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ABSTRACT

High-power lasers can deliver extreme light intensities, but avoiding damage in optical components requires large beam sizes, hindering
further advances. The use of plasma as a medium for generating and manipulating light avoids the damage thresholds of solid materials
and can support extraordinarily bright radiation. We discuss here how parametric plasma amplification and relativistic high-order harmonic
generation offer paths to the development of light sources with peak powers beyond the capabilities of solid-state optics.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0031459

I. INTRODUCTION

The most powerful lasers operating today can accelerate electrons
to GeV energies,1–5 generate bright sub-femtosecond x-ray pulses,6,7

and reproduce astrophysics at the laboratory scale,8,9 yet they are lim-
ited to peak powers of 1–10 PW by the material constraints of their
component optics. Lasers that can fully explore the ultra-relativistic
regime, readily probe non-linear quantum-electrodynamic effects, and
take full advantage of new accelerator technology lie beyond the reach
of solid-state chirped-pulse-amplification.10 Substantial further
increases in laser peak power will require entirely new approaches.

For sub-picosecond lasers, peak power is limited by the unfo-
cused intensity on post-compression optics—typically on the order of
1012 W/cm2—and the expense of large-diameter optical-quality surfa-
ces. The minimum focal spot size is diffraction-limited to the scale of a
wavelength, and high-quality wavelength-scale spots can already be
achieved for high-power systems. Higher intensities, therefore, require
higher peak powers. For example, directly reaching the Schwinger
limit (1029 W/cm2) in a 1lm-diameter spot requires a zettawatt laser
(1021 W). Using chirped pulse amplification, a zettawatt beam would
require gratings and mirrors more than 300 m in diameter. Even an
exawatt beam, at 10 m across, is currently unfeasible.

Intensities above 1013 W/cm2 ionize most materials, so methods
to manipulate high-power small-diameter beams will likely require
ionized media, i.e., plasma, rather than advances in materials or coat-
ings. Damage thresholds in plasma, which we will use here to mean
where performance starts to degrade for increasing intensity, are gen-
erally set by the onset of non-linearities. Relativistic effects, for exam-
ple, limit the intensity that can theoretically be achieved in a plasma
amplifier for 1lm light to around 1018 W/cm2,11 six orders-of-magni-
tude higher than the solid-state threshold. The orders-of-magnitude
difference between the solid-state damage threshold and the intensity-
tolerance of plasma offers an opportunity to build more compact and
higher-power lasers.

Plasma has several advantages as a photonic medium. (1) Since
peak power is limited by plasma non-linearities rather than optical
damage, plasmas tolerate high intensities; a plasma optic will have a
high damage threshold. (2) Light interacts directly with free electrons,
allowing ultrafast response times and readily supporting femtosecond
and sub-femtosecond pulses. (3) The free electrons in a classical
plasma have continuum energy levels, so plasma optics support broad
bandwidths and are in general less sensitive to the laser wavelength
than atomic systems. (4) Higher-order non-linearities—accessible
without optics damage—allow frequency conversion and other beam
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manipulation at high energy flux and peak power. Plasma optics are
still an active area of research, rather than a dominant technology, due
to the difficulties associated with actual implementation; stability and
control can be particular problems, and in many cases, the underlying
physics and plasma dynamics are incompletely understood. The step
between proof-of-principle experiments and deployable devices
requires closing the gap between theory and experiments, as well as
increasing demonstrated efficiencies.

The potential advantages of plasmas have led to a range of pro-
posed and implemented plasma optics. Plasma mirrors—which take
advantage of the reflectivity of overdense plasma—are used to improve
temporal and spatial contrast on high-power beamlines12–15 and gen-
erate high-intensity high-order harmonics.6,16–24 Plasma amplifiers
transfer energy from a high-energy pump to a shorter-duration high-
power seed beam, allowing parametric amplification at high intensity
and offering a replacement for compression gratings and large crystal
amplifiers.25–28 High beam energies can also be achieved by combining
multiple beams into one using ion-acoustic waves to mediate the inter-
action.29 Waveplates and polarizers suitable for high-flux operation
have also been proposed and demonstrated in plasma.30–33 Plasma-
based sources of high-frequency light include frequency upconversion
from flying mirrors34 and photon acceleration35–39 and betatron and
Compton x-rays from wakefield accelerated electrons.40,41

Figure 1 shows approximately where these types of radiation
sources fall on a plot of wavelength against achievable peak power.
High-peak-power lasers are most readily available for near-infrared
and visible wavelengths. At shorter wavelengths, alternative sources
include high-order harmonic generation (HHG) (gas or plasma
based), x-ray lasers based on exciting ions in a plasma, x-ray free elec-
tron lasers, and betatron radiation. Demonstrated plasma amplifiers
are at the near-infrared wavelengths of the pumps used, although, in
principle, the mechanism will work across a wide range of frequencies.

In this paper, we discuss how two particular mechanisms—para-
metric plasma amplification and relativistic high-order harmonic gen-
eration—can advance the development of extremely bright light
sources. For parametric plasma amplification, we cover how a simple
three-wave picture of plasma amplification extends to encompass a
wide range of conditions, including short wavelengths, incoherence,
and magnetization. For high-order harmonic generation, we explore
how the efficiency depends on the underlying mechanism and how
that efficiency can be improved by varying the interaction parameters.

II. RELATIVISTIC HIGH-ORDER HARMONIC
GENERATION

The relativistic generation of high-order harmonics from
solid-density plasma surfaces is a promising mechanism for pro-
ducing high-power pulses at wavelengths from the ultraviolet
(UV) through soft x-rays, a spectral range that is difficult to reach
directly with laser gain media. The creation of attosecond pulses
requires broadband light with wavelengths in the UV or shorter.
Although there are multiple nonlinearities that can be used to cre-
ate high-order harmonics—in atomic gases,42–47 low-density
plasmas,48 and solid crystals49–51—the relativistic mechanism of
HHG from solid-density plasma surfaces6,7,16–19,22–24,52–57 sup-
ports the highest driving fluxes and attosecond pulse intensities.

Relativistic HHG (RHHG) requires high intensity light (normal-
ized field a0 > 1, where a0 ¼ eE=mexLc ¼ 0:84I1=2k for intensity I in

1018 W/cm2 and wavelength k in lm, where E is the electric field, xL

is the laser frequency, c is the speed of light, and e and me are the
charge and mass of an electron) focused on a solid density surface.
The geometry for the experimental study is shown in Fig. 2(a): a high-
power short-pulse laser is tightly focused onto a surface, producing
harmonics in the direction of specular reflection. The process relies on
the highly nonlinear motion of electrons driven by the strong laser
and plasma fields; an example trajectory is shown in Fig. 2(b).

There are several models for RHHG, including the relativistic
oscillating mirror (ROM),16,58 which treats the plasma as a nonlinearly
moving reflector, the relativistic electron spring (RES),59–61 and coher-
ent synchrotron emission (CSE).22,62–65 The ROM model predicts that
the relative power in each generated harmonic will scale with the har-
monic frequency x as x�8=3. CSE, associated with a higher intensity
regime, predicts scaling as x�4=3—an exponent borne out by particle-
in-cell (PIC) simulations—and is the model we explore in depth below
for the implications it has on how to maximize the efficiency of the
harmonic generation process.

A. Coherent synchrotron emission

In the coherent synchrotron emission (CSE) model of relativistic
HHG, high frequency light is emitted by dense bunches of relativistic
electrons driven in instantaneously synchrotron-like trajectories

FIG. 1. Approximate ranges of peak powers and wavelengths currently achieved
by high-power light sources based on solid-state laser architectures [Ti:sapphire,
Nd:glass, and optical parametric chirped pulse amplification (OPCPA)], x-ray free
electron lasers, betatron emission from laser-accelerated electrons, x-ray lasers
based on excited ions, high-order harmonic generation (HHG), and parametric
plasma amplification.
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[Fig. 2(b)] such that the position of the bunch relative to the target
normal (x) is

xðtÞ ¼ bxtxL þ
aþ 1
3
ðtxLÞ3; (1)

and the transverse current is linear,

jyðtÞ ¼ a0txL; (2)

where bx ¼ vx=c is the normalized velocity component, t¼ 0 is the
time when the peak of the attosecond pulse is emitted, and a0;1 are
constants. The emission spectrummay, then, be written as62,64

IðxÞ / j~f ðxÞj2x�4=3 Ai0
x
xc

� �2=3
" #( )2

; (3)

where xc ¼
ffiffiffiffiffiffiffiffiffiffiffi
8a1c3

p
; c ¼ 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� v2=c2

p
is the Lorentz factor at the

emission time, Ai0 is the derivative of the Airy function of the first
kind, and ~f ðxÞ is the Fourier transform of the shape function f, which
describes the spatial distribution of the electron bunch. The salient fea-
ture of the CSE model is that for harmonic wavelengths longer than
the bunch thickness (~f ¼ 1) and frequencies lower than the cutoff fre-
quency (x < xc), the spectral power scales as x�4=3, much shallower
than the x�8=3 scaling of ROM. This power-law exponent sets the
maximum efficiency of the CSE model, although observed HHG spec-
tral scaling is often much lower. This can occur because the total spec-
trum is emitted by a large number of electrons, and at lower
efficiencies, only a small fraction of them may reach the maximum
observed velocity. Slower electrons will have cutoffs at lower frequen-
cies and only contribute to lower-order harmonics, leading to a steeper
decay in the total spectrum.

The coherent synchrotron electron trajectories are created by the
combination of the laser electric and magnetic fields and the plasma
electric charge separation field. The laser electric field accelerates elec-
trons to relativistic velocities, the plasma electric field prevents the

electrons from being carried along with the laser and produces a longi-
tudinal force, and the laser magnetic field turns the electrons, coupling
the electric fields together. This balance of forces produces trajectories
like those in Fig. 2(a), with a characteristic shape that can be found
across a wide range of laser and plasma conditions.64

Figure 3 shows the Lorentz factor of selected electrons in an emit-
ting bunch as a function of their advanced time—the time when radia-
tion associated with that trajectory will arrive at a far boundary. These
trajectories have been found using one-dimensional particle-in-cell
(PIC) simulations. The profile is not symmetric; the left side, corre-
sponding to the leading edge of arriving radiation, is much sharper
than the right. For reasonably high frequencies, we can treat the left
edge as infinitely sharp and the right side as decaying infinitely slowly,
i.e., a Heaviside step function. Although the right side does not stay
constant, the change is sufficiently slow that the high-frequency com-
ponents of the emitted radiation do not add constructively: only the
leading edge provides a contribution. This approximation for
the shape function, when Fourier transformed, adds a factor x�2 to
the spectrum so that for frequencies satisfying x < xc but with wave-
lengths longer than the bunch width (x > xb), the spectrum scales as
x�10=3. For x > xc, the spectrum falls off exponentially. In Fig. 3(b),
all three of these scaling regimes can be observed, but in general, they
do not have to be well separated. If xB � xc, the effect of the finite

FIG. 2. (a) Schematic of relativistic high-order harmonic generation, including the
incident laser, target, and reflected harmonics. (b) Example trajectory followed by
electrons in the CSE regime.

