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The proton-boron-11 (p-B11) fusion reaction is much harder to harness for commercial power than the easiest
fusion reaction, namely, the deuterium and tritium (DT) reaction. The p-B11 reaction requires much higher
temperatures, and, even at those higher temperatures, the cross section is much smaller. However, as opposed
to tritium, the reactants are both abundant and nonradioactive. It is also an aneