section peak. Operating points with 1=1log A <
3 were discarded because the coupling coefficients v;; are
accurate only to first order in 2~ '. Points with 8, > 1, signal-
ing the need for injected power to maintain the beam, were
discarded likewise.

The maximum reactivity subject to a pressure constraint
is a good metric for comparing the effects of nonthermal
distributions in fusion plasmas because the pressure a reactor
can confine is limited by magnet strength. In the case of
ITER, this figures to be about 10 bar, which we adopt as a
standard value in order to compare DT and p-''B magnetic
fusion schemes. Nonthermal features which improve the
fusion reactivity at a fixed or reduced pressure are therefore
desirable. In general, the plasma pressure includes contribu-
tions from any beam as well as the thermal populations and
any alpha particles slowing down on thermal particles.
Because the alpha particles whose energy is channeled to
maintain the beam (fraction ) are “lost” on a fast, collision-
less timescale, their pressure can be assumed to be negligi-
ble. The total alpha pressure is estimated as

(1= Bmy = (= f) 5 = (0
o
where n, is the number density of alpha particles, N, is the
number of alpha particles spawned by a single reaction, and
vsp is the slowing down frequency on thermal particles. In
practice, wave-mediated diffusion and device confinement
could supersede Coulomb collisions with thermals as the
salient processes limiting the average alpha lifetime. The
reactivity includes contributions from both thermal-thermal
reactions and beam-thermal reactions.

The ion number ratio which maximizes the reactivity of
a pressure-limited, constant-temperature system (in the
absence of a beam) is (see Appendix B)

co =na/ng = (1+Zg)/(1 + Z4). (11)
The temperature Ty at the reactivity maximum satisfies

ddT (ov)(T) - = 2%(()7"0). (12)

Note that both of these conditions are independent of the
limiting pressure. In the case of a constant-temperature
DT plasma, the optimal reactivity is found at T =
13.5keV and e=1. In the limit of small beam fraction
¢ — 0, the numerical model locates the reactivity opti-
mum under a 10-bar pressure constraint at 7; = 15.3keV
and € = 0.89.
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The introduction of a fast deuterium beam at the cross-
section peak can improve the fusion reactivity at constant
pressure. Fig. 1 indicates the possible gains up to a beam
fraction of 1/2. The system pressure is held fixed at 10 bar.

As the beam fraction increases, the reactivity-
optimizing temperature decreases and the ion ratio tilts to-
ward the heavier target species. Both of these shifts tend to
increase the beam reactivity at the expense of thermal reac-
tivity. Such an optimized beam reduces the necessary ther-
mal energy content of an igniting system because fewer fast
particles are off-resonance; at constant pressure, a larger
reactivity is possible. Likewise, a fast beam reduces the den-
sity and pressure required for an igniting plasma, substan-
tially easing the minimum ignition conditions.

E. Nonthermal gains: p-''B

In the beam-free, Maxwellian case, subject to a pressure
constraint, the p-''B reactivity is maximized at T = 138 keV
and € = 1/3. In the limit of small beam fraction, the reactiv-
ity maximum (under a 10-bar pressure constraint) occurs at
T; = 137keV and e = 0.20. The discrepancy in ¢ is due to
the significant bremsstrahlung emission present in the full
model at higher values of e. The possible gains from the
addition of a fast proton beam are indicated in Fig. 2, up to a
beam fraction of 0.1.

The energy cost of maintaining a given beam fraction
against collisions with thermals is comparatively greater in
p-"'B than DT, due primarily to the abundance of electrons.
Above about ¢ = 0.2, a proton beam cannot be maintained
without injected power. In fact, above beam fractions of
0.02, these beams were only useful at higher temperatures,
where the slowing down of beam protons is reduced, so the
beams can be maintained at lower cost. Likewise, in the
absence of a pressure constraint, fast beams can be used
quite profitably. At sufficiently high temperature and density,
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FIG. 1. Optimized DT operating points with increasing nonthermal features
in the light ion distribution function. The deuterium beam fraction ¢ varies
from 1073 to 0.5; the optima at larger beam fractions are characterized by
greater reactivity (a) [cm3 /s, increased target ion concentration (b), and
lower ion temperatures (c) [eV].
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FIG. 2. Optimized p-''B operating points with increasing nonthermal fea-
tures in the light ion distribution function. The proton beam fraction ¢ varies
from 1073 to 10~"; the optima at larger beam fractions are characterized by
greater reactivity (a) [cm®/s], increased target ion concentration (b), and
higher ion temperatures (c) [eV].

the power required to counteract beam drag is a small frac-
tion of the total thermal power.

The removal of fast alpha particles in the channeling
process is a significant boon to p-''B ignition prospects. In a
pressure-limited device, the enormous number of fusion
alpha particles produced poisons the reaction by contributing
pressure without also providing reactivity. Even a marginal
increase in the reactant pressure, as would be the case with a
small beam fraction of fast particles, could be helpful
because the fusion power scales as p°.