FIG. 3. Electron trajectories and resulting HHG spectrum, as calculated with one-
dimensional PIC simulations (EPOCH). (a) The Lorentz factor of electrons, which
emit radiation plotted against the arrival time of that radiation at a distant observer.
(b) The spectrum as a function of frequency normalized by laser frequency (xL) of
the associated radiation compared to variants of the CSE model and power-law fits,
showing the three distinct regions of spectral behavior. The frequencies xb and xc

are marked. For both (a) and (b), the laser angle of incidence (hL) is 30
�, the laser

is single cycle (s ¼ 3 fs and k ¼ 800 nm), a0 ¼ 40, and N¼ 200.
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bunch width will be hidden by the much stronger effect of the c-
dependent cutoff.

The Lorentz factor cutoff (xc) depends on the maximum
Lorentz factor reached by an electron in the bunch and directly results
from the limit on radiation frequencies produced by an accelerating
electron of a particular momentum. Unlike the trajectories themselves,
which depend on a0=N , the Lorentz factor has an additional propor-
tionality to a0, so increasing xc requires higher intensity.

B. Efficiency

Under ideal conditions, the CSE mechanism should be able to
convert near-infrared light to a continuum of high frequencies up to
multi-keV x-rays with an efficiency gx ¼ Cx�4=3, where the conser-
vation of energy gives a maximum coefficient66 C¼ 1/3. However, effi-
ciencies observed in simulations and experiments are lower than this
limiting case. We will focus here on how choice of parameters influen-
ces efficiency rather than on how experimental deviations from tar-
geted conditions result in lower than expected yields.

The dominant parameters that determine the regime of HHG are
the laser intensity (represented by a0) and the plasma density
(here normalized by the critical density: N ¼ ne=nc, where nc
¼ mex2

L=4pe
2). For RHHG, we must at least satisfy a0 > 1 (relativis-

tic) and N> 1 (overdense, reflective plasma). In the relativistic limit
(a0 � 1), electron dynamics are determined by the similarity parame-
ter S (a0=N ¼ 1=S), which can be derived from the Vlasov–Maxwell
equations.67–69 As shown in Fig. 4, the efficiency of the process for
many values of a0 and N can be determined relatively accurately by
considering only a0=N . This leaves us with two limits: for a0=N � 1,
the laser is too weak relative to the plasma field strength to drive a
strong plasma response. For a0=N � 1, the plasma is relativistically
transparent, and the laser will bore a hole through the plasma rather
than reflecting from the surface. Efficient RHHG requires that the laser
and plasma field strengths are comparable so that the forces balance

each other throughout the generation process; efficiency rapidly drops
for both a0=N � 1 and a0=N � 1.

For 800-nm light, most fully ionized solids have values of N
between 200 and 500 (e.g., fused silica). Available laser systems usually
provide a0 < 30, so HHG experiments are conducted in the regime
a0=N < 1. To increase the value of a0=N , we can increase laser
intensity and decrease density, or, noting that a0 ¼ eE=mexc and
N ¼ 4pe2ne=mex2 so that a0=N / x, we can increase the laser fre-
quency at fixed intensity. Although higher-power lasers are under con-
struction, reaching higher intensities is difficult and expensive, so
methods for adjusting S by changing either density or frequency are
important.

1. Density

A reduction in density to increase a0=N can be achieved by
directly using a lower-density solid, replacing semi-infinite thick tar-
gets with thin foils, or producing a finite plasma density gradient on
the interaction surface. Each of these approaches reduces the plasma
restoring force, enabling the laser field more effectively manipulate
surface electrons.

Most RHHG experiments are conducted with near-infrared light,
either 800nm or near 1lm, where standard solid-density materials
have values of N of order 102 when fully ionized and gases have N< 1.
RHHG requires an optical quality front surface, so gas targets are less
suitable. Certain materials offer lower values of N than fused silica,
including polystyrene,70 lithium (N¼ 75), and frozen hydrogen.
Although lithium and cryogenic targets are substantially more difficult
to work with than glass, they offer substantial gains in efficiency, as
shown in Fig. 5. In Fig. 5(a), reflected HHG spectra are shown for two
different densities; N¼ 75 leads to high-order harmonics one to two
orders of magnitude more powerful than a target with N¼ 500. Figure
5(b) shows how this difference in efficiency changes with laser inten-
sity and that under these conditions and all reasonable laser field
strengths, the lower density target leads to more efficient harmonic
generation.

Foams are an alternative to low density solids, providing control-
lable low average densities. Although foams have been used in nano-
second laser experiments71 and are viable for longer pulses, RHHG
imposes more stringent requirements on foam properties, especially
homogeneity. The surface must be optically smooth on a scale compa-
rable to the harmonics of interest, and together with micrometer-scale
focal spots, this means that we need the scale length of the foam voids
w to be much smaller than the laser wavelength: w� k. The femto-
second driving pulse duration means that the foam density will not
evolve substantially during the interaction, so the gradual smoothing
out of density that can happen on nanosecond timescales must be sep-
arately induced if required.

A lower effective density can also be created using thin foils
(thickness d � k) rather than a thick (d > k) target. Although the tar-
get density is still high, the thinness limits the total charge, and the rel-
evant nondimensional parameter becomes72–74

g ¼ f
ND
a0

� �
; (4)

where D ¼ d=k is the normalized target thickness and g is the effi-
ciency. As shown in Fig. 6, the efficiency of harmonic conversion can

FIG. 4. Simulations of the efficiency (g½n�x is the reflected energy in harmonic n
divided by total incident energy) of RHHG. Points indicate the fraction of light con-
verted to the nth harmonic for n¼ 5, 20, and 200 at hL ¼ 45�. a0 and N are varied
(1 < a0 < 100), (N> 1), and the efficiency g½n�x is plotted against a0=N. The
results are based on one-dimensional PIC simulations (EPOCH). Driving pulses are
single cycle, and there is no gradient on the target surface.
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be substantially increased for thin targets, and interactions at the same
value of ND=a0 and other fixed parameters will tend to have the same
efficiency. Ultrathin targets also lead to higher Lorentz factors at the
same driving a0 since the incident and reflected electric fields do not
cancel completely at the surface,74 leading to a larger value of the xc

cutoff. This advantage is offset by the increased width of the driven
electron bunches for ultrathin targets, which can approach a signifi-
cant fraction of the laser driving frequency. This increased width
means that the shape factor plays a role in the spectral shape at lower

maximum frequencies, leading to an earlier transition to x�10=3 scal-
ing and lower efficiencies for thin foils compared to maximum that
can be achieved for thicker targets.

