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The compensation of vertical drifts in toroidal magnetic fields through a wave-driven poloidal rota-
tion is compared with compensation through the wave driven toroidal current generation to support
the classical magnetic rotational transform. The advantages and drawbacks associated with the sus-
tainment of a radial electric field are compared with those associated with the sustainment of a
poloidal magnetic field both in terms of energy content and power dissipation. The energy content
of a radial electric field is found to be smaller than the energy content of a poloidal magnetic field
for a similar set of orbits. The wave driven radial electric field generation efficiency is similarly
shown, at least in the limit of large aspect ratio, to be larger than the efficiency of wave-driven
toroidal current generation. Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4977919]

I. INTRODUCTION

In a static homogeneous magnetic field, the orbit of a
charged particle is a combination of rotation around the field
lines and a translation along the field lines. With an inhomo-
geneous static magnetic field, two general magnetic trap con-
figurations can be considered: The first is the open field line
configuration, where the magnetic field lines are closed out-
side the plasma. This configuration must display a minimum
of a trapping potential along the open field lines to restrict
the parallel motion and to achieve confinement. For non-
neutral plasma in Penning trap this potential is electrostatic.
For thermonuclear quasi-neutral plasma, this potential is
associated with the diamagnetic force leading to magnetic
mirroring.

The second magnetic confinement trap, and the topic of
interest here, features closed field lines, that is to say, a toroi-
dal topology. We will call R, the major radius of the plasma
torus, a the minor radius of this torus, and B, the magnetic
field on the magnetic axis. There is no need to create a mini-
mum of a potential along the field lines, as particles explore
the full length of the line. But we have to compensate the
magnetic toroidal vertical drift velocity vp across the field
lines

. v +u’/2  2kgT
b= - ER()BO’
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where v| the velocity along the field lines, v, the cyclotron
velocity around the field lines, w., = eBo/m is the cyclotron
frequency of a particle with charge e and mass m, and T is
the temperature of the associated population.

There are two ways to compensate this vertical drift:

1) This compensation can be achieved with the magnetic
rotational transform' which short circuits the vertical
drift current associated with Eq. (1), thus providing
steady state confinement. Stellarators and tokamak
are the two main configurations designed according to
this principle.'? We note in passing that, in particular,
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tokamak equilibria referred to as current hole config-
urations, the magnetic rotational transform can be
achieved with zero toroidal current and poloidal mag-
netic field on axis.*

(i1))  Instead of using a poloidal magnetic field, the short cir-
cuiting of the vertical drift current can be achieved
through a radial electric field E, resulting in an E/B
poloidal rotation. This configuration also avoids the
vertical magnetic escape described by Eq. (1). This is
the principle of toroidal magnetoelectric confine-
ment. > However, because of the difficulty to generate
and control a radial electric field inside a hot plasma,
electric rotation schemes have been far less explored
than magnetic rotational transforms which underlie the
basic field configurations of tokamak and stellarators.

The electric rotation schemes previously considered envi-
sioned rotational transform only near the plasma periphery.
Four decades ago, Stix identiﬁed,6 described, and analyzed7’8
a toroidal trap based on a purely toroidal magnetic field sup-
plemented by a radial electric field localized near the edge of
the plasma and sustained by a preferential loss of fast ions.
The orbit in such a trap comprises a vertical drift vy near the
center of the discharge, closed by an electric E/B rotation at
the edge. These D-shaped orbits, depicted in Fig. 1, are closed
by the E/By rotation on the low field side or on the high field
side depending on the sign of the charge. Stix studied the self-
consistent equilibrium and the main instabilities associated
with this original trap.”® The impact of edge biasing was stud-
ied experimentally, with edge electrodes, in what was called
an electric tokamak program.”™'' Edge electrodes produced
observable effects on plasma confinement in tokamaks.'* The
impact of electric rotation in various toroidal configurations
was also analyzed."® Electric rotation to overcome drifts was
likewise analyzed, both theoretically and experimentally,
within the context of particle accelerators'*'” and non-
neutral plasma confinement.'®?' Strong, self-generated radial
electric fields were also considered in the context of confine-
ment in non-axisymmetric toroidal traps.**

Published by AIP Publishing.
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FIG. 1. Magneto-electric Stix configuration with an edge rotational trans-
form leading to D-shaped orbits.

To produce single-particle confinement, here we explore
the possibility to replace essentially completely the poloidal
magnetic field (and with it the toroidal current) by a radial
electric field (radial polarization) extending from the mag-
netic axis toward the edge. The scheme proposed here is dif-
ferent from the Stix proposal and related configurations in
two important respects: (i) here we consider a radial electric
field extending from the center toward the edge rather than
just near the edge; and relatedly, (i7) here we consider a volu-
metric wave-driven electric field, through angular momen-
tum absorption, rather than relying on preferential ions
losses at the edge or edge biasing. We demonstrate that, for
the purpose of single particle confinement, steady-state,
wave-driven, electric field generation is more efficient than
the classical wave-driven toroidal current schemes,zz"24 both
in terms of energy storage and, at least in the limit of large
aspect ratio, power dissipation. We call this new confinement
scheme the wave-driven rotating torus, or what we refer to
more compactly as, the WDRT.

To estimate the potential of WDRT toroidal confinement,
where there is no poloidal magnetic field, we consider the
classical tokamak with a poloidal magnetic field as a bench-
mark case. For the same toroidal magnetic field B, and major/
minor radius, Rp/a, we set up a comparative analysis of the
confined orbits when the vertical drift is compensated: The
compensation occurs either (i) with a poloidal magnetic field
(tokamak), or (if) with a radial electric field (WDRT). For def-
initeness, we consider a radial electric field or a poloidal mag-
netic field increasing linearly with minor radius. In either
case, such a field produces solid body rotation. By matching a
single parameter, we can show that the orbits display the
same confinement geometry in both the electric and magnetic
cases. This provides robust comparative criteria between
WDRT and tokamak schemes. These criteria will then be
used to compare the energy content and the power require-
ment of both wave-driven steady-state confinement schemes.

The study here is limited to comparing reactive energy
storage and active power consumption associated with wave-
driven poloidal magnetic field generation versus wave-
driven radial electric field generation for orbit confinement.
Pressure equilibrium is not addressed here, nor are fluid and
kinetic instabilities. These are all critical issues to address.
However, it is our hope that the unusual and attractive prop-
erties of the WDRT identified here, both in terms of reactive
energy storage and power consumption, will motivate explo-
ration of the important issues not covered here.
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The paper is organized as follows: In Sec. II, we identify
the single parameter that can be used to compare the energy
content and power dissipation for both confinement schemes.
In Sec. III, we show that closed orbits are possible with small
displacement in the WDRT even for alpha particles. In Sec.
IV, we compare the energy content associated with produc-
ing a magnetic rotational transform to that associated with
producing an electric rotational transform. In Sec. V, we
review wave-particle dynamics. In Sec. VI, for the very
same orbital confinement properties, we calculate the power
consumption of both the WDRT scheme and the traditional
non-inductively driven, steady-state tokamak. On the basis
of these results, in Sec. VII, we set up a comparative analysis
of wave driven poloidal magnetic field generation versus
wave driven radial electric field generation, and show that, at
least in the limit of large aspect ratio, the electric case power
requirement is smaller than the magnetic case one. We sum-
marize our findings and conclusions in Section VIIIL
Appendix A provides a more detailed orbit analysis than that
given in Sec. II. The geometry of the slowing down orbits of
thermonuclear alphas is presented in Appendix B. Appendix
C reviews the classical wave-particle energy-momentum
transfer relations used in Sec. V to evaluate the efficiency of
steady-state angular momentum sustainment with waves. In
Appendix D, we address horizontal polarization in WDRT
traps.

Il. ELECTRIC AND MAGNETIC ROTATIONAL
TRANSFORMS

Three sets of coordinates can be used to describe a toroi-
dal magnetic field and the associated particle orbits: (i) a
cylindrical set of coordinates around the toroidal z vertical
axis, [z,R,q] associated with the orthonormal basis
le-, ek, e,]; (i) a local polar set of coordinates around the
magnetic axis [r, 0] completed by the toroidal angle ¢ lead-
ing to [r,0,¢] (R=Ry+ rcos0, z=rsin0) associated with
the orthonormal basis [e,, ey, e,]; and (iii) a Cartesian set,
[x,z] (x=rcos0, z=rsin0), of coordinates in the radial/
poloidal plane for each ¢ with the local basis [e,,e.]. The
toroidal magnetic field common to the electric and magnetic
rotational transform schemes is

Bg

By=———' e,
¢ 1+X/Roep

~ Boe,,. 2)
Finite aspect ratio effects associated with x/R are analyzed
in Appendix A.

Consider the simplest tokamak magnetic field configura-
tion displaying both toroidal, By, and poloidal,

B, = B, ey, 3)
a

magnetic components. Anticipating what might facilitate the
comparison between electric and magnetic rotational trans-
forms, we introduce B,, the poloidal field at the minor radius
r=a, which we employ rather than the safety factor. This
magnetic configuration is then fully characterized by two
fields and two lengths [Bo, B, Ry, a] and illustrated in Fig. 2.
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FIG. 2. Classical tokamak configuration with a poloidal magnetic field.

The velocity v of a charged particle in such a configuration
is given by the sum of components along (v)), around (v.),
and across (vp) the field lines

B,r
V=Ve.+V|+Vp %VC—|-UHC¢+UHB—ZEG()+UDCZ. 4)

Dropping the fast cyclotron rotation v., we end up with the
classical drift equations. These guiding center equations,
restricted to the poloidal plane [x, z], can be expressed in term
of the complex guiding center variable Z in the drift equation
Bovp dZ B, Z

Z=x+jjz+a——, —=ju——.
tit BaUH dt jHB()a

%)

This drift equation is to be supplemented by the equa-
tion describing the diamagnetic force along the field lines
when the particle goes from the low field side toward the
high field side, in the process converting the parallel linear
momentum my) into cyclotron angular momentum mo,.
This diamagnetic conversion from linear momentum to
cyclotron angular momentum results in a low field side
trapping if v)/v. < \/2r/Ry in the equatorial plane. Here
we have restricted the analysis to the passing population in
order to identify a single parameter aimed at comparing
electric and magnetic methods. The case of banana orbits is
analyzed in Appendix A. That case generalizes the results
obtained in this section.

The orbits of passing particles are circles, Z(¢)
= Zoexp(juyBst/aBy). The centers (x = dp,z = 0) of the
these drift orbits are shifted with respect to the magnetic axis
(x =0,z = 0) by an amount dp
up By

0p
B D20 6
a UH Ba ( )

These classical results, which can be found in any standard
textbook on tokamaks,”> now allow us to compare directly
tokamak orbits with orbits in WDRT toroidal traps, where the
poloidal magnetic field is replaced by a radial electric field.

Thus, consider the toroidal magnetic field By, given in
Eq. (2), complemented by a radial electric field

E=-E e, )
a

where —F, is the value of the electric field at radius r=a.
This configuration is fully characterized by two fields and
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FIG. 3. Rigid body magneto-electric configuration with an electric rotational
transform.

two lengths [Bo,E,, Ro,a] and illustrated in Fig. 3. The
velocity v of a charged particle in such a configuration is
given by the sum of components along, around, and across
the field lines complemented by the electric E x B drift

ExB
V=V, +V)+Vp+

r
B ~ Ve + e, +vpe; + UE;ee,

(®)

where we introduced v = E, /By the electric drift velocity at
the outer edge of the plasma. The guiding center equations,
restricted to the poloidal (x, z) plane, can be analyzed with
the help of the complex guiding center variable Z, which
obeys the drift equation

dZ Z
— = juop—. 9
ar v, )

Z=x+jz+a U—D,
VE
The solution, Z(r) = Z,exp(jugt/a), shows that the orbits
are circles whose centers (x = dg,z = 0) are shifted with
respect to the magnetic axis (x = 0,z = 0) by an amount Jg
B B By _ a 2kgT

— = ——=—Uvp—

a Vg E, RoeE,a’

(10)

For a plasma temperature of the order of kgT/e ~ 10 keV,
in order to achieve dg/a < 1, the voltage drop between the
center and the edge of the discharge, E,a, will be on the
order of several hundred up to perhaps 1000 kV.

The full analysis, presented in Appendix A, confirms the
simple results obtained here. Consider a particle with initial
parameters (v, U¢,, X = Xo,z = 0): first (/) in a WDRT trap
characterized by [Bo,E,,Ro,a] and then (i) in a tokamak
configuration with parameters [By,B,,Ro,a]. According
to the previous analysis and Appendix A, the orbits are
expected to be similar provided that 5E(a,R0,Ea7v||0,v¢.ﬂ)
~ 6p(a,Ro, By, v, ). This can be viewed as criteria that
ensure the same orbital confinement properties for the two
configurations. Thus let us consider ions, which display the
largest magnetic shift Jp. If we then average v|| over a thermal
distribution (()), we obtain the approximate similarity criteria

2
op

B,
~ (|lvy]) =~ L. 11
() 5 (an

These simple criteria hold even for trapped particles. As
shown in Appendix A, there are only passing particles and
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no trapped banana orbits in the electric case. This is one of
the main advantages of the electric drift compensation
scheme. Note also that, since E,/B, ~ (|v;||), the edge rota-
tion velocity E,/By is smaller than the ion thermal velocity,
with E,/Bo ~ (|v;j|[) Ba/Bo-

In the following, we consider hydrogen plasma, with
electron and ion densities n, and n;, and masses m, and m;.
When there are no specifications of the index e or i, it means
that the result stands for both species. With a radial voltage
drop between the edge and the center of the order of 1 MV,
such that 0g/a < 1, Gauss’s theorem leads to an estimate of
the wave-driven radial space charge e(n; — n.)~¢&kE,/a
~107°-107° C/m’, that is to say (n; — n.)/(n;+n,)
~1077-107°. This estimate is restricted to the body of the
plasma. Note that the edge horizontal space charge, associated
with the horizontal shift 6z # 0, possibly leads to a horizontal
electric field. This space charge effect requires a somewhat
separate consideration, given in Appendix D.

lll. CLOSED ORBITS WITH SMALL DISPLACEMENT

We show here that it is possible to satisfy simulta-
neously both closed orbits and small horizontal displace-
ments. On the one hand, the radial electric field must be
large enough to produce a rotational transform sufficient to
overcome the vertical drift. On the other hand, the electric
field must not be quite that large so as to produce open orbits
through inertial drifts.

In rotating plasma, both centrifugal forces and Coriolis
forces lead to inertial drifts. These drifts might lead to decon-
finement above the so-called Brillouin limit.?*"2® Consider a
particle of charge e and mass m, interacting with B = Bye,,
and E = —E,re,/a. Rather than the guiding center equa-
tions, we consider Newton’s equations with both the electric
and magnetic forces written with the complex variable Z

d’Z eE, Z dz
Zextj, S i, 12
TR e ma ' a (12)

where, here, x and z no longer represent the guiding center
position but rather represent the particle position. The solu-
tion to this classical problem is a superposition of the slow
and fast modes: Z = Z. expjw+t, where the slow and fast
angular rotations velocities are given by

W+ 1 1 eE,
— ==yt — 13
W, 2 V4 + mam,? (13)
The fast rotation
w ek,
a1+ 5+ .. (14)
e mac,

is not relevant here to analyze the drift motion.?*® The
slow one, displaying also inertial drifts in addition to the
E,r/aB rotation, can be expanded according to

w_ ek, ek, 2
b b (B VL

w, maw, maw,
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We recognize the E,r/aBy = eE,r/maw. as the so-
called E x B rotation. The higher order term describes the
inertial drifts.?® Thus, to neglect the inertial drift, and vali-
date the model of Sec. II, the electric field should fulfill
¢E,/maw? < 1, or equivalently (eE,a/kT)(p/a)* < 1,
where p; is the ion Larmor radius. This provides an upper
bound to E,, which may be considered for solid body rota-
tion equivalently as an upper bound to the voltage difference
across the plasma.

But E, also satisfies the confinement condition from Eq.
(10), Og/a =2kgT/eRoE, < 1, which provides a lower
bound for E,. Both upper and lower bounds must be compat-
ible so that

2kpT
Ro

< eE, < maw.*. (16)

This relation requires the strong ordering kzT < m;aRywe;”.
We can now identify the constraint k3T /m;w.> ~ p? < Roa.
Thus, there are at least six orders of magnitude between the
upper bound and the lower bound of Eq. (16). This very strong
ordering allows one to chose easily an electric field E,, large
enough to insure confinement (0g/a < 1), and yet small
enough to avoid inertial drifts (eE,/maw.*> < 1), far below
the Brillouin limit. The two conditions, (i) confinement
through the requirement of closed orbits with small shift oz
and (if) negligible inertial drift effect, can thus be simulta-
neously satisfied.

We address now the confinement and thermalization of
energetic alpha particles in a WDRT trap. The considerations
for energetic alpha particles are somewhat different than for
plasma ions and electrons. The simple analysis presented in
Sec. II is no longer valid because (i) we have to consider
orbits whose starting points are located near x ~ z ~ 0; and
(if) they start with a kinetic energy of 3.5MeV > kT and
slow down to the thermal energy in perhaps a few hundreds
of milliseconds. The equations describing the guiding center
orbit taking into account energy slowing down are solved in
Appendix B. The resulting (x, z) poloidal orbit is given by

x(1)* 4z 2:—1%0
O ey

X [1 —2cos (U—Et>exp(—u1t) +exp(—2wyt)|,
a

7)

where vp is the drift velocity at t=0 and 1/v, the alpha par-
ticle slowing down time. An estimate of the various terms
(vg > av,) then gives an upper bound to the radial extent of
the thermonuclear alpha particles

ax (0% + 07 ) ~ LIV

¢ Ry eE,a

Thus, an edge to center voltage drop around 1 MV
ensures thermal confinement and avoids inertial drifts. The
alpha particles will then be confined and thermalized in a
WDRT. Note that the heating of the alpha particles, mainly
by collisions with electrons, will also be uniform on
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iso-potential surfaces. Even if slowing down takes place
preferentially on the low field side (or the high field side)
due a horizontal displacement, the fast circular motion of
thermal particles will ensure homogeneous energy deposition
on the iso-potential surfaces.