Consider the timescale defined by 7 = p,/P,, where
D 1s the total pressure of all thermal particles in the plasma
and P, = €41, is the instantaneous fusion power released in
alpha particles. If the pressure p,, varies slowly on the time-
scale 7, for example, in the case of continuous refueling, 7°
is a reasonable estimate of the time a plasma can burn in
quasi-steady state conditions (for which alpha poisoning is
insignificant). The ratio 7pr/7 ,p is of interest. Assuming
equimolar DT with Tp =Ty =T;,

. npTp + nely + n,T,

Tpr = ; (13)
exnpnr(ov)
%M (14)
€ane(ov)

Supplying projected ITER plasma parameters, 7 pr = 1s,
which indicates that controlling alpha pressure will be im-
portant during pulses expected to last several minutes. In
comparison,

n Tp + nBTB + neTe

T g =-L 15
PB 3exnyng {ov) ’ (15

) (T, + Ts + (14 5€)T.)

= (1
(145 3e,n.{ov)

. (16)
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where 3¢, =8.7MeV. Note that in the case of the
p-"'B reaction, P, = Py. Supplying the parameters mini-
mizing the Lawson criterion for a thermal p-''B plasma (see
Section IIIC), 7T pp ~ 10716, Clearly an active means of
removing alpha pressure (on a collisionless timescale) is
crucial for any plausible p-' 'B reactor.

Although the potential gains of a fast beam in p-''B
plasmas (due to the high reactivity of a beam near the
thermal bulk) are limited by drag on the electron densities
required, alpha channeling may yet prove an invaluable
means of controlling the alpha poisoning effect.

IV. INERTIAL CONFINEMENT

Here, we describe the volume ignition scheme?’ of iner-
tial fusion and discuss how DT and p-''B plasma parameters
might be optimized to lower the ignition threshold. Although
conservative in its predictions (cf. practical ICF schemes),
the volume model is useful because of its simple structure
(nearly neglecting hydrodynamic motion), highlighting the
effect of a fast beam on ignition conditions. In particular, we
will determine to what extent fast beams could reduce the
assembly energies and pR of DT and p-''B volume targets.

The gain equation (le) is independent of the equilibrium
equations (la)—(1d). To solve the gain equation, however,
the absolute density p and scale (pR, or equivalently E,) of
the system must be specified. Together with the temperatures
and beam density supplied by Egs. (1a)—(1d), these are suffi-
cient to evaluate the volume gain (the yield of a homogene-
ous spherical assembly burning in a sound time divided by
its initial thermal energy).

A. Volume ignition

The volume ignition scheme? imagines a spherical
target that has been prepared in a completely homogeneous
state at the time of ignition. This provides a conservative
estimate of the obtainable gain because the entire fuel must
be heated; more tractable ICF schemes rely on the heating of
only a small portion of the burning mass, reducing the total
thermal energy of the assembly, E,. In practice, the driver
energy required to assemble the target is greater than E, due
to backscatter, x-ray conversion losses, solid angle effects,
rocket efficiency, etc.

The gain associated with a volume-ignited target can be
expressed simply as (cf. Eq. (1e))

__E¢
30 Ty

7)

where E is the fusion energy released per unit mass
(3.39 x 10" J /g for DT, 7 x 10'°J /g for p-''B) and ¢ is the
fraction of the target mass that burns before hydrodynamic
disassembly. I = kp/m is the plasma’s specific gas constant
(m being the mean mass of the constituent particles) and T
is the number-weighted temperature. %FTeff =E,/My,
where My is the total target mass. It is assumed that classical
statistics suffice to describe each of the target’s constituent
species.
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In order to operate in a high-gain regime, a typical ICF
target will burn a significant fraction of its fuel.*° It is there-
fore necessary to integrate the fusion rate equation 7 ~ n’
over the confinement time to estimate the fraction of fuel
consumed in fusion reactions. The result for a mixture of
two species with initial number densities n49 and npg, such
that e=n4¢/npo, is (see Appendix C)

2 e—1
= 1— 18
e+ 1 (18)

e—1pR ’
2 — =1
eexp< e+1H3>

where Hp = 6¢,m/{ov), ¢y = (Tp/m)l/2 is the ion sound
speed, and m = (emp +mp) /(e + 1). p = manao + mpngy is
the initial mass density. In the limit € — 1, the familiar pR
formula for an equimolar target is recovered

¢

PR

¢ — R Ty

19)

In the limit pR — oo, burnup is limited to 2/(e + 1).

B. Optimization procedure

Along with ¢, the initial ratio of boron to hydrogen
nuclei, the proton beam fraction n,/n, is regarded as a
parameter. With € and n,/n, specified, the system of Eq. (1)
can be solved for T,, T, T, and n,,. These state variables are
used to evaluate the volume gain for the configuration, which
is then a function of pR only (through the burn fraction, ¢).
A large sampling space was considered to locate the mini-
mum assembly energy E, necessary for a volume gain of
unity (Eq. (17)). E, can be related directly to the equilibrium
conditions determined by Egs. (1a)—(1d)

.3 3
Eq= NTer =23 NT,, (20)

~ 3M; [T, + T, + (5T, + Tp))
T2 m.+ my, + €(5m, + mp)

; 21

in the case of p-''B with ngo/npo = € and n,/n, =0 (no
beam). M is the mass of the entire target; Boltzmann’s con-
stant kz has been suppressed. Using

_4n(pR)’

My =5

(22)
the burnup ¢ = ¢(pR,T,,T,,Ts) and therefore the volume
gain are entirely specified by E,, once the assembled density
p has been given (in addition to € and f3;,). To wit,

1/3
pR — (£ Eametmy b eSmetmp))
2n To+T,+e(5T, + Tp)

The addition of a fast proton or deuteron beam is reflected
by

Ea— 3 (mer+ SONT,). (4
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Thus, once Equations (la)—(1d) have been solved consis-
tently for the species temperatures with specified T, €, beam
fraction, and density, the gain equation (le) can be solved
for the minimum assembly energy resulting in a volume gain
of unity. Using the above definitions, it is possible to express
this criterion in terms of the assembly pR.