A finite plasma density gradient is one further way to manipulate
the effective density of the interaction. A sharp plasma surface heated
by a laser pulse will self-similarly expand into free space, producing a
density gradient that can be approximated as exponential:
NðxÞ / ex=L. The effect of a finite gradient has been explored both
computationally and experimentally,54,55 with ideal gradient scale
lengths found in the range L=k ¼ 0:1� 0:2. The key advantage of a
gradient is that the laser will reflect near the relativistically reduced
critical density, rather than at the peak plasma density, so that near the
interaction point, a0=N � 1, even for very dense solids. Although the
shape of the gradient also affects the details of the interaction, the
dominant contribution to increased efficiency is the decreased density.

2. Coherent control: Frequency

An alternative method for controlling efficiency—hinted at by
the relationship a0=N / x—is to manipulate the frequency composi-
tion of the driving laser pulse. Doubling the laser frequency (x! 2x)
at fixed laser intensity will double a0=N , leading to higher efficiency, a
result that follows from the approximate empirical relationship
between intensity and a0=N for a0=N < 1,

Iatto
IL
/ a0

N

� �q

¼ eE
mxLc

	 mx2
L

4pnee2

� �q

/ xq
L: (5)

However, for beams containing two distinct colors, increases in effi-
ciency can be much larger than those achieved with either x or 2x
light separately, with the relative phase between the two colors playing
a dominant role in the new efficiency.57,75 This is an indication of the
importance of the driving waveform as something that can be used

FIG. 5. Effect of plasma density on HHG efficiency. (a) A lower density target (N¼ 75) produces harmonics more efficiently than one with higher density N¼ 500 at a0 ¼ 20
and hL ¼ 0�. The results are from 1D PIC simulations (EPOCH). (b) Efficiency of conversion to the spectral range 5 < x < 60 for varied a0 and both N¼ 75 and N¼ 500.
Note that both plots are in normalized (arbitrary) units.

FIG. 6. The efficiency of RHHG, measured here as the normalized ratio of attosec-
ond pulse intensity to incident laser intensity as a function of plasma density N,
laser field strength a0, and target thickness D, showing that for thin targets
(D� 1), the efficiency of the process varies only with the ratio ND=a0, and that for
ND=a0 � 0:2, the efficiency reaches a maximum. The results are from 1D PIC cal-
culations (EPOCH). N is fixed at 500, and a0 and D are varied. The driving pulse is
single-cycle, the angle of incidence is 30�, and the attosecond pulse intensity is
found by considering harmonics between 3 < x=xL < 30.
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both to increase efficiency and improve our understanding of the
underlying mechanism. Figure 7 shows how the electric fields of the
two colors add together to form a complex nonsinusoidal waveform.

In a two-color beam, we can control the energy fraction in each
color and the relative phase (D/) between them.76 Figure 8 illustrates
the substantial change in harmonic generation efficiency, which can

result when the relative phase between component frequencies in a
two-color beam is changed. Even for relatively low intensities
(a0 ¼ 3), a small fraction (10%) of conversion to second harmonic
can measurably affect both low-order (third harmonic) and relativistic
(x > 20xL) harmonic generation. As should be expected, this effect
decreases if the envelopes of the fundamental and second harmonic
are not perfectly matched; mismatch in group delay between the colors
decreases the strength of the effect, as shown by the difference between
Ds ¼ 0 and Ds ¼ 15 fs in Fig. 8.

We can use multi-color beams (n colors, with n> 2) to under-
stand the mechanism of efficiency enhancement via subcycle wave-
form modification since arbitrary waveforms can be constructed by
the superposition of harmonics. To address the high-dimensional
parameter space for beams defined by n phases and n � 1 energy
fractions, previous work77 used a genetic algorithm to find the
highest-efficiency driving waveforms, arriving at shapes like that
shown in Fig. 9. In this waveform, the field transition from its maxi-
mum negative to maximum positive value occurs over a time period
comparable to the relativistic plasma period, corresponding to a
matching of the laser and plasma forces. The enhancement seen for
two-color beams occurs because when appropriately phased, a two-
color beam will be closer to this driving waveform than a beam of
either color individually. It is also why there is less room for improve-
ment via waveform manipulation when the laser intensity and plasma
density are already well-matched.

Although producing a multicolor beam with a controllable phase
is not generally possible at relativistic intensities, such a beam could, in
principle, be generated by and used in a multipass configuration of
high-order-harmonic mirrors,78–83 where the harmonics reflected
from an initial relativistic plasma mirror drive subsequent interactions.
As illustrated in Fig. 10(a), a multipass configuration could be built by
refocusing a harmonic beam onto a second target. Alternatively, the
beam may be focused onto two close, sequential surfaces, although the
evolution of the Guoy phase places a restriction on the spacing
between the interactions.82 In both configurations, multipass

FIG. 7. Schematic of fields in a two-color beam. The definitions of each phase
(/1; /2) and relative phase (D/2) for a two-color beam, where the second field
(E2) has twice the frequency of the fundamental (E1), are given. The non-sinusoidal
shape of E1 þ E2 is important for the relativistic dynamics of HHG.