IV. ENERGY CONTENT OF RADIAL AND POLOIDAL
FIELDS

We now compare the energy content of the WDRT to
that of the equivalent tokamak. Thus, consider a particle
with charge e, mass m, and initial velocity and position coor-
dinates given by (v), e, x = X0,z = 0), first in a WDRT
trap characterized by [Bo,E,,Ro,a] and then in a tokamak
configuration with parameters [Bg, B, Ry, a|. According to
the previous analysis, and generalized in further detail in
Appendix A, similar orbits will be described provided that
0£(a,Ro,Eq, v}, Ve,) ~ Op(a,Ro,Ba, V), U, ), that is to say

0’

2 2

2 &0k 2 B
—4 ~ ({p; . 19
“ <v'”>2,uo (19)

In writing Eq. (19), we used Egs. (6) and (10) and we took
the ion parallel velocity which corresponds to the largest
magnetic shift dg.

Let us compare now, when Eq. (19) is satisfied, the
energy content associated with the radial electric field £, and
the poloidal magnetic field B,,. This energy content is a major
source of free energy able to feed instabilities. While more
detailed considerations are of course necessary, the energy
content is important since we expect that the lower the
energy content, the more stable the configuration might tend
to be and the least damaging might be any plasma
disruption.

The energy content ratio can obtained on the basis of
Eq. (19), with the polarization energy associated with the
radial permittivity of the plasma ¢,. The amount of energy
needed to construct a radial electric field E, is then given by

2 2
Wpi c Ea
50 —<—
Q)Ciz 2

2

SLSO%anRgaZ = ( >2n2R0a2. (20)
Here we wused the low frequency ion permittivity,
&1 = wpi* /o (wp; and w,; are the ion plasma and ion cyclo-
tron frequencies). Note that the low frequency ion permittiv-
ity captures both the electric energy content as well as the
kinetic energy content through the rotation. The ratio of the
energy content to the magnetic energy in the equivalent toka-
mak content B,*2n°Roa’ /2y, needed for the same orbital
confinement properties, is thus given by

wpi” (V%)

w2 B2 ol P
Ho

2 2
Wpi ek,

~ () <1, 21

where f is the beta parameter of the tokamak, the ratio of
thermal energy to magnetic energy, which must be far
smaller than one (typically less than 0.04 for a tokamak).
This result is very favorable to the electric option compared
with the magnetic one.

Phys. Plasmas 24, 032504 (2017)

Although we do not address directly instabilities, or the
transport of heat and particles through collisions, and partic-
ularly through turbulence, a field configuration with less free
energy in the confining fields is promising. It suggests that
there may be less energy in any rearrangement of the mag-
netic surfaces in the plasma, together with their imbedded
electric charge or toroidal current. It suggests weaker turbu-
lent activity, since the free energy drive for the instabilities,
besides the thermal and particle gradients, is the free energy
content of the plasma. Although the comparative study of the
main instabilities associated respectively with a poloidal
magnetic field configuration and with a radial electric field
configuration is beyond the scope of this work, instabilities
associated with a rotating magnetized plasma column are
thought to be here the most pressing. There is a large body
of publications on this subject, see for example, Ref. 27
within the context of nonneutral plasmas; they will be modi-
fied by the gradients of the density and temperature and the
mixed branches will then be modified by the toroidal geome-
try, and thus we face a huge program of identification and
classification.

For example the tendency for a hot gas to expand is
counteracted by magnetic pressure, but this simple equilib-
rium is unstable: the drift mode associated with the density
gradient is easily driven unstable, see for example, Ref. 25.
Here, in addition to the thermal expansion, the centrifugal
force must be added, giving a mixed branch, and moreover
toroidicity will provide further coupling.

In this work we content ourselves with noting that the
relatively low free energy content is clearly promising in
limiting the supply of energy to any instabilities associated
with the wave-driven electric rotational transforms, while
acknowledging that only a detailed analysis will ascertain
whether this is in fact so.

V. WAVE-DRIVEN RADIAL AND TOROIDAL PARTICLE
DYNAMICS

The energy storage consideration is only part of the
story; another key consideration is the power it takes to sus-
tain the plasma fields. Since the plasma is a dissipative
media, both the radial electric field and the poloidal and
magnetic field require power to persist. In order to maintain
a poloidal magnetic field, charge must be transported along
the magnetic field. In order to maintain a radial electric field,
charge must be transported perpendicular to the magnetic
field. In either case, it is anticipated that these fields may be
maintained in the steady state by injecting waves into the
plasma.

The transport of charge parallel to the magnetic field by
rf waves is covered under the general theory of current drive
by rf waves.”* In general, the current drive can be efficient
through waves that provide toroidal momentum to the elec-
trons or alter the collisionality of fast electrons,” which
gives about the same efficiency. The transport of charge per-
pendicular to the magnetic field can occur in a variety of
ways. It can happen by providing toroidal momentum to
electrons, which normally would support the toroidal current,
but, if trapped, instead drift towards the magnetic axis.**>'
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The radial transport can also result from imparting perpen-
dicular wave momentum to elect1r0ns,32’34 a mechanism that
has been adduced to explain toroidal rotation by lower
hybrid waves through generation of a radial electric field.

To compare the power dissipated in these cases, con-
sider a simple plasma slab model with an homogeneous mag-
netic field directed along the z axis and an electromagnetic
plane wave propagating in the (x, z) plane and interacting
with a magnetized charged particle with charge e and mass
m. The wave is a periodic function of time and space
described by the classical factor sin(k x + kjz — wt) where
(x,y,z) is a set of Cartesian coordinates. Two regimes of
interaction between this wave and a charged particle are to
be considered. (i) The adiabatic regime where the energy/
momentum exchange between the wave and the particle is
small and reversible. (ii)) The resonant regime, when there
exist an integer N such that both the wave and the particle
satisfy the relation: w = Nw, + kv, where the exchanges
are irreversible and large. The regime of interest here is the
resonant one.

When a resonant interaction takes place, energy and lin-
ear and angular momentum are exchanged between the wave
and the particle. This exchange results in a change of the
energy H, the parallel momentum mv and the cyclotron
velocity v, of the particle, but also of the guiding center posi-
tion y,, since part of the momentum is no longer free but
bound to the static magnetic field through the invariance of
the canonical momentum along y.

This change in the guiding center position provides
orbital angular momentum deposition inside a magnetized
plasma column and radial current generation. Appendix C
reviews the classical Hamilton equations leading to the rela-
tions between energy, momentum, and guiding center
dynamics, which can be summarized by the set (C7)—(C10)
of equations

dyg ki

R — 22

dH mo.o’ (22)

dv, N,

e _ 23

dH mv.o’ 23)
i _ ki (24)
dH mo’

where the energy variation dH can be expressed as a function
of W, the steady state power transferred from the wave to the
particle, simply as, W = 0H /Or. This set of relations describ-
ing wave-particle interactions was exploited in predicting the
alpha channeling effect, where alpha particles are driven
across field lines while cooled by waves.> =’

To address toroidal and poloidal angular momentum
exchanges in a plasma torus, rather than in a slab, we intro-
duce the poloidal wave index Ny and the toroidal wave index
Ny

k
Ny = € (25)
w
_ ke
N, =-E, (26)
(03]
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FIG. 4. Toroidal current generation (N,,, F,,) and radial electric field genera-
tion (Ng, V).

as illustrated in Fig. 4. Consider a situation where, at some
point in the torus, a particle absorbs an amount of power W.
This gives a radial particle velocity V, and a toroidal momen-
tum input described by the force F,,

dy, dy,O0H Ny
V’_ =l =@——— = — 5 27
¢ edt edH ot ¢By E @7
dv dvyOH N,
F,=m —”:m—H———‘P

T dr dHor ¢ B (28)

In deriving Eqgs. (27) and (28), we used Egs. (22)—(26) and
introduced Wy (the absorbed wave power associated with
radial electric field generation in WDRT traps) and Wj (the
absorbed wave power associated with poloidal magnetic field
generation in classical tokamaks). These results are not sur-
prising; in a magnetized plasma, momentum transfer along
the field lines results in a force and momentum transfer per-
pendicular to the field lines results in a velocity. We stress
here that Eq. (27) is only valid for the minority population
which absorbs energy and momentum through wave/particle
resonances associated with some /=N number in Eq. (C6).
The vast majority of the particles behaves adiabatically; they
do not resonate with the wave and thus do not satisfy to Eq.
(27). The wave driven minority population sustains a current
across the By field and thus sets up an electric field through a
small charge separation.

VI. POWER CONSUMPTION

In steady state, both the radial velocity V, and toroidal
force F,, driven by resonant waves, are balanced by colli-
sions. The associated charge and momentum balances allows
us to express E, and B, as functions of the total absorbed
wave power, thus defining the efficiencies of the generation
processes. We will use Eq. (11) to compare the power
requirement for the sustainment of a radial electric field ver-
sus the sustainment of a toroidal current. To find the steady
state wave-driven effects, we use the coefficients for colli-
sion frequencies and ion viscosity #; as follows:

V2ne*log A m,
va(T) = S i= o, (29)
1273/2 /m, (kgT)™ “e0? mi

vi(v) 3T (2ksT\** i 3nksT
= ;) = 30)
vei(T) 4 \mev Vi 10V 2w,
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where v,; is the electron-ion momentum exchange frequency,
v;; the ion-ion momentum exchange frequency, and v the fast
electron pitch angle scattering frequency at velocity v.