C. DT ignition criterion

Assuming a constant temperature 7 for all species, it is
straightforward to estimate a beam-free best case from the
gain equation (le). At p = 10°, the result is a minimum
igniting pR of 0.022g/cm? at T = 18keV and € = nr/np
= 1.10. This is equivalent to an assembly energy of 0.09J.

A numerical search allowing for distinct, consistent
species temperatures determined by the systems (la)—(le)
located a minimum pR of 0.07 g/cm? at a mass-weighted ion
temperature of 7.1keV and € = 1.13. This is equivalent to an
assembly energy of 1.1J. In the full model, slowing of fusion
alpha particles on the thermal electrons creates some
separation in electron and ion temperatures (7, ~ 10keV
here), rendering the assumptions of the original estimate
inaccurate.

In the presence of a fast deuteron beam, the ignition cri-
teria are further relaxed. The typical minimal state features a
fast beam colliding with a thermal plasma substantially
cooler than the Maxwellian optimum. In DT, the potential
utility of the beam is limited by the fact that the resonant
beam energy is an order of magnitude greater than the opti-
mal Maxwellian plasma temperature whereas the reactivity
gain is limited to a factor of about 3.5. As Fig. 3 indicates, a
fast deuteron beam nonetheless reduces the pR required for
ignition by a factor of 14, corresponding to a factor of 10*
reduction in the total thermal energy of an igniting assembly.
Above a beam fraction of about 4%, the shift towards large

10°
@)
%10 e o o o
Qlo—Zr ® o R
[ ]
10_3 I I [ ] [ ]
2
10 —
w 101 °
1004; o o o ° e ..
4
] 1030(C). [ ] ° . .
2 107
~ e o o o
2 \ \
19 1072 o 107! 10°

FIG. 3. Optimized DT operating points with increasing nonthermal features
in the light ion distribution function. The deuteron beam fraction ¢ varies
from 1073 to 0.5; the optima at larger beam fractions are characterized by
lower minimum igniting pR (a) [gcm 2], increased target ion concentration
(b), and lower ion temperatures (c) [eV].
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trittum concentrations (Fig. 3(b)) and low ion temperatures
(Fig. 3(c)) is pronounced.

D. p-''B ignition criterion

Assuming a constant temperature T for all species, it is
straightforward to estimate a beam-free best case from the
gain equation (le). At p = 10%, the result is a minimum
igniting pR of 9.95g/cm? at T = 153keV and € = ng/n,
= 1.30. This is equivalent to an assembly energy of 59 MJ.

A numerical search allowing for distinct, consistent
species temperatures determined by the system (la)—(1d)
located a minimum pR of 2.1 g/cm? at a mass-weighted ion
temperature of 196keV and e = 1.8. This is equivalent to an
assembly energy of 0.28 MJ, showing marked improvement
over the naive estimate. At the high densities characteristic
of ICF, the Coulomb logarithm is small enough that a large
temperature difference can be sustained between electrons
and ions. In the particular case of p—“B, the substantial
bremsstrahlung emission keeps the electron temperature low.
The resulting lower thermal content of the fusing plasma
improves the volume gain.

In the presence of a fast proton beam, the ignition crite-
rion is relaxed. In contrast to DT, the resonant beam energy
(cf. 592keV) is only a factor of 2—4 greater than the optimal
Maxwellian plasma temperature, whereas the reactivity gain
is superior, about a factor of 6. Fig. 4 suggests that in p-''B,
the net effect of a beam is nevertheless less pronounced cf.
DT. The minimum igniting pR is reduced by nearly a factor
of 3 (Fig. 4(a)), corresponding to a factor of 30 reduction in
assembly energy. The optima eschew contributions from
thermal reactions above a beam fraction of about 7%, as
demonstrated by the shift to larger e (Fig. 4(b)) and low ion
temperature (Fig. 4(c)).

10"
ib(a)O [ ] [ ] [ ] [ ]
X 10% .,
-1 L !
1?01
(b)
w 00 e © o o o © ° o °
10%
106
(c)
S 105!! [ ] [ ] [ ] [ ] [ ] ) N °
o
1 4 . .
?0—3 1072 107! 10°

FIG. 4. Optimized p-''B operating points with increasing nonthermal
features in the proton distribution function. The proton beam fraction ¢
varies from 107> to 0.5; the optima at larger beam fractions are character-
ized by lower minimum igniting pR (a) [gcm™2], roughly equal target ion
concentration (b), and lower ion temperatures (c) [eV].
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V. POSSIBLE IMPLEMENTATION

The practical implementation of the effects considered
here is really beyond the scope of this paper. In all cases, it
is necessary to identify a wave that persists on a long time
scale that is capable of delivering its energy in such a way as
to produce or maintain a non-Maxwellian feature or to make
one species hotter than another species. Our intent here has
been merely to bound from above how much could possibly
be obtained by distortions to the distribution functions that
do not violate thermodynamic principles. How the waves
can be produced, and how the waves produce these distor-
tions are beyond the scope of this work. But the hope is that
if the upside potential would be large enough, then there
would be incentive to look for specific waves and specific
mechanisms, and to assess the consequences of effects
neglected here. On the other hand, in regimes where the
upside potential of these manipulations of the distribution
functions through alpha channeling might be relatively mod-
est, there would of course be no incentive to look further at
detailed mechanisms—saving one the trouble of trying.