FIG. 8. Effect of the relative phase (D/) between two color components on high-
order harmonic generation for experimentally reachable conditions, including the
effect of a relative group delay between the fundamental and second harmonic (Ds).
(a) Absolute energy conversion efficiency to the third harmonic. (b) Fraction of energy
converted to frequency interval from x=xL ¼ 20 to x=xL ¼ 30. These simulations
were conducted with hL ¼ 45�, N¼ 350, a0 ¼ 3; 5; sFWHM ¼ 25 fs, the plasma
density gradient scale length L=k ¼ 0:05, the ratio of ion to electron masses
mi=me ¼ 3672, and the fraction of light in the second harmonic W2=W ¼ 0:1.

FIG. 9. The waveform associated with the highest harmonic generation efficiency
constructed from the first five harmonics of the fundamental driving pulse (red),
compared to a single frequency pulse (black). The optimal pulse shape was found
from a genetic algorithm optimization of harmonic generation efficiency found in 1D
PIC simulations. The key feature of the optimized pulse shape is the transition from
the negative to positive electric field near t¼ 0, which has an effective frequency
that matches the relativistic plasma frequency.
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enhancement [Fig. 10(b)] relies on the closeness of the reflected har-
monic relative phases to those required for efficiently driving HHG.
Figure 10(c) shows how the electric field of the reflected beam steepens
with each subsequent pass; as the local frequency during this transition
approaches the relativistic plasma frequency, the efficiency of the
interaction increases. Fundamentally, the reflected pulses are phased
correctly because the interaction produces attosecond pulses, where
the high frequency components of the reflected light add coherently.

There are restrictions on multipass configurations that follow
from the phase requirements for driving HHG. For example, for finite
angles of incidence, subsequent mirrors must continue to reflect the
pulses in the same direction, rather than alternate between mirror
directions; in an alternating configuration, the field components asso-
ciated with even harmonics will have the opposite sign (180� out of
phase) as that required for efficient generation, leading to suppression.
Furthermore, losses with each interaction mean that although in a per-
fectly reflecting system a large number of passes can produce very
high efficiencies,79 the practical number of interactions, which will
continue to produce enhancement, is limited. In an experimental

demonstration of a two-color beam from a plasma mirror, around
40% of the incident energy was not reflected in either color.83

Whether the efficiency gains due to the improved waveform makeup
for the reduced intensity depends on the specific parameters of the
interaction under consideration; in regions where enhancement is
large, even substantial drops in driving energy are offset by the
improved field shape. In Fig. 8, a two-color beam at a0 ¼ 5 with
poorly phased colors (D/ ¼ 0) is less efficient at driving both the third
and higher-order harmonics than a beam at a0 ¼ 3 (64% less energy)
with an ideal relative phase (D/ ¼ p) and produces less absolute
energy in the harmonics despite the higher driving energy.

Taken together, the advantage of waveform manipulation strate-
gies is that they allow available laser intensities and target densities to
be moved into a more efficient regime and concentrate more on the
laser field energy into those times of the waveform, which primarily
contribute to driving emitting electrons. As a result, a multicolor beam
can almost reach the highest efficiencies theoretically possible for rela-
tivistic high-order harmonic generation.

III. PLASMA AMPLIFIERS

An ideal plasma amplifier would replace both the compression
grating and the final stage amplifier of a solid-state system, producing
femtosecond (Raman) or picosecond (Brillouin) compressed pulses at
unfocused intensities above 1017 W/cm2 for k ¼ 1lm. The basic
mechanism (Fig. 11) relies on coupling between three waves: a plasma
wave and the electromagnetic waves of a pump laser and a seed laser.
This coupling transfers energy from the long-duration high-energy
pump laser to the short-duration high-power seed, provided that the
pump and seed satisfy wavevector matching conditions
(xpump ¼ xseed þ xplasma; kpump ¼ kseed þ kplasma).

Theory, numerical models, and large-scale simulations have pre-
dicted that reaching close-to-relativistic seed intensities inside plasma
amplifiers is possible, with the amplified seed peak powers often
exceeding the corresponding pump power by several orders of magni-
tude and energy transfer efficiencies of 90% or higher. However,
experimental performance (Fig. 12) tends to be lower, with demon-
strated seed peak powers at most an order of magnitude higher than
the pump. Apart from a groundbreaking recent study showing 20%
energy-transfer efficiency for a Brillouin amplifier,84 the demonstrated
efficiency has been lower than a few percent. Although no conclusive
reason for the discrepancy between the simulations and experiments
has been established, possible explanations include insufficient treat-
ment of kinetic processes in theory and experimental imperfections—
like mismatched alignment between the pump and seed—which are
not captured in simulations, and the difficulty of establishing a large
plasma of sufficient uniformity for the amplification process to be effi-
cient everywhere.

A. Mechanism

The simplest model that reproduces amplification dynamics is
based on the Maxwell-fluid equations, where the plasma is treated as
an electron fluid and an ion fluid. Although powerful, this approach
does not directly include kinetic and non-continuum effects, which are
either neglected or modeled with additional terms.