The F, momentum input is balanced by electron-ion
friction along the magnetic field lines. This momentum bal-
ance provides the classical current drive efficiency.*>** The
F, wave drive, Eq. (28), is balanced by the electron-ion fric-
tion according to the relation

N,
%WB = mgyf,-(c/N(/,)vH, 31

where we took into account the fact that the driven electrons
are resonant with the wave. The collision frequency is thus
given by v4i(c/N,). A suprathermal electron sustained with
the velocity v along the toroidal direction drives a current
ev||/2nRy. Thus

v _ foe Ny
2naB, = = Ws, 32
i Ho Z 2nRy  2mRo cme vy Z 5 (32)

where we used Ampere relation to establish the relation
between the sum X of all the currents and B,. The power
needed to sustain the poloidal field is denoted by
PP =" Wy, where

2
_4n m,

PBabs(Ba) BaaROVfi (C/N(p)C/N(/L 33)

el

The proportionality between this power dissipated and the
current sustained is the classical current efficiency.****

The power needed to sustain the radial field is denoted
by Pr®* = IWg. The dissipation mechanism for W is less
direct to calculate. We specialize to the limit of large aspect
ratio, where the torus can be approximated as plasma col-
umn. In a rotating plasma column, absent centrifugal forces,
electrons and ions would rotate at the same velocity.
However, the difference in centrifugal forces leads to a dif-
ferential in rotation velocities. The friction between electrons
and ions then leads to power dissipation. This will give the
minimum power dissipated; additional dissipation can be
expected in a finite aspect ratio torus.

In an infinite homogeneous fully ionized magnetized
plasma, the collisions between electrons and ions are unable
to dissipate a steady electric field perpendicular to the mag-
netic field because the E cross B drift is ambipolar, conserva-
tive (ExB-B =0) and does not provide the relative
velocity between ions and electrons needed for friction and
dissipation.

On the other hand, in an inhomogeneous fully ionized
magnetized plasma, perpendicular conductivity is associated
with the gradient and shear of the E cross B velocity. These
gradient and shear arise from the inertia and viscosity terms
in the steady state sum of the ions momentum balance plus
the electrons momentum balance

m;n;v; - VV[ :J xB—-V- TC(V,')7 (34)

where = is the viscous stress tensor, and a uniform density
has been assumed. In this momentum balance, the pressure

Phys. Plasmas 24, 032504 (2017)

force, which is responsible for the diamagnetic currents, has
been neglected since no pressure dynamics is driven by the
electric field. Furthermore, the radial component of the cur-
rent is insensitive to the radial gradient of the pressure. This
equation describes the bulk fluid response to this electric
field: the majority population has a tendency to short circuit
this wave driven electric field. This collisional short circuit-
ing behavior is described by the balance between Lorentz
force and collisional viscous stress, Eq. (34), which is solved
for the perpendicular (majority) current j for a given flow v
driven by the electric field. This momentum balance pro-
vides Ohm’s law in a fully ionized magnetized plasma.

In steady state, Eq. (27) describes the dynamics of a
strongly wave driven minority population and Eq. (34) the
bulk plasma response, undriven by the wave, these two equa-
tions describe the dynamic of two different populations and
the sum of their current cancel in steady state.

Equation (34) can be solved with respect to j
min;

B
B x V- (Vi) +?B X v; - Vv;. 35)

ji=
If both Vv; and m(v;) are driven by an inhomogeneous
steady perpendicular electric field, this relation is the nonlin-
ear and nonlocal Ohm law in a fully ionized magnetized
plasma. The radial component j, involved in the short-
circuiting of the radial polarization is given by>*

1 no 0 v 0
‘E(‘mra””m'”m’”@)' G0

Jr
The first term on the right hand side is associated with vis-
cosity and the second one with inertia. In order to calculate
v,, consider the inertial effect described by Egs. (13) and
(15) responsible for a small difference between ion rotation
and electron rotation. This poloidal velocity difference |vy; —
vge| is given by

2
| | eE, 1 1
Vgi — Vge| = - r
l ‘ a mizwci3 mezwce3
2
eE
| —5 ) war = Ewgr, (37)
m;awc;

where we have defined the small parameter ¢ = ¢E,/ miawe;?
associated with inertial effects analyzed in Sec. III. Then,
electron-ion friction provides a poloidal force on both popu-
lations (satisfying momentum conservation) which is respon-
sible for a radial ambipolar flow velocity v,

meVei|170i - v(?e' o m

& —vr. (38)

v, =
eBy m;

Both this slow radial ambipolar flow v, and the driven fast
rigid-body rotation vy

E,
lvg| = B—Og = e, (39)

are involved in the dissipation of the radial electric field
through the radial current described by Eq. (36). To simplify
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the analysis, the temperature and density are assumed homo-
geneous. Both currents on the right hand side of Eq. (36) are
of the same order of magnitude and point in the same direc-
tion to short circuit the wave-driven electric field.

. nmiogve m.( 3 pt L, [me

r=e \/ =425 [ ], (40

| =c¢ By mi<10\/§ . +2¢ m,-r> (40)

nmiweiveia me | 3 [ p; 2 4 , [me

Y - N L e
By mi\5v2 \ a 37 Vm

(41)

{lirl)e =

We have introduced the ion Larmor radius p; = +/kgT /m;/ o,
and then averaged (), over the plasma column, from the mag-
netic axis r=0 toward the edge r=a. We consider the wave
drive expressed by Eq. (27), and sum the power over the full
discharge to balance (j,|),

¢
P (E,) = 27T28]7"mi60(,-i”eia3
0

m.( 3 (p; 2 oy ) [m,
(25 (2) 4 ). @
The first term is associated with the viscous damping (V - m)
of the electric polarization, while the second term results
from the inertial effects (v; - Vv;). Although the inertial term
will be dropped in the conclusion, both terms are kept here
because the small ratio (p;/a)* and &2/m,/m; can be of the

same order of magnitude. This last result describes the wave-
driven radial electric field generation efficiency.

VIl. COMPARISON OF ELECTRIC AND MAGNETIC
ROTATIONAL TRANSFORMS

The two relations Egs. (33) and (42) allow us to com-
pare the two schemes on the basis of the criteria Eq. (11).
We first obtain the ratio

PEabs Vej meNQ)BO a 2 3 Pi 2+2 2 [Me
—&— _ — | — =& I B
Ps»  “vi\ ' miNgB, <ipe) 10v/2 \ a 3 m;
(43)

where Ay, = ¢/, is the inertial skin depth. It can be further
simplified on the basis of the value of the ratio of the colli-
sion frequencies v,;/1y; given by Egs. (29) and (30) and then
B, can be expressed as a function of ¢ when the criteria Eq.
(21) is satisfied, B,/Bo = eaw.;/{|vy||) ~ ea/p;. Note that
we can also eliminate this ratio through the classical toka-
mak ordering B,/Bo ~ a/2Ry. The final result

PEabs (Ng) 4

o\ 3/2
B me p;a [ nmec
PBabS<N(/7) o 3N9N3) \/:n’l[)vpez <2kBT>

3 0i 2 4 5 M
X | ——= (=) +=¢/— ], 44
<10\/§ (a) 6 m; “44)
must be considered when ¢ = E,/Bpaw,; takes its typical
values around 1073, For this range of values, the double
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ordering Eq. (16) is satisfied with typical tokamak field val-
ues of the order of few Tesla and major and minor radius of
the order of few meters. This relation gives the ratio of wave
power needed to provide the same orbital confinement with
two configurations first (/) in a WDRT trap characterized by
[Bo, E4, Ro, a] and then (ii) in a tokamak configuration with
parameters [Bg, B, Ry, al, the electric field appear in the
small parameter ¢ = E,/Boaw,; and the magnetic poloidal
field has been eliminated with the similarity criteria.
Keeping only the dominant basic scaling we can write

Pg o qi 2(pi 3 (mgcz) 32 e 43)
PBabs N()Né Ape a kgT m;

This last scaling can be evaluated on the basis of the typical
values: NH’IN(% ~ 1071 afdpe ~ 10°, p;/a ~ 1073, mc? [kpT

~ 10%, thus the expected favorable ordering P¢* < P43 is
confirmed.

Viil. SUMMARY AND CONCLUSIONS

The main result of this study is the suggestion that a
wave-driven radial electric field to produce the rotational
transform requires less energy storage and less power dissi-
pation (at large aspect ratios) than the wave-driven toroidal
electric current that produces the rotational transform in a
conventional, but steady state, tokamak. These results are
described by Eqs. (21), (42) and (44).

However, our level of understanding of WRDT proper-
ties is far below our present level of understanding of toka-
mak properties. Fluid and kinetic models have been widely
used to turn the tokamak concept into an operational
machine. The encouraging results presented in this specula-
tive analysis at most indicate the necessity to follow the
same lines of kinetic and fluid modeling to assess the full
potential of WRDT for thermonuclear fusion.

A number of issues clearly need further study. The pres-
sure balance in a WDRT needs to be constructed; this bal-
ance will likely require at least a small toroidal current
together with a vertical magnetic field. The instabilities of a
WDRT configuration need to be identified. Methods to stabi-
lize the main large scale instabilities need to be identified as
well. The confinement time associated with the remaining
level of turbulent instabilities needs to be evaluated. The
additional dissipation due to finite aspect ratio effects needs
to be evaluated.