Nonetheless, in this section, we do discuss possible
implementations of waves that would distort the Maxwellian
distributions, but only to give a general sense of where there
are reasons to believe that implementations may be at hand,
and where considerable ingenuity would need to be exer-
cised to find them, even if they are not disallowed by thermo-
dynamic principles.

While all implementations must be considered at present
to be speculative, the most straightforward implementations,
and the ones that have attracted the most theoretical atten-
tion, and even some experimental attention, would be those
in the presence of a strong magnetic field, like in a magnetic
confinement device such as a tokamak or a mirror. The
mechanisms for alpha channeling in tokamaks were theoreti-
cally developed first through considerations of the lower
hybrid wave."??" It was later recognized that the mode-
converted ion Bernstein wave offered greater possibil-
ities,***? and further optimizations might be enabled through
a combination of several waves.'>3*3> Aspects of the effect
with the mode-converted ion Bernstein wave were verified in
experiments.'®>® The utility of these effects was quantified
and deemed very substantial.'*

Similar approaches are possible in mirror machines,
where the boundary is more complicated, since particles can
leave the mirror either at a physical boundary or at the
trapped-passing boundary in velocity space. The effect can
also be practiced in centrifugal mirror confinement fusion
devices,” where the channeling effect can be arranged to
provide for direct support of the radial potential that pro-
duces the rotation.

In inertial confinement fusion, alpha channeling scenar-
ios are much harder to envision. The key issue is how can
waves persist in such high-density plasma. It would be nec-
essary for the waves to capture the alpha particle energy and
then to damp that energy on ions. The high densities make it
difficult to catalyze the effect with waves, since the collision
frequency may be so high that the wave energy is damped
before mediating the energy transfer. One speculation in

37,38
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manipulating wave energy in an ICF target is to embed a
wave in the hot spot early in time, possibly in a bit of an
excavated, low-density hot spot, something like a bubble,
before the compression happens, such that the wave grows in
amplitude as a consequence of action conservation during
the target compression.***! The amplified wave might then
be available to mediate somehow energy exchange between
fusion produced alpha particles and fuel ions, much like in
magnetic fusion plasma. Langmuir waves would likely be
sensitive to collisional damping, in these regimes, even in a
bubble, but if a magnetic field were generated in the target, a
larger selection of waves might then be available for media-
ting the energy transfer.

In different devices, the alpha channeled energy might
accomplish different things in addition to reducing ignition
requirements through the hot ion mode: in tokamaks, signifi-
cant practical advantages would be realized particularly if
the alpha energy were diverted to current drive or ion
heating; in case of centrifugal fusion, supporting the radial
potential. And for p-1 'B fusion, or for other low fusion den-
sity interactions, the greatest gains may come from prompt
removal of fusion byproducts, once their energy is captured.
However, these further advantages, as well as the real possi-
bility of their practical implementation, like the possibility
of maintaining the non-Maxwellian features of the fuel ions
in the first place, are beyond the scope of the present study.

VI. DISCUSSION

This work seeks to address, in broad strokes, the utility
of non-Maxwellian features in both DT and p-''B plasmas
under magnetic and inertial confinement. Regardless of the
scheme chosen, the relationship between the thermal reactiv-
ity and resonant features in the fusion cross section is crucial
in establishing this utility.

A natural criterion in both confinement schemes is the
amount of pressure or thermal energy required for ignition
because this quantity scales directly with the facility cost
(magnet strength in magnetically confined fusion (MCF),
driver energy in ICF). If a beam is to reduce the pressure
requirement, it should provide excess reactivity without a
disproportionate contribution to the system pressure. In par-
ticular, the beam-thermal reactivity ratio and the ratio of
beam energy to the bulk temperature should be compared.
Heuristically, the parameter

_ <Gv>beam/<av>
k= ebeam/T @5)

is indicative of the beam utility for specified plasma
conditions.

In the case of DT, the fusion resonance is located far in
the tail of most igniting plasmas (true “thermonuclear”
fusion). Because bremsstrahlung losses are minimal, the
plasma energy content required for ignition is small (with
respect to the resonance), but the distance of the resonance is
a drawback when energy is supplied directly to heat particles
at such large energies, as in the case of a resonant beam.
Likewise, the broad DT resonance limits the achievable



112116-9 M. J. Hay and N. J. Fisch

reactivity gain; the value of R in igniting thermal DT plas-
mas is about 1/2, indicating that channeling fusion power to
a beam is not generally useful. Fig. 5 traces R for constant-
temperature DT and p-''B plasmas.

In contrast, the p-''B cross section energy peak is close
to the temperatures relevant to thermonuclear fusion.
Likewise, due to the narrow resonance, substantial reactivity
is gained by channeling fusion power to a resonant beam
(e.g., the beam reactivity is 15.7x greater than thermal at
T = 100keV). Typical values of R in an igniting p-''B
plasma are slightly larger than unity, suggesting that a beam
is a potentially useful investment in these systems.