Let A1 represent the vector potential of the seed beam andA2 the
vector potential of a counterpropagating pump. The equation for the
seed beam is

FIG. 10. (a) Schematic of a multi-pass HHG interaction. (b) The reflected spectrum
of light after one and two passes at hL ¼ 15�; a0 ¼ 30, N¼ 200, and s ¼ 5 fs cal-
culated with one dimensional PIC simulations (BOPS). The laser has an 800-nm
fundamental wavelength. (c) The reflected electric field of a short pulse laser after
1, 2, and 5 passes, showing the reshaping of the field around the transitions in field
direction. Erel is the field corresponding to a0 ¼ 1 for the fundamental frequency.
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@2t � c2@2x þ x2
pe þ �1@t

h i
A1 ¼ �x2

pe
ne;1
ne;0

A2; (6)

where �1 represents the damping of the wave, xpe is the plasma fre-
quency, ne;1 is the unperturbed plasma density, and ne;1 is the per-
turbed component. An equivalent equation may be written for the
pump as follows:

@2t � c2@2x þ x2
pe þ �2@t

h i
A2 ¼ �x2

pe
ne;1
ne;0

A1: (7)

Both of these equations depend on how the modulation of the electron
density (ne;1) responds to the seed and pump fields. Note that we can
neglect the direct ion contribution to Eqs. (6) and (7) because the ions
are much heavier than the elections, an assumption that would break

down, for example, in an electron–positron plasma.97,98 Depending on
the plasma conditions and the wavelength separation, the evolution of
the electron number density may be dominated by the Langmuir wave
[stimulated Raman scattering (SRS)],27,86,88–91,99–109 an ion-acoustic
wave [stimulated Brillouin scattering (SBS)] or ion-acoustic quasimode
(strongly coupled stimulated Brillouin scattering),26,28,84,93–95,97,109–117 a
non-collective super-radiant electron response,96,118 or, in magnetized
plasma, a kinetic Alfv�en wave119 or an upper hybrid wave.120

The system of equations may be closed by writing an expres-
sion for the evolution of the plasma. For stimulated Raman scatter-
ing, where the pump and seed are separated by the plasma
frequency, this is

@2t � 3v2e@
2
x þ x2

pe þ �R3@t
h i ne;1

ne;0
¼ e2

m2
e c

2
@2x A1 	 A2ð Þ; (8)

where �R3 represents the damping of the Langmuir wave, which could
be Landau damping at low density and high temperature or collisional
damping at high density and low temperature.117 For stimulated
Brillouin scattering, the full expression may be written as follows:

@2t � c2s @
2
x þ �B3@t

� � ne;1
ne;0
¼ Ze2

memic2
@2x A1 	 A2ð Þ; (9)

which similarly has a damping term.
With normalized units (time ~t ¼ tx2 and position ~x ¼ xx2=c),

the three wave equations for the pump and seed may be written as
follows:

@~t þ ~v1@~x þ ~�1½ �a1 ¼ �
1
4
x2

x1
N n
3a2
� �

; (10)

@~t þ ~v2@~x þ ~�2½ �a2 ¼
1
4
N n3a1ð Þ; (11)

where a1;2 ¼ eA1;2=mec, the damping rates are normalized as
~�1;2 ¼ �1;2=x2, and the group velocity of light is normalized as
~v1;2 ¼ k1;2c=x1;2 ¼ ð1� x2

pe=x
2
1;2Þ

1=2. The expressions for the
plasma response in SRS may be rewritten as follows:

@~t þ v3@~x þ ~�R3
� �

n3 ¼ �
1
4

1ffiffiffiffi
N
p c2k23

x2
2

a
1a2
� �

; (12)

and the full expression for SBS is

i
2
x2

x3
@2~t þ @~t þ ~�B3

	 

n3 ¼ �

1
4
Zme

mi

x2

x3

c2k23
x2

2
a
1a2
� �

; (13)

FIG. 11. Schematic of the plasma amplification process. A low energy short seed pulse crosses a longer high energy pump beam in a plasma, creating a plasma wave, where
kplasma ¼ kpump � kseed. The final amplified seed pulse contains a significant fraction of the pump energy but maintains the short seed envelope.

FIG. 12. Experimental demonstrations of parametric plasma amplification. The ini-
tial (open squares) and final (closed squares) seed powers are plotted against the
pump powers; for points above the dashed line, the seed peak power exceeds the
pump power. Some points (Est) use final peak powers based on estimated, rather
than measured, final pulse durations. Values were extracted from Refs. 27 and
84–96.
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where the second derivative term on the left hand side may be
neglected in the weakly coupled regime and the first derivative term
may be neglected in the strongly coupled regime.28 These equations
may be evaluated numerically or, in some limits, analytically.

For Raman and Brillouin amplification, the process of amplifying
a seed pulse can be divided into two distinct regimes. In the linear
regime [Fig. 13(a)], the seed is small compared to the pump, and the
pump is not measurably depleted. As a result, the seed grows exponen-
tially, with the pulse lengthening and the peak moving slower than the
group velocity of light. In the nonlinear regime [Fig. 13(b)], pump
depletion is substantial, so only the leading edge of the seed is ampli-
fied. The seed shortens in time, and its peak travels faster than the
group velocity as the total energy in the pulse increases at a constant
rate. This is also referred to as the p-pulse regime.25

1. Growth rate

The growth rate of the instability is an important measure
because it determines how quickly the nonlinear regime will be
reached and for how long the desired energy-transfer mechanism will
outperform competing instabilities. In general, a higher growth rate is
desirable for improved amplifier performance. Using the three wave
model, we can derive an effective growth rate in the linear regime for
both Raman and Brillouin amplification in the presence of substantial
damping.

Extending the quasitransient backward Raman amplification
approach to include damping of the seed, we can write an asymptotic
(the influence of initial conditions goes to zero as t !1), linear-
regime (pump intensity constant) expression for the growth rate of a
Raman-amplified seed by finding a solution to the coupled equations,

@~t þ ~v1@~x þ ~�1½ �a1 ¼ K1n3; (14)

@~t þ ~�3½ �n3 ¼ K3a1; (15)

of the form a1ðz; tÞ ¼ aðnÞej~t ; n3ðz; tÞ ¼ gðnÞej~t , where n ¼ ~x
v~t . This

yields the general expression

j ¼ 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4K1K3 þ ~�3 � ~�1ð Þ2

q
� ~�3 þ ~�1

2
: (16)

This expression is the same for weakly coupled SBS. The expression
for the full form of SBS requires solving a cubic expression for j.117

B. Extension to new regimes

The theory of parametric plasma amplification has been well
explored for near-infrared high-quality pump beams in uniform
unmagnetized plasma. Below, we describe how relaxing some of those
constraints affects the amplification process and, in particular, how
that might affect the prospects for usable plasma amplifiers.
Specifically, we discuss the effects of incoherent pump beams, x-ray
wavelengths, and strongly magnetized plasmas.