Particularly in view of the additional dissipation
expected in the case of finite aspect ratio, it remains to be
explored how might the radial electric field profile be opti-
mized. Here we considered rigid-body rotation, 9Q/0r = 0
and vy ~ Qr, where electron-ion poloidal friction is mini-
mized to second order in ¢. This poloidal velocity field dis-
plays a local velocity shear leading to viscous effects. It may
be that larger perhaps less viscous damping can be obtained,
possibly at the expense of increased electron-ion poloidal
friction, using other rotation profiles, for example, like the
Keplerian rotation, Q ~ 1/r and dvy/0r = 0. There is oppor-
tunity, in principle, to choose this rotation profile through the
wave damping profile. In that respect, in addition to the other
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issues requiring further study, what remains to be identified
are also the waves that produce the radial transport of charge,
together with their propagation characteristics in rotating
media. In this respect, we expect to find useful waves that
were predicted to be useful for alpha channeling, such as the
ion Bernstein Wave,40 a combination of Waves,‘“’42 or, con-
sidering the rotating geometry, even stationary waves.*’

It may be that the real potential of the two very favor-
able orderings, namely, Eqgs. (21) and (44), will turn out to
be most useful within a hybrid steady state configuration,
where part of the rotational transform is achieved with a
wave driven toroidal current at the edge, and the other part
with a wave driven radial electric field near the center. In
any event, what is hoped for here is that our identification of
the possibility of achieving single particle confinement in a
steady state toroidal trap, with low free energy and with low
power dissipation, should be stimulatory for further consid-
eration of all the outstanding issues in a wave-driven rotating
torus.
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APPENDIX A: ORBIT INVARIANTS

Consider two similar toroidal fields, with the same mag-
netic field By on the magnetic axis R =Ry, (i) one is comple-
mented with a radial electric field with value E, at the edge,
and (ii) one is complemented with a poloidal magnetic filed
with value B, at the edge, both fields being linear with
respect to the radius 7.

Then, consider a charged particle of mass m and charge
e with velocities ol and v, at the point (x = xp, z=0) on
the low field side, first (i) in a WDRT trap characterized by
[Bo, E4, Ro, a] and then (i) in a tokamak configuration with
parameters [Bo, B4, Ry, a]. We will address here the issue of
the comparisons of orbits in both confinement schemes in
its full generality and thus use the orbit invariants in order
to take into account the toroidal magnetic field inhomoge-
neity B, =Bo/(1 +x/Ry). We will show that the two
fields-particles interactions problems are completely
characterized by the parameters Jg(a, Ry, E4, vy, Vc,) and
og(a,Ro,Ba, v}, Vc,) so that to compare the orbital confine-
ment properties of both configurations we have to state sim-
ply the criteria 0g = dp. For the very same initial position,
and initial parallel and cyclotron velocities, a given particle
will display almost the same orbit within the two configura-
tion provides that dz = dg, this simple criteria will be con-
firmed even for trapped particles as the previous analysis in
Sec. II was restricted to passing particles and neglected the
fact that the parallel velocity is modulated by the diamag-
netic force during its transit from the low field side (x > 0)
toward the high field side (x < 0). If this modulation reaches
the zero parallel velocity level, for the magnetic case we
have to consider banana orbits on the low field side and
potatoes orbits near the center, and for the electric case we
will show that the conservation of energy does not imply a
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cancelation of the parallel velocity as the electrostatic
energy comes into play to insure energy conservation. The
parameters 0g(a, Ro, Eq, v, Ve,) and Sp(a, Ro, Ba, v, Uc,)
are defined as positive quantities

Sg vt /2 0p v+ u,/2

a RoleE. @ " Rolevy,|Ba

(AD)
The initial pitch angle variable 0 < yo(v),,v,) <2 is
defined according to the ratio

2

Uey
. N— (A2)
0“02 + U‘"02/2

10
The identification of a similarity criteria between electric
and magnetic rotational transforms can be achieved through
the analysis of the radial extent of the orbits in the poloidal/
radial plane when y is varied within the range (0,2). In
order to further simplify the analysis we will consider R as
the unit of length in the remaining part of this Appendix.
Three invariants can be identified in a static toroidal
field configuration: (i) the magnetic moment, (i7) the toroidal
angular momentum, and (iii) the particle energy. The mag-
netic moment is conserved under adiabatic hypothesis, all
along the trajectory for both the magnetic and the WDRT
fields configurations, this invariance, 0.2R = Uc02R|,:0, can be
express through the relation Eq. (A3)

0.2 14X
Ue,2  THx’

(A3)

The toroidal angular momentum is also an invariant, but
for the magnetic case we have to add up the toroidal compo-
nent of the vector potential to the kinetic angular momentum,
that is to say, add up the toroidal flux of the poloidal field.
So, we have to consider the relation ”HR:UHUR\,:o for the
electric case and add the poloidal field flux for the magnetic
ones, this leads to the relations

ﬂil—l—Xo
o, 14x

(A4)

72 +x2 —x02

OB '

ﬂ_H—xo+ 1 1
jl, I+x 2=y l+x

(A5)

where the first one Eq. (A4) is associated with WDRT traps
and the second one Eq. (AS5) with tokamak configurations;
note that Ry is the unit of length. Energy is also conserved in
static fields, kinetic energy for tokamaks, Eq. (A7), and
kinetic energy plus electrostatic potential energy, Eq. (A6),
for the WDRT case

7 22
v(,-2+v||2:U(,-02+v|02<1i2 B )

U(,2 + l)||2 = U(,-O2 + UH02. (A7)
For a given particle (xo, xo, d), we have four dynamical vari-
ables (v),v.) and (x,z), and three relations, Egs. (A3), (A4),
and (A6) or Egs. (A3), (A5), and (A7), between these
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variables; thus, we can eliminate the velocity (U”, v.) and
find the Cartesian equations describing the orbit in the (x, z)
plane for this particle with initial and structural set of condi-
tions (xo, o, Or) or (X0, %o, 08)

2 2 .2
Lz +x X0

(14+x)7°= Zo(xo — x)(1 +x)

or
+2 —sz (X0 — ) (2 +x0 +x),
(A8)
2, .2 2 2
iz+x§7x°+ (2 = 70)(1 +x0)
B
= 270(10 — 2) (0 — x)(1 +x) + (2 — 50)*(1 +x)°.
(A9)

The * sign is associated with the sign of the product ev) for
the tokamak configuration and with the sign of the charge e
for the WDRT configuration.

These two families of ovals are determined by the initial
conditions (xo, ) and by a single structural parameter, oz or
0p. The equations of these two families of ovals allows to
compare the orbits of the two confinement schemes very eas-
ily by varying the pitch angle y, and the initial position x,
for a given ratio dz/dp. For example, for a copassing posi-
tively charged particle, if 0g/dp is set equal to one and
if yo is small, the orbits are similar as they can be
approached by the relations: (z°+x%—x¢?)/dg ~2(xo —x)
and (22 +x> —x0%)/6p+2(1+x0) ~2(1+x), where we have
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used the ordering 3, < 1,x< 1 and xp << 1 as R is the unit of
length. We recognize here the results of the previous drift
theory, obtained in Sec. II, up to a small Sg* term for the
electric case due to the toroidicity. For tokamak, we get two
orbits for the same (xo,v)|,Vc,), Or equivalently (xo,7,08),
set of parameters. As expected, these two ovals will degener-
ate into a banana when merging together for large y,, one of
them is similar to the electric orbit and the other displays a
larger radial extension in the poloidal/radial plane. A similar
asymptotic analysis can be considered for y,~2 and we will
end up with the classical width of the banana and the fact
that they can be contained into the corresponding circular
electric orbit or be outside it, depending on the sign of the
initial parallel velocity vy .

The most straightforward and convincing analysis of
orbital confinement can be carried out on the basis of the
equatorial radial size which can be obtained through the
requirement z =0 in the ovals equations Egs. (A8) and (A9).
Thus, we define two parabolic branches P~ (x) as

2 2
X° — X
P.i(x) ==+ 50 ,

(A10)

and two families of electric Sg(x, 7,) and magnetic Sg(x, )
functions restricted to 0 < y, < 2

%0 (X0 — x)(2 +x0 +x),
(Al1)

2_
SE(X, %0) = %o(%0 — ) (1 4 x) +

Sp(t, 10) = —(2 — 10)(1 +%0) =1/ 2201

The radial extent of an orbit in the equatorial plane is given
by the solution of the equations: (i) P+ (x) = Sg(x, y,) in the
electric case and (i1) P+ (x) = Sg(x, xo) in the magnetic one.
A simple numerical scan over the values 0 < 35 < 2 and
0 <xp < 1 allows to explore the range of values of the
parameter 0g/dp needed to achieve the orbit similarity con-
dition. Figures 5 and 6 display the typical set of result
obtained through this simple two parameters numerical
scan.