The equilibration model employed here alters these
conclusions somewhat. At low temperatures, the pressure is
reduced and the beam reactivity benefits from the reduced
thermal broadening of the fusion resonance. R consequently
improves, but the collisionality of the plasma increases
simultaneously. Faster relaxation rates require the diversion
of additional fusion power to maintain the beam and reduce
the possible temperature separation between species, increas-
ing the effective bremsstrahlung emission. Both of these
effects limit the economic viability of a fast beam. However,
the model excludes beam particles from the calculation of
collision rates, reducing the collisionality of the plasma as
the beam fraction is further increased. These competing
collisional effects constitute the primary interactions of the
beam with the thermal plasma.

Apart from the beam fraction, the other salient parame-
ter in scanning plasma conditions is the number ratio e,
defined in all cases as the ratio of heavy ions to light ions,
including beam ions. An interesting divergence arose
between the two reactions: in DT, e =1 plasmas had lower
ignition thresholds in both MCF and ICF. In p-HB, e<1
plasmas were favored for MCF and € > 1 plasmas were
favored for ICF. In DT, the number of electrons does not
depend on e, so the bremsstrahlung emission is mostly inde-
pendent of this parameter. The slight preference for tritium-
rich plasmas is likely seen in extremal cases because the
same center of mass energy is available at lower pressures in
a deuterium-rich plasma. In p-''B, the preference for boron-
poor plasmas in MCF is explained by the balancing of
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FIG. 5. R metric plotted for constant-temperature DT (solid line) and p-''B
(dotted) plasmas. The plotting intervals are restricted by the validity of ther-
mal reactivity fits and the incursion of the resonant beam into the bulk of the
distribution function. We allow €pem > 27T
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bremsstrahlung emission (increasing with €) and thermal
reactivity (decreasing with €).

The large boron density in the ICF optimum is harder to
explain. The number ratio which maximizes the reactivity of
a pressure-limited, constant-temperature system is € = 74 /np
= (1+2Z)/(1 4+ Z4) = 1/3, in the case of p-''B. However,
if the species temperatures are allowed to float, a high elec-
tron density (due to the boron excess) could suppress the
electron temperature enough via bremsstrahlung emission
that the reduction in the thermal content of the plasma outpa-
ces the loss of reactivity and improves the volume gain in
the aggregate ICF accounting.

In the presence of a beam, the € and 7; maximizing the
total reactivity-pressure ratio should increase and decrease,
respectively, as these changes create a rich environment of
cold, resonant target ions for the lighter beam ions. The result
is increased reactivity at fixed pressure. In p-''B, the price of
increasing € is reduced thermal reactivity and, moreover,
greater bremsstrahlung emission. In a constant-temperature
model, both fuels behave as predicted; as the beam fraction
rises from O to 1, there is a critical point where the beam reac-
tivity exceeds the total thermal reactivity and the optimum
operating point is an excess of very cold target ions.

Although the volume gain calculation is intrinsically
conservative (cf. ignition in a hot spot), the assembly ener-
gies E, have been systematically underestimated, thereby
exaggerating the gains reported here. In practice, it will be
necessary to prepare the target at the prescribed temperature,
which will likely involve heating from low temperatures
(perhaps cryogenic, ambient at best). This heating will have
to overcome bremsstrahlung and conduction losses; a better
estimate of the volume gain will require tracing the target’s
evolution in pR — T phase space as Lindl has done for DT
hot spots in NIF targets.*®

Investing substantial recirculated power in a fast beam
has the potential to reduce ignition threshold conditions and
ameliorate various engineering difficulties. The encouraging
results of the stability analysis suggest that because the bulk
ions are usually sufficiently cold, the necessary recirculated
power can be regarded as small. In the case of DT plasmas,
fast beams can increase the reactivity of a magnetically con-
fined plasma at constant pressure or lower the pR required for
ignition by an inertially confined plasma. In p-''B plasmas,
the extra electron density increases the cost of maintaining a
beam, limiting the gains which are possible in principle.

Indeed, this work found superior gains in DT with
the introduction of a beam. In both MCF and ICF DT plas-
mas, these gains were substantial. A fast deuterium beam
improved the DT reactivity by an order of magnitude while
reducing the ion temperature to order-1keV levels.
However, the 10* reduction in the ICF igniting assembly
energy is arguably even more impressive. In p-''B ICF plas-
mas, the corresponding reduction was only a factor of 30.
However, this reduction is more impressive than the gains
realized in p—“B MCF, where a beam improved the total
reactivity by only 20%. However, the alpha channeling
which could be used to power the beam is likely critical to
any steady state, magnetically confined scheme as a reliable
means of abating the pressure poisoning effect.
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A key caveat to all the conclusions reached here, and the
comparisons made between ICF and MCF as well as
between DT and p—“B fusion, is that these conclusions and
comparisons are all based on an upper bound to a utility that
in practice may be difficult to reach. However, the utility
that can possibly be reached serves as impetus to try to find
ways to reach it. The scenarios that we considered are in that
respect at least not disallowed by the laws of physics, so they
can serve at once not only as an impetus to achieve what is
not disallowed but also as a caution not to expect that more
could be achieved.
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APPENDIX A: MAINTAINING A MONOENERGETIC
BEAM

There are several possible model choices for the recircu-
lated power required to maintain the proton beam. Rider®*
calculated the amount of power necessary to prevent velocity
space spreading of the beam past a prescribed thermal width
vy < vp. This spread results primarily from beam-beam
collisions; the Rider estimate of the recirculated power is
proportional to n7. This calculation is applicable when the
beam lies far outside the thermal proton population and the
velocity width of the beam is important.