1. Incoherent amplification

A key useful feature of parametric amplification is that it does
not require the pump beam to be strictly coherent and uniform, which
has previously been shown to be true in non-plasma media.121–123 In
plasma,108 the amplification process will tolerate a substantial degree
of incoherence in the pump. Although the amplification dynamics are
adjusted by pump’s finite coherence time, the nonlinear amplification
regime, in particular, is not strongly affected by coherent structures.

Figure 14 shows a PIC simulation of a seed pulse being amplified
by a pump, which is only coherent on a timescale comparable to the
envelope of the seed itself, as indicated by the pump envelope modula-
tions. Despite this high degree of incoherence, the seed rapidly ampli-
fies, and the final intensity is comparable to that found for a fully
coherent pump at the same average power. The leading edge of the
seed—within a pump coherence time of the front edge—does not
experience the incoherence of the pump, as the plasma wave locally
forms with the correct phase to match the seed and pump. By the trail-
ing edge of the seed, the pump and plasma wave, which travel at

FIG. 13. Illustration of (a) the linear (constant pump) and (b) nonlinear (pump deple-
tion) regimes of plasma amplification.

FIG. 14. One dimensional PIC simulation (EPOCH) of the growth of a seed pulse
(red) in an incoherent pump beam (black) via Raman amplification. The seed beam
does not lengthen beyond the coherence time of the pump, even in the linear
regime of amplification, but its final intensity and growth in the nonlinear regime are
similar to those for a fully coherent pump. The plasma has density N¼ 0.02 and an
electron temperature of 100 eV, with a central pump wavelength of 1 lm. The inco-
herent pump is constructed from the sum of one thousand components with a ran-
dom phase and a Gaussian distribution of wavelength, the bandwidth of which
corresponds to the pump coherence time.
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different speeds in the medium, are no longer in phase on average and
the seed does not grow. However, in the nonlinear regime, the pump
is depleted on this scale anyway, so the overall effect on the seed
dynamics is small.

In the linear regime, rather than growing substantially in length,
the seed pulse will only lengthen to a scale comparable to the coher-
ence time of the pump. The apparent growth rate will also be lower, as
the peak of the pulse ordinarily drifts backwards as the pulse lengths.
The modified dynamics for an incoherent pump are similar to those
described by the quasitransient backward Raman amplification
regime124,125 where the interaction is heavily damped within the time-
scale of the seed pulse.

The resilience of plasma amplification to incoherence of the
pump has a number of important implications for building plasma
amplifiers. First, since spontaneous scattering grows in the linear
regime and is relatively suppressed, an incoherent pump beam may
reduce parasitic instabilities in a plasma amplifier. Second, since the
plasma wave locally self-organizes to the phase of the seed, the seed
remains coherent and the pump incoherence is deposited solely in the
plasma wave; plasma amplification is, therefore, a method for cleaning
the coherence of the pump beam, producing a high-quality output
from a lower quality source. Finally, robustness to incoherence means
that the quasi-coherent output of free electron lasers could, in princi-
ple, be suitable for pumping a plasma amplifier.

2. X-ray amplification

Equations (6)–(13) are normalized by the pump frequency, and
in this form, the dominant terms are independent of wavelength. One
of the advantages of plasma as an optical medium is that the light
interacts with continuum electron energy levels, so responses are not
strongly frequency-dependent and plasma amplifiers should be appli-
cable to broad spectrum ranges. In particular, the difficulty in building
traditional lasers at soft x-ray wavelengths has motivated consideration
of plasmas as a potential amplification medium.117,126–129

At shorter wavelengths, the primary change in dynamics is
driven by damping; the window between strong Landau and colli-
sional damping of the plasma wave that was open at visible

wavelengths begins to close for x-rays. This is a particular problem for
Raman amplification, whose effective growth rate drops well below the
effective growth rate of Brillouin amplification for soft x-rays. Figure
15 shows the effective growth rate of a seed pulse in a uniform plasma
Te ¼ 200 eV at varied pump wavelengths and plasma densities. For
Raman amplification [Fig. 15(a)], the growth rate rapidly drops off at
lower densities due to Landau damping and goes to zero above
N¼ 0.25. At shorter wavelengths, higher N becomes impractical due
to collisional damping, resulting in the diagonal cutoff in the growth
rate plot. Note that at fixed N and decreasing k, the density in non-
normalized units increases, resulting in the lower N at which colli-
sional damping appears. Below k ¼ 5nm, the gap between Landau
and collisional damping closes and the growth rate at all densities
drops to zero. In contrast, Brillouin amplification is somewhat more
resilient to damping, and between k ¼ 1� 10 nm, the growth rate
remains reasonable, suggesting that the amplification of soft x-rays by
SBS is possible.

3. Strongly magnetized plasma

The addition of a magnetic field to a plasma dramatically
increases the number of waves and instabilities that may appear, and a
number of recent works explore how external magnetic fields applied
to a plasma change the laser-plasma interaction physics.119,129–131 As
illustrated in Fig. 16, in addition to the Raman and Brillouin backscat-
tering mechanisms, additional modes appear for coupling between
counterpropagating light waves in a magnetized plasma, including
Alfv�en, lower hybrid, and upper hybrid waves, each distinguishable by
different contributions from electrons, ions, and electric and magnetic
field components.