The specific numerical values associated with Figs. 5
and 6 are xo = 0.15 X Ry and dg = dp = 0.02 X Ry; the y
scan is (0.,0.5,1.,1.5,2) in Fig. 5 and (0.8,1.,1.3,1.6,1.8)
in Fig. 6. Although passing particles have the same orbit pro-
vided that 0g/dp = 1, large banana orbits and potatoes orbits
have a larger radial extents under this condition, so they
require a smaller 0z to fit with electric orbits with the same
(U],> Vey X0). A global conclusion of the numerical survey of
P+ =S8p can be stated as follows: when a given
(U], Vey» X0, 2 = 0) particle is confined in a WDRT configura-
tion [Bo, Ro, Og], the very same particle (v|,, Ve, X0,z = 0) is
also confined in a tokamak configuration [Bo, Ro, 9p].

2)(x0 — x)(1 +x) + (2 — 70)*(1 +x)°. (A12)

APPENDIX B: ALPHA PARTICLES ORBITS AND SOL
VELOCITY SHEAR

Consider a thermonuclear alpha particle (o), with charge
2e, confined in a WDRT trap characterized by [By, E,, Ro, al.
In this WDRT configuration, the velocity v of this o particle
is given by the classical sum of components along (v)),
around (v,), and across (vp) the field lines complemented by
the E/B rotation around the magnetic axis

ExB
V=V +V|+Vp+—;
B;

r
V. + vj€y + vpe; + UE;eo.
(BI)

The initial velocity of this o particle is ¢/23 and in between
3.5 MeV and 0.5 MeV it slows down on thermal electrons, in
typically 0.1-0.2 s, according to the slowing down equation

dve+vi) _ _ v
a3 Vet Vi) (B2)
where the energy relaxation frequency v, is given by the

relation:>
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FIG. 5. Poloidal extension of particle orbits for magneto-electric confinement.

2V21InA Zie*ni  fm, m;
Uy =——5— o
” 3w &mum; \| KT KT’

(B3)

the notation are standard, and InA is the Coulomb logarithm.
Starting from |v. + v)| = ¢/23, this linear behavior of o
relaxation in between 3.5MeV and 0.5MeV allows to
express the evolution of the drift velocity vp(¢) as a function
of the initial drift velocity vp, = vp(t = 0)

_ v (1) + v2(1) /2

up(t) Row
o

= Up, €Xp — Vyl. (B4)

Then, below 500keV, thermal ions come into play and, in
less than 0.1 s, the ultimate phase of « thermalization from
few hundreds keV down to few tens of keV is achieved. It is
to be noted that this final stage of relaxation can be easily
included in Eq. (B2) and vp(¢) can be expressed as a function
of vp, and time, but this ultimate phase of thermalization
does change the physical picture of o confinement in WDRT.
Following Sec. II, the guiding center equations, restricted to
the poloidal plane, can be analyzed with the help of the com-
plex guiding center variable Z = x 4+ jz which satisfies the
drift/slowing down equation

yl\

y=Sp(x,%)

y=2(x0- x)

4 y=P (x)

>
>

-0.2 -Xy -0.1 0 0.1 xy 0.2 0.3 X

FIG. 6. Poloidal extension of particle orbits for tokamak confinement.
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%:waZ""ijo eXp_Vth? (BS)
where we have defined wg = vg/a. Because the reactivity of
D and T is a very steep function of density and temperature,
most of the fusion reactions takes place near x ~ z ~ 0. So,
in order to simplify the analysis, we consider the orbits start-
ing at t=0 with the energy and position initial conditions:
3.5MeV and Z = 0. The solution of Eq. (B5) with these ini-
tial conditions is

t
Z = jup, expjcoEtJ duexp — (vy + jop)u
0
—vt) — it
_—— exp( 1/ ) —exp(jog ); (B6)
JVo — WFE

note that others initial condition just add up a rotating term
in front of the previous integral. The radial extension of this
alpha particle orbit is given by x> + z*> = ZZ*

2

Up,

Z7* [exp(—ZVQt) — 2 cos(wgt)exp(—vyt) + 1].

- V2 + w?
(B7)

This radial excursion in the poloidal plane takes remains
between the upper and lower bounds

%(1 —exp—vyt) < Va2 +22 < %(1 + exp — vyt),
wE WE
(B8)

where we have taken into account the ordering wg > v,.
Starting from the lower bound at =0, the maximum radial
extension during the thermalization process is of the order of

Va2 +22 vp,  (c/23)’Bo  a 3.5MeV (B9)
a “awp Row., E, Ro eE.a =

The previous analysis of Secs. II, III, IV, and V, based on a
comparison with a tokamak configuration providing the
same confinement properties of the thermal orbits, leads to a
value of the voltage drop between the edge and the center,
E,a, in between several hundreds and one thousand of kV;
with these values, according to Eq. (B9), alpha particles
appear to be confined, vp,/wg < a, during their thermaliza-
tion process in a WDRT.

Up until now, we have considered the rigid body rota-
tion of an homogeneous plasma column (0 < r < a). The
matching of the velocity at the edge to the scrape-off layer
(SOL) plasma can be considered as follows.

The formula for Px“* in Eq. (42) is integrated across the
radius 0 < r < a and the velocity shear zone (r > a) toward,
and inside, the SOL, and ultimately at the wall, will not be
driven by the wave, so the steady-state power consumption
in this region is due to viscous heating. To evaluate the
impact of this large edge velocity shear, let us call s the
radial width of this SOL region.

This edge/SOL configuration is completely similar to
the classical Couette flow between an internal cylinder with
radius «a rotating at Q(r =a) = E,/Boa and an external
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cylinder with radius a + s at rest Q(r = a + s) = 0. The clas-
sical Couette formula for the viscous power dissipation P,
between two cylinders with length 2nR) is given by

a3R()
PW(Q) =420 an,
where 7 is the viscosity. Thus, if we assume that the internal
part of the SOL matches the rigid body rotation of the
plasma (Q = ew,;) and that the external one, on the wall, is

at rest, the viscous power dissipation (r > a) is given by

E 1272 @Ry m
Psor =P, ([ Q=-%) = nkpT | |—Ver,
SOL n( Boa) 10v2 s & nkp mil/,

where we have used the definition of viscosity given by Eq.
(30). Compared with the power Pz®* needed to sustain the
rotation, Eq. (42), we have a favorable ratio

PsoL _ o A0
PEabs ~

a
—Ny < 1,
N

as aw,;/c is smaller than one. In this edge to SOL region, a
scheme similar to Stix preferential edge losses can be envi-
sioned as a wave driven current will probably be more diffi-
cult to achieve than in the core of the plasma.

APPENDIX C: WAVE-PARTICLE INTERACTION

Linear and angular momentum transfers from waves to
particles are a central problem of plasma physics. The trans-
fer process can be collisionless or collisional and either the
orbital or the intrinsic***> angular momentum of the wave
can be used. Here we restrict the analysis to collisionless
orbital angular momentum transfer which can be reduced to
the analysis of linear momentum transfer along and across
the field lines. Across the field lines, the linear wave momen-
tum generates a charge separation source of an electric field,
and this electric field drives a plasma flow so that the wave-
particle momentum balance is satisfied. Consider a particle
with mass m and charge e in an homogeneous static magnetic
field B = By e, directed along the z axis of a Cartesian basis
(ey, e, e.). The particle position is r = xe, + ye, + ze. and
v is the velocity. The magnetic field B = By e. is described
by a vector potential Ag = Boxe,. We define the canonical
momentum as p = mv + ¢A = p, e, +p, e, + Pe.. In addi-
tion to the static field, the particle interact with an electro-
magnetic wave described by the vector potential
a = asin(k, x + kjz — wt) e, so the full vector potential of
the field configuration is

A=A +a=Boxe, +asin(kx+kjz—owt)e,. (Cl)

In order to simplify the analysis, we will take m as the unit
of mass, 2By /m as the unit of electric current, and m/eB as
the unit of time. Thus we switch from the international sys-
tem of units (SI) [kg,s,A] to [m,m/eBg,e’By/m]. The
Hamiltonian H of the charged particle
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1 1 1
H=—(p—-Ao—a)Y’ ==(p—A¢)" —(p—A)-a+-a’
2 2 2
(C2)
is then restricted to the unperturbed kinetic energy

(p — A¢)?/2 plus the dipolar term (p — Ao) - a and the pon-
deromotive term a®/2 is neglected.

Then, we use a set of canonical variables displaying the
guiding center position (X,,Y,), and perform a canonical
transform from the old momentum (p,,p,) and positions
(x,y) to the new momentum (/,Y,) and positions (0,X,),
such that

r = (X, + V2Isin0)e, + (Y, + V2l cos 0)e, + ze.. (C3)

The substitution of the new canonical variables in the expres-
sion of the momentum

p=Ao+ V21 cos Oe, — \/21 sin e, + Pe. (C4)
leads to the angle/action perturbed Hamiltonian

P2
H=I+7—a\/ﬁsin9sin (leg+kL\/27sin«9+kHz—wt).

(C5)

In order to expand the wave part of this Hamiltonian as a
sum of resonant interactions we use the classical Bessel
expansion sin (u + bsina)=>",J;(b) sin (u + lo), followed
by the use of the relation: 2J7(b) =J;_1(b) — J1+1(b)

2 I=+00
H:I—i—%—a\/Zwl Z J,’(kL\/ZwI)cos(lH—&-kLXg—i—k”z—a)t).
l=—00

(Co)

For a set of initial conditions, the dynamics is dominated by
the nearest resonance / =N, so we have Hamilton equations

% = kyaV21Jl (k V2D)sin(or + NO+ k1X,),  (CT)
% — Nav/2LJly (k,vV/2)sin(t + NO + k1X,),  (C8)
dP , .
E:kHa\/ﬂjN(kL\/ﬂ)sm(cot—i-N()—|-ng), (C9)

dd—l;] = wax/ﬂ],’v(/qx/ﬁ)sin(wt +NO+ ki X,).