In general, P.ic must also counteract beam collisions
on the thermal population, involving terms proportional to
npny, npng, and npn.. A more precise calculation would
include both beam-beam and beam-thermal collisions and
evaluate the reactivity integrals with a realistic slowing
down distribution for the beam protons. In pursuing an upper
bound of the gains realizable from alpha channeling, it has
been assumed that the monoenergetic beam collides only
with thermal particles.

1. Collisional evolution of beam

The Fokker-Planck equation governs the collisional evo-
lution of an initially monoenergetic beam. Drag and velocity
space diffusion induced by each of the thermal species
contribute to the beam’s eventual thermalization. We invoke
a test particle analysis to argue for the validity of the model
employed here. Consider, for example, the case of a 600 keV
proton slowing in a plasma with T, = Tp = 120keV and
T, =80keV. The number ratio is ng/m, =0.20 and
n, = 3.5 x 10 cm™3. Although the beam slows primarily
on thermal protons until an energy scattering time has
passed, the fusion rate falls significantly from its original
value on a collisionless time scale.

A similar DT case would have a 125 keV deuteron slow-
ing in a plasma with Tp =T7 = 11keV and T, = 24 keV.
The number ratio is nr/np = 1.25 and n, = 7.5 x 103 cm=3.
The picture is altered here because the ideal beam energy
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(maximizing the beam-thermal reactivity23) is somewhat
larger than the fusion resonance, such that most of the beam
fusion events come after about one collision time. However,
the fusion rate remains larger than the thermal ion collision
times throughout the slowing down process.

In all cases, the beam remains well outside the thermal
ion distributions, and most fusion events occur on a collision-
less timescale. We do not anticipate that collisional spreading
of the beam will modify the power balance laid out here.

2. Collisionless instability

Let us expand on comments made in the Introduction
concerning the stability of the monoenergetic beams. In par-
ticular, we will present suggestive criteria for ion beams
propagating in either cold or warm plasmas. A more detailed
stability analysis for a collisional three-component plasma is
beyond the scope of this work.

In a collisionless two-component plasma, the stability
threshold for Langmuir waves in the presence of an ion
beam is*"

D(u) = Z'(u) + no*Z'[a(u — V)] = 2(n+ )T =0, (Al)

where Z' is the first derivative of the plasma dispersion func-
tion,*? u = /kvy,; is a dimensionless phase velocity, o =
Ui /U, describes the “coldness” of the beam, V =V, /vy,
measures the beam’s separation in velocity from the bulk
ions, and n = n,/n; is the dimensionless beam density, and
T =T;/T,. Generally speaking, V is O(1) in all configura-
tions and T is larger for p-''B than DT plasmas (greater
electron-ion temperature separation).

Taking asymptotes of Eq. (A1), we can get some general
notions of the stability of the beam-plasma configurations to
be presented.”’ We will present the stability threshold as a
curve in (V, o) space parametric in the phase velocity u. For
V > 1, corresponding to a beam well outside of the thermal
ion bulk (cold plasma), the stability threshold is

n

V=t D\

(A2)

and likewise for V <« 1, a beam embedded in the thermal
bulk (warm plasma),

V=¢(1+nde ™), (A3)
with
n/2
=t A4
< T(n+1)+1 Ad

In practice, these criteria may be regarded as a minimum
amount of thermal spread intrinsic to the beam. Cold beams
with little thermal spread (large o) lying above these curves
are unstable.

For example, we consider a case typical of the configu-
rations to follow, a DT plasma with n=0.1 and T=0.5. In
both DT and p-''B plasmas V =1, so we will proceed cau-
tiously using the V' >> 1 asymptote. Then a stable beam has
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o< VIV —1.

For a representative V=4, o < 4\/ﬁ — 1 = 12, correspond-
ing to a minimum beam temperature for stability of 100 eV
in DT. (Typical beam energies are in the neighborhood of
127keV, the center of mass energy at the fusion cross sec-
tion peak.) Compare a typical case in p-''B, with n=0.1 and
T=2. We assume the beam-plasma interaction largely
ignores the boron ions. The corresponding stability criterion
is o« < 4/110V — 1 = 20 for a typical V=2. The minimum
thermal spread is then 1 keV, compared to a beam energy of
about 627 keV.

In these representative examples, quasi-monoenergetic
beams are well within the stability threshold. However, as the
beam fraction is increased, the necessary stabilizing thermal
spread may approach the beam energy in some scenarios.