Of interest for laser amplification is the presence of regions of
strong coupling for specific plasma and magnetic field parameters. As
a plot of backscattered spectra for different magnetic field strengths
[Fig. 17(a)] shows, increasing the magnetic field dramatically changes
the backscattered spectrum. In this plot, a pump beam (k ¼ 1lm)
enters a uniform underdense plasma, and the spectrum of light
directly backscattered is recorded. At 100T, with the magnetic field at
hB ¼ 85� with respect to the incident pump propagation vector, the

FIG. 15. Growth rate of a seed pulse amplified by stimulated Raman scattering (a) and stimulated Brillouin scattering (b) as a function of pump wavelength (k) and normalized
plasma density (N) at Te ¼ 200 eV. The growth rate is corrected for both Landau and collisional damping. The pump has a0 ¼ 0:01.
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main scattered light components are still Raman (x=x0 � 0:9) and
Brillouin (x=x0 � 1). As the magnetic field increases and the cyclo-
tron frequency becomes non-negligible, the source of Raman-type
scattering changes from a Langmuir wave to an upper hybrid wave.
Laser amplification is possible, showing some possibility for improve-
ments in performance over unmagnetized plasma.120

For magnetic field strengths where the cyclotron frequency is
comparable to the pump laser frequency (here near 10 kT), extremely

strong scattering occurs from kinetic Alfv�en waves. The magnetized
low frequency (MLF) mechanism119 is characterized by a relatively
small frequency downshift from the pump wave but a large growth
rate. In comparison to a Raman amplified pulse, one growing by
the MLF mechanism will much more quickly deplete its pump beam
[Fig. 17(b)]. Although the magnetic fields required to see this mecha-
nism are extremely large (>1 kT for k ¼ 1lm), it has the characteris-
tics of an ideal plasma mechanism for amplification: large growth rate

FIG. 16. Stimulated scattering modes in a magnetized plasma with low ion to electron mass. A pump beam and seed beam downshifted by (ks � kp) counterpropagate in an
underdense plasma, and the logarithmic gain of energy in the seed is plotted as a function of the seed wavelength and magnetic field angle with respect to the pump propaga-
tion direction. B¼ 600 T, N¼ 0.01, Te ¼ Ti ¼ 1 eV, and mi=me ¼ 10 The low ion mass allows four modes to be distinguished: from left to right, the sound wave, the Alfv�en
wave, the lower hybrid, and the upper hybrid waves, with the solid lines showing analytic predictions.130
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and small frequency downshift, as well as support for broad band-
width, extremely short amplified seed pulses.

IV. CONCLUSION

Plasmas allow control of light at extraordinary intensity. We can
draw on their intrinsically high damage thresholds, fast response
times, and a wealth of nonlinear responses to build optical compo-
nents capable of supporting far higher fluxes than solid state devices.
The two broad approaches discussed here—parametric plasma ampli-
fication and relativistic high-order harmonic generation—amplify
high power pulses of light and efficiently convert light to new frequen-
cies at high power, both of which are key capabilities for future
plasma-based optical systems.

The primary application of parametric plasma amplification is
the generation of laser-like pulses of light at intensities that would not
be supported by solid gratings or in a solid amplifier. The process
scales well with the wavelength and, if suitable pump beams are avail-
able, can be extended well into the infrared or toward x-ray wave-
lengths. Parametric amplification is resilient to incoherence in the
driving beam and can also be used to produce a coherent pulse from
an incoherent driving beam. The process is modified in the presence
of a magnetic field: when the cyclotron frequency approaches the
pump frequency, magnetized low frequency scattering from kinetic
Alfv�en waves offers exceptional amplification properties.

Relativistic high-order harmonic generation is particularly prom-
ising for producing light from extreme ultraviolet to soft x-ray wave-
lengths. With intrinsically coherent and supporting attosecond
durations, RHHG is an ideal source for high peak power ultrashort
pulses. The efficiency of RHHG, which can theoretically reach a
p ¼ �4=3 power law of frequency, can be improved by changing laser
intensity, target density, or laser frequency. Effective changes in laser
frequency can also be realized by a configuration of multiple sequential
plasma mirrors, where each subsequent mirror adds to the frequency
content of the beam.

The development of plasma sources of high intensity coherent
light is necessary to advance beyond the limits of non-ionized
media. Although there are many unsolved problems, particularly
in translating theory to experiment, plasma sources remain a
promising and necessary avenue for creating the next generation
of bright light sources.
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APPENDIX: NOTES ON SIMULATIONS

The results presented in this paper are based heavily on one-
dimensional particle-in-cell (PIC) simulations using the codes BOPS132

and EPOCH.133 Both codes are relativistic and capture all three compo-
nents of velocity; EPOCH additionally can be run in both two and three
spatial dimensions. We used a relativistically boosted reference frame134

to simulate HHG at oblique angles in 1D. BOPS has a built-in imple-
mentation of the relativistic boosting. In EPOCH, it is achieved via
transforms of the input variables within the input file and appropriate
transforms of the simulation output. For relativistic HHG simulations,
the ions are usually assumed to be infinitely massive (unless otherwise
noted), and the initial plasma is cold (Te ¼ 0 eV). Table I shows the key
computational parameters for PIC simulations presented throughout
this paper.

FIG. 17. (a) Spectral energy distribution of light backscattered from magnetized plasma (k ¼ 1lm, N¼ 0.01, Te ¼ Ti ¼ 1 eV, and mi=me ¼ 1836) in PIC simulations. The
magnetic field B0 is varied between 100 T and 10 kT at hB ¼ 85�. (b) Comparison of an amplified seed after propagation through a uniform plasma with (MLF) and without
(Raman) a uniform magnetic field. The higher coupling in the magnetic field case leads to a more rapidly depleted pump.
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