(C10)

These are Egs. (22), (23), and (24), used in Sec. V, in
parametric form (¢ is the parameter) and expressed with
the [m,m/eBy,e*By/m] system of units (v2 = v./w,, Y,
= WcYg/Vc...). The full development of quasilinear theory,*®
where these relations are considered within the framework of
the random phase approximation above a stochasticity thresh-
old, ultimately leads to the very same conclusion which can
be expressed in terms of diffusion paths in the action space
(I,P,Y,), with the equations of these diffusion paths being
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given by Egs. (22), (23), and (24). Equivalent relations have
also been derived.*”*® In any event, of interest here is that the
guiding center displacement dY, represents a flow space
charge in the perpendicular direction, leading to the radial
electric field.

APPENDIX D: CHARGE CONSERVATION,
HORIZONTAL POLARIZATION, AND PRESSURE
BALANCE

The sign of the horizontal magnetic shift dz, given in
Eq. (6), is the product of the sign of «, times the sign of v).
Thus, for isotropic ion and electron populations, there is no
horizontal polarization of the plasma in a tokamak. The situ-
ation is different for the sign of the horizontal electric shift
Jg, Eq. (10), which is given by the sign of @,. Let us note the
sign of the horizontal polarization. For a positively charged
torus, where the electric field points outward from the mag-
netic axis, ions will be shifted horizontally towards the high-
field side torus, while electrons will be shifted horizontally
towards the low-field side torus. For a negatively charged
torus, the opposite occurs, with the ions shifted outward in
major radius, and the electrons inward. Equivalently, con-
sider two horizontal cylinders with the same axis and the
same radius: one is filled with hydrogen ions of charge e and
density n and the other with electrons of charge—e and den-
sity n. If the two axes, while remaining parallel and in the
same horizontal plane, are slightly separated by a distance 9,
an internal horizontal uniform electric field of strength
neo /e is generated and an external dipolar field appears.

Thus, even if 0 < «a, a horizontal separation of charges
takes place, leading to a weak horizontal polarization. The
horizontal polarization leads to a vertical E x B drift, in
which both electrons and ions together drift upward or down-
ward out of the torus. To avoid this electric polarization, the
edge space charge, due to the sign dependence of d, needs
to be short circuited in a WDRT trap.

However, since the horizontal drift is weak, the rota-
tional transform that stabilizes the vertical drifts will also
stabilize the horizontal drifts. To the extent that any residual
polarization remains, there exist several possibilities to coun-
teract those polarizations, or possibly even utilize the polar-
izations for positive purposes.

One, consider that the upper bound of the thickness of
this edge space charge is of the order the fast ion Larmor
radius. This allows charge to be scraped off the peripheral
flux surface. In fact, this task can be performed simulta-
neously with particle and power extraction at the edge. Also,
if a very small amount of internal, or external, toroidal cur-
rent is driven to define non degenerate magnetic surfaces
adjusted to iso-potential surfaces, a divertor X point can be
created and the associated SOL thickness can be adjusted to
Of to solve both polarization and power extraction problems
at the same time.

Two, and related to the first possibility, consider that the
orbits which give rise to the horizontal field ned/ey are edge
orbits (r ~ a). As such, they correspond to the cold part of
the discharge and can be intercepted by left and right limiters
which can be connected externally to short circuit this
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polarization. A small amount of edge poloidal magnetic field
can also provide a short circuit path along the helicoidal field
lines to cancel horizontal polarization.

Three, it is also possible to counteract the polarization
with a wave-driven horizontal current. The efficiency of the
perpendicular current generation is larger than that of paral-
lel current generation, so that the power cost of this addi-
tional wave driven current will be small.

Thus, horizontal polarization can be cancelled through a
stripping of the cold edge orbits with an X point/SOL diver-
tor configuration or with limiters, or short circuited with
wave-driven internal horizontal or poloidal currents. Note
that the external draining of the space charge with limiters or
a SOL provides a direct energy recovery process, whereas
the internal wave-driven short circuit requires additional
power. On the other hand, the steady-state stripping of the
edge cold orbits is in any event mandatory for all toroidal
thermonuclear traps, even without horizontal polarization, to
remove fusion ash and heat. Thus some form of stripping of
the edge orbits is likely to be the best way to short-circuit the
horizontal polarization.

When the poloidal field vanishes, the electric field,
together with other forces, balances the pressure force. This
study provides an analysis of this equilibrium at the single
particle level. A full fluid picture is beyond the scope of this
work. However, a fluid picture based on a simplified pressure
balance can be set up as follows.

In Eq. (34) we consider the fluid momentum where the
pressure gradient is neglected in front of the viscous stress
because (i) we are considering a plasma with a flat pressure
profile and (ii) we are writing the fluid momentum balance in
order to solve it for the collisional radial current which is not
coupled to the radial pressure gradient as a result of the cross
B force.

To understand the fluid equilibrium we consider the
fluid picture and the pressure balance, without dissipation.
We neglect the viscous stress and write the steady-state
MHD fluid equations with a poloidal flow v(E) driven by an
electric field E

min(v-V)v=jxB—Vp+e(n —n,)E
&V -E=e(n —n,)
Vj:()v

(D1)

where n = (n; + n,)/2. Besides the pressure balance, the
second most important relation is the steady state condition
V-j=0.

The current j is the sum of four terms. First, the vertical
curvature and gradient drift current 2pe./RoB( calculated
from Eq. (1). Second, the classical diamagnetic currents —V x
(pB/B3) associated with the pressure gradient. Third, the con-
vective currents e(n; — n,)v associated with the flow v and the
small charge unbalance e(n; — n,) sustaining E. And finally,
fourth, the inertial drift current en(eE, / miawfi)zwm«re() associ-
ated with the centrifugal drift described by the second term in
Eq. (15), this drift is charge dependant through ...

An analysis of the momentum balance can be set up as
follows.
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¢ The sum of the curvature and gradient currents 2pe./RoBy
plus the diamagnetic currents —V x (pB/B3) is equal to
—Vp x B /Bz; thus, the Lorentz force associated with
these currents balances the pressure gradient.

* The fluid centrifugal force m;n(v - V)v is balanced by the
Lorentz force associated with the ion inertial drift current
en(eE,/maw?) wqreq x B.

* The Lorentz force e(n; —n,)(E x B) x B/B3 associated
with the convective current is balanced by the Coulomb
force e(n; — n,)E.

Thus the fluid momentum balance is fulfilled provided
that we complement the classical MHD equilibrium equation
j x B = Vp with the radial electric term e(n; — n,)E and the
flow term m;n(v - V)v.

Similarly, an analysis of the current balance can be set
up as follows.

* The diamagnetic currents fulfills V - j = 0.

* The inertial drift current fulfills V - j = 0.

* The sum of the divergence of the gradient, curvature, and
convective currents must cancel

V- le(ni—n)v]+ V- <Ri’;0 ez>

d(ni — ne) E,

2sin00p 0
00 aB(] o

R()B() 8r (Dz)

=e

This equation must be solved for the charge separation
n; — n,; the equilibrium solution is

n; — n, dp a E, dp a E,
e——=2cosl)———+2"=2— 22
&0 or SoR()Ea a ox SoRoEa a
(D3)

Looking at Eq. (D3), the last term 2&yE,/a is the
charge separation sustained by wave absorption 2FE,/a
=V - (E,re,/a). The first term on the right hand side, propor-
tional to the pressure gradient dp/dx, is associated with the
horizontal polarization identified on the basis of the é horizon-
tal shift Eq. (10): if two coaxial charged cylinders are shifted
horizontally by a small amount 0 the charge separation gener-
ates an horizontal electric field ¢gE;, = ende, = (2ap/RoE,)ey,
where we have used Eq. (10) for 6. The divergence of this
field, &V - E, is just the remaining 2a(dp/dx)/RoE, term.

Thus, momentum fluid balance and charge fluid balance
can be fulfilled in steady-state and the single particle analysis
gives the same results as the fluid picture.

'L. Spitzer, Phys. Fluids 1, 253 (1958).

°G. 1. Budker, in Plasma Physics and the Problem of Controlled
Thermonuclear Reactions, edited by M. Leontovich (Pergamon Press,
Oxford—New York, 1961).

3s.C. Cowley, P. K. Kaw, R. S. Kelly, and R. M. Kulsrud, Phys. Fluids B
3,2066 (1991).

“P-A. Gourdain and J.-N. Leboeuf, Phys. Plasmas 16, 112506 (2009).

Phys. Plasmas 24, 032504 (2017)

ST. Fujita, Nucl. Fusion 50, 113001 (2010).

ST. H. Stix, Phys. Rev. Lett. 24, 135 (1970).

T. H. Stix, Phys. Fluids 14, 692 (1971).

8T. H. Stix, Phys. Fluids 14, 702 (1971).