(AS5)

APPENDIX B: OPTIMIZED REACTIVITY SUBJECT TO
MAXIMUM PRESSURE

In pressure-limited systems, the greatest achievable
reactivity is an important experimental parameter that estab-
lishes confinement criteria. In the absence of a fast beam, the
maximum of the function,

nang(ov)(T) | naT + ngT + n,T < po, (B1)

is of interest. 4 and np are the number densities of the react-
ing ion species, such that n, = Zsny + Zgnp. po denotes the
maximum allowed pressure and n,4/np = e. Equivalently,
one can maximize the Lagrange function

L = nanp(ov) — A(naT + ngT + n,T — po). (B2)

The components of the gradient are

oL nee(ov)
=(1+2 14+ Z)TA+2——— B3
ane ( + B+E( + A)) + ZB“‘ZAE’ ( )
1 BL ZB —ZAG
— = (Zp — ZW) T+ 224 B4
Ne 86 ( B A) i + ZB <|>ZA€ne<O-U>7 ( )
1 0L nee(av) (T)
———=(14Z 1+Z7 = B
o 0T (1+Zp+e(l1+2Z4)2+ 2+ Zc (B5)
L 1+Z 1+2Z2
OL 1+7Zp+e(l+ A)nET_pO. (B6)

oL Zp + Zye

Considering the complementarity condition, A=0 implies
nee{av) = 0, which cannot hold in a finite-temperature plasma.
Proceed fixing p = py. Then

_1+2Z

=1y z. (B7)

o (ZA + ZB + 2ZAZB)@
T Tz +2s) T (BS)
(o) (1) = 212000 (B9)

where the final equation can be solved implicitly for the
T =T, which maximizes the reactivity.
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APPENDIX C: EVALUATION OF BURN FRACTION ¢

Without loss of generality, suppose initial number den-
sities n49 and ngo such that nsg + ngy = np and nao/ngy = €.
Then

a0 = 77" (CD)
npo = %ﬁno, (C2)
and
ma(e) = - jr _ng =, (C3)
np(t) = 1 —11- o =1, (C4)

where n = n(t) is the cumulative number of binary fusion
reactions. Defining ¢p=2n/n,

dn  nod¢
a2 ar sl
nd{ov) ©
e o= 2o -2+ 4)

which is a Riccati equation for ¢. Assuming constant 7, and
T; during burn, integrate over the confinement time, R/3c;,
to obtain the implicit equation

L+e, [e(qb(eﬂ)z) = R otor). (o)

—c B p-2)1¢ | 3¢
This can be inverted to obtain
2 e—1
= 1— Cc7
¢ e+1 €D

2 e—1 R 1 ’
€X — —
CP\Hper1?

where p = manag + mpnpo, Hg = 6¢sm/{av), and m = (emy
+mg)/(e+1).

'w. Kernbichler, R. Feldbacher, and M. Heindler, in Proceedings of the 10th
International Conference (IAEA, Vienna, 1987), p. IAEA-CN-44/I-1-6.

2R. F. Post, in Proceedings of the British Nuclear Energy Society
Conference on Nuclear Fusion Reactors, UKAEA (Culham Laboratory,
Culham, England, 1969), p. 88.

31 M. Dawson, in Fusion, edited by E. Teller (Academic Press, New York,
1981), Vol. 1.

“W. M. Nevins, J. Fusion Energy 17, 25 (1998).

SW. Manheimer, J. Fusion Energy 33, 199 (2014).

°J. Lauer, H. Herold, H. Ruder, and G. Wunner, J. Phys. B 16, 3673
(1983).

’G. S. Miller, E. E. Salpeter, and 1. Wasserman, Astrophys. J. 314, 215
(1987).

8P. T. Leon, S. Eliezer, J. M. Martinez-Val, and M. Piera, Phys. Lett. A
289, 135 (2001).

°S. Son and N. J. Fisch, Phys. Lett. A 329, 76 (2004).

107, M. Martinez-Val, S. Eliezer, M. Piera, and G. Velarde, Phys. Lett. A
216, 142 (1996).

'S, Eliezer and J. M. Martinez-Val, Laser Part. Beams 16, 581 (1998).

12N. J. Fisch, Rev. Mod. Phys. 59, 175 (1987).

3N. J. Fisch and J. M. Rax, Phys. Rev. Lett. 69, 612 (1992).


http://dx.doi.org/10.1023/A:1022513215080
http://dx.doi.org/10.1007/s10894-014-9690-9
http://dx.doi.org/10.1088/0022-3700/16/19/024
http://dx.doi.org/10.1086/165051
http://dx.doi.org/10.1016/S0375-9601(01)00598-9
http://dx.doi.org/10.1016/j.physleta.2004.06.054
http://dx.doi.org/10.1016/0375-9601(96)00252-6
http://dx.doi.org/10.1017/S0263034600011411
http://dx.doi.org/10.1103/RevModPhys.59.175
http://dx.doi.org/10.1103/PhysRevLett.69.612

112116-12 M. J. Hay and N. J. Fisch

'N. J. Fisch and M. C. Herrmann, Nucl. Fusion 34, 1541 (1994).

M. C. Herrmann and N. J. Fisch, Phys. Rev. Lett. 79, 1495 (1997).

1N, J. Fisch and M. C. Herrmann, Plasma Phys. Controlled Fusion 41,
A221 (1999).

M. W. Binderbauer, T. Tajima, L. C. Steinhauer, E. Garate, M. Tuszewski,
L. Schmitz, H. Y. Guo, A. Smirnov, H. Gota, D. Barnes, B. H. Deng, M.
C. Thompson, E. Trask, X. Yang, S. Putvinski, N. Rostoker, R. Andow, S.
Aefsky, N. Bolte, D. Q. Bui, F. Ceccherini, R. Clary, A. H. Cheung, K. D.
Conroy, S. A. Dettrick, J. D. Douglass, P. Feng, L. Galeotti, F.
Giammanco, E. Granstedt, D. Gupta, S. Gupta, A. A. Ivanov, J. S. Kinley,
K. Knapp, S. Korepanov, M. Hollins, R. Magee, R. Mendoza, Y. Mok, A.
Necas, S. Primavera, M. Onofri, D. Osin, N. Rath, T. Roche, J. Romero, J.
H. Schroeder, L. Sevier, A. Sibley, Y. Song, A. D. Van Drie, J. K.
Walters, W. Waggoner, P. Yushmanov, K. Zhai, and T. Team, Phys.
Plasmas 22, 056110 (2015).

'H. Y. Guo, M. W. Binderbauer, T. Tajima, R. D. Milroy, L. C. Steinhauer,
X. Yang, E. G. Garate, H. Gota, S. Korepanov, A. Necas, T. Roche, A.
Smirnov, and E. Trask, Nat. Commun. 6, 6897 (2015).

"N. A. Krall and A. W. Trivelpiece, Principles of Plasma Physics
(McGraw-Hill, New York, 1973).

20B. D. Fried and A. Y. Wong, Phys. Fluids 9, 1084 (1966).

2lW. M. Nevins and R. Swain, Nucl. Fusion 40, 865 (2000).

22J. D. Huba, NRL Plasma F ormulary (Naval Research Laboratory,
Washington, 2007).

2D, R. Mikkelsen, Nucl. Fusion 29, 1113 (1989).

2T, H. Rider, “Fundamental limitations on plasma fusion systems not in
thermodynamic equilibrium,” Ph.D. thesis (Massachusetts Institute of
Technology, 1995).

Phys. Plasmas 22, 112116 (2015)

. Stave, M. W. Ahmed, R. H. France, S. S. Henshaw, B. Muller, B. A.
Perdue, R. M. Prior, M. C. Spraker, and H. R. Weller, Phys. Lett. B 696,
26 (2011).

26]. D. Lawson, Proc. Phys. Soc. B 70, 6 (1957).

27]. P. Freidberg, Plasma Physics and Fusion Energy (Cambridge
University, Cambridge, 2007).

28], K. Shultis and R. E. Faw, Fundamentals of Nuclear Science and
Engineering, 2nd ed. (CRC Press, Boca Raton, 2007).

2S. Atzeni and J. Meyer-ter-Vehn, The Physics of Inertial Fusion
(Clarendon, Oxford, 2004).

303, Lindl, Phys. Plasmas 2, 3933 (1995).

3IN. J. Fisch and J. M. Rax, Nucl. Fusion 32, 549 (1992).

32E. J. Valeo and N. J. Fisch, Phys. Rev. Lett. 73, 3536 (1994).

*N. J. Fisch, Phys. Plasmas 2, 2375 (1995).

*N. J. Fisch and M. C. Herrmann, Nucl. Fusion 35, 1753 (1995).

%M. C. Herrmann, “Cooling alpha particles with waves,” Ph.D. thesis
(Princeton University, 1998).

“6N. J. Fisch, Nucl. Fusion 40, 1095 (2000).

¥IN. J. Fisch, Phys. Rev. Lett. 97, 225001 (2006).

3N. 1. Fisch, 6th International Conference on Open Magnetic Systems for
Plasma Confinement, Tsukuba, Japan, July 17-21, 2006, Trans. Fusion
Sci. Technol. 51(2T), 1 (2007).

%A. J. Fetterman and N. J. Fisch, Phys. Rev. Lett. 101, 205003 (2008).

“Op_ E. Schmit, 1. Y. Dodin, and N. J. Fisch, Phys. Rev. Lett. 105, 175003
(2010).

#IP_F. Schmit and N. J. Fisch, Phys. Rev. Lett. 108, 215003 (2012).

“?B. D. Fried and S. Conte, The Plasma Dispersion Function (Academic,
New York, 1961).


http://dx.doi.org/10.1088/0029-5515/34/12/I01
http://dx.doi.org/10.1103/PhysRevLett.79.1495
http://dx.doi.org/10.1088/0741-3335/41/3A/015
http://dx.doi.org/10.1063/1.4920950
http://dx.doi.org/10.1063/1.4920950
http://dx.doi.org/10.1038/ncomms7897
http://dx.doi.org/10.1063/1.1761806
http://dx.doi.org/10.1088/0029-5515/40/4/310
http://dx.doi.org/10.1088/0029-5515/29/7/003
http://dx.doi.org/10.1016/j.physletb.2010.12.015
http://dx.doi.org/10.1088/0370-1301/70/1/303
http://dx.doi.org/10.1063/1.871025
http://dx.doi.org/10.1088/0029-5515/32/4/I02
http://dx.doi.org/10.1103/PhysRevLett.73.3536
http://dx.doi.org/10.1063/1.871454
http://dx.doi.org/10.1088/0029-5515/35/12/I40
http://dx.doi.org/10.1088/0029-5515/40/6/307
http://dx.doi.org/10.1103/PhysRevLett.97.225001
http://dx.doi.org/10.1103/PhysRevLett.101.205003
http://dx.doi.org/10.1103/PhysRevLett.105.175003
http://dx.doi.org/10.1103/PhysRevLett.108.215003