°R. I. Taylor, J.-L. Gauvreau, M. Gilmore, P.-A. Gourdain, D. J.
LaFonteese, and L. W. Schmitz, Nucl. Fusion 42, 46 (2002).

197 Reece Roth, in Current Trends in International Fusion Research, edited
by S. Panarella (Plenum Press, New York, 1997).

VR, J. Taylor, T. A. Carter, J.-L. Gauvreau, P.-A. Gourdain, A. Grossman,
D. J. LaFonteese, D. C. Pace, L. W. Schmitz, A. E. White, and T. F. Yates,
Nucl. Fusion 45, 1634 (2005).

21, . Nascimento, Y. K. Kuznetsov, J. Severo, A. Fonseca, A. Elfimov, V.
Bellintani, M. Machida, M. Heller, R. Galvao, E. Sanada, and J. Elizondo,
Nucl. Fusion 45, 796 (2005).

By, s. Tsypin, A. B. Mikhailovskii, R. M. O. Galvao, I. C. Nascimento, M.
Tendler, C. A. de Azevedo, and A. S. de Assis, Phys. Plasmas 5, 3358
(1998).

14G. S. Janes, Phys. Rev. Lett. 15, 135 (1965).

15G. s. Janes, R. H. Levy, and H. E. Petschek, Phys. Rev. Lett. 15, 138
(1965).

1G. S. Janes, R. H. Levy, H. A. Bethe, and B. T. Feld, Phys. Rev. 145, 925
(1966).

'7J. D. Daugherty and R. H. Levy, Phys. Fluids 10, 155 (1967).

'8K. Avinash, Phys. Fluids B 3, 3226 (1991).

M. R. Stoneking, M. A. Growdon, M. L. Milne, and R. T. Peterson, Phys.
Rev. Lett. 92, 095003 (2004).

200. A. Hurricane, Phys. Plasmas 5, 2197 (1998).

2T, S. Pedersen and A. H. Boozer, Phys. Rev. Lett. 88, 205002 (2002).

22F. I. @ynes, H. L. Pécseli, and K. Rypdal, Phys. Rev. Lett. 75, 81 (1995).

ZN. J. Fisch, Phys. Rev. Lett. 41, 873 (1978).

24N. J. Fisch, Rev. Mod. Phys. 59, 175 (1987).

25]. M. Rax, Physique des Tokamaks (Editions de 1'Ecole Polytechnique,
Paris, 2011).

261, Brillouin, Phys. Rev. 67, 260 (1945).

?’R. C. Davidson, Physics of Nonneutral Plasmas (Imperial College Press,
2001).

285 M. Rax, A. Fruchtman, R. Gueroult, and N. J. Fisch, Phys. Plasmas 22,
092101 (2015).

2°N. J. Fisch and A. H. Boozer, Phys. Rev. Lett. 45, 720 (1980).

ON. J. Fisch and C. F. F. Karney, Phys. Fluids 24, 27 (1981).

3V, S. Tsypin, R. M. O. Galvao, I. C. Nascimento, M. Tendler, J. H. F.
Severo, and L. F. Ruchko, J. Plasma Phys. 67, 301 (2002).

325, Lee, F. I. Parra, R. R. Parker, and P. T. Bonoli, Plasma Phys. Controlled
Fusion 54, 125005 (2012).

BX. Guan, H. Qin, J. Liu, and N. J. Fisch, Phys. Plasmas 20, 022502 (2013).

*X. Guan, L. Y. Dodin, H. Qin, J. Liu, and N. J. Fisch, Phys. Plasmas 20,
102105 (2013).

35N. J. Fisch and J.-M. Rax, Phys. Rev. Lett. 69, 612 (1992).

3N. J. Fisch and M. C. Herrmann, Nucl. Fusion 34, 1541 (1994).

37A. J. Fetterman and N. J. Fisch, Phys. Rev. Lett. 101, 205003 (2008).

Y. Rozhansky, “Mechanism of transverse conductivity and generation of
self-consistent electric fields in strongly ionized magnetized plasma,” in
Reviews of Plasma Physics (Springer-Verlag, Berlin-Heidelberg, 2008),
pp. 1-52.

%P, Helander and D. J. Sigmar, Collisional Transport in Magnetized
Plasmas (Cambridge University Press, Cambridge, 2002).

“ON. J. Fisch, Phys. Plasmas 2, 2375 (1995).

*IN. J. Fisch and M. C. Herrmann, Nucl. Fusion 35, 1753 (1995).

42M. C. Herrmann and N. J. Fisch, Phys. Rev. Lett. 79, 1495 (1997).

“3A. J. Fetterman and N. J. Fisch, Phys. Plasmas 17, 042112 (2010).

#G. Shvets, N. J. Fisch, and J.-M. Rax, Phys. Rev. E 65, 046403 (2002).

BLY. Kostyukov, G. Shvets, N. J. Fisch, and J. M. Rax, Phys. Plasmas 9,
636 (2002).

45T H. Stix, Waves in Plasmas (American Institute of Physics, New York,
1992).

“7L. Chen, J. Vaclavik, and G. Hammett, Nucl. Fusion 28, 389 (1988).

“81.Y. Dodin and N. J. Fisch, Phys. Lett. A 372, 6111 (2008).


http://dx.doi.org/10.1063/1.1705883
http://dx.doi.org/10.1063/1.859991
http://dx.doi.org/10.1063/1.3247073
http://dx.doi.org/10.1088/0029-5515/50/11/113001
http://dx.doi.org/10.1103/PhysRevLett.24.135
http://dx.doi.org/10.1063/1.1693490
http://dx.doi.org/10.1063/1.1693491
http://dx.doi.org/10.1088/0029-5515/42/1/307
http://dx.doi.org/10.1088/0029-5515/45/12/019
http://dx.doi.org/10.1088/0029-5515/45/8/005
http://dx.doi.org/10.1063/1.873049
http://dx.doi.org/10.1103/PhysRevLett.15.135
http://dx.doi.org/10.1103/PhysRevLett.15.138
http://dx.doi.org/10.1103/PhysRev.145.925
http://dx.doi.org/10.1063/1.1761966
http://dx.doi.org/10.1063/1.859753
http://dx.doi.org/10.1103/PhysRevLett.92.095003
http://dx.doi.org/10.1103/PhysRevLett.92.095003
http://dx.doi.org/10.1063/1.872892
http://dx.doi.org/10.1103/PhysRevLett.88.205002
http://dx.doi.org/10.1103/PhysRevLett.75.81
http://dx.doi.org/10.1103/PhysRevLett.41.873
http://dx.doi.org/10.1103/RevModPhys.59.175
http://dx.doi.org/10.1103/PhysRev.67.260
http://dx.doi.org/10.1063/1.4929791
http://dx.doi.org/10.1103/PhysRevLett.45.720
http://dx.doi.org/10.1063/1.863243
http://dx.doi.org/10.1017/S0022377802001721
http://dx.doi.org/10.1088/0741-3335/54/12/125005
http://dx.doi.org/10.1088/0741-3335/54/12/125005
http://dx.doi.org/10.1063/1.4791666
http://dx.doi.org/10.1063/1.4823713
http://dx.doi.org/10.1103/PhysRevLett.69.612
http://dx.doi.org/10.1088/0029-5515/34/12/I01
http://dx.doi.org/10.1103/PhysRevLett.101.205003
http://dx.doi.org/10.1063/1.871454
http://dx.doi.org/10.1088/0029-5515/35/12/I40
http://dx.doi.org/10.1103/PhysRevLett.79.1495
http://dx.doi.org/10.1063/1.3389308
http://dx.doi.org/10.1103/PhysRevE.65.046403
http://dx.doi.org/10.1063/1.1430436
http://dx.doi.org/10.1088/0029-5515/28/3/004
http://dx.doi.org/10.1016/j.physleta.2008.08.012

	s1
	d1
	s2
	d2
	d3
	f1
	d4
	d5
	d6
	d7
	d8
	d9
	d10
	d11
	f2
	f3
	s3
	d12
	d13
	d14
	d15
	d16
	d17
	d18
	s4
	d19
	d20
	d21
	s5
	d22
	d23
	d24
	d25
	d26
	d27
	d28
	s6
	d29
	d30
	f4
	d31
	d32
	d33
	d34
	d35
	d36
	d37
	d38
	d39
	d40
	d41
	d42
	s7
	d43
	d44
	d45
	s8
	app1
	dA1
	dA2
	dA3
	dA4
	dA5
	dA6
	dA7
	dA8
	dA9
	dA10
	dA11
	dA12
	app2
	dB1
	dB2
	dB3
	dB4
	dB5
	dB6
	dB7
	dB8
	dB9
	f5
	f6
	app2
	app3
	dC1
	dC2
	dC3
	dC4
	dC5
	dC6
	dC7
	dC8
	dC9
	dC10
	app4
	dD1
	dD2
	dD3
	c1
	c2
	c3
	c4
	c5
	c6
	c7
	c8
	c9
	c10
	c11
	c12
	c13
	c14
	c15
	c16
	c17
	c18
	c19
	c20
	c21
	c22
	c23
	c24
	c25
	c26
	c27
	c28
	c29
	c30
	c31
	c32
	c33
	c34
	c35
	c36
	c37
	c38
	c39
	c40
	c41
	c42
	c43
	c44
	c45
	c46
	c47
	c48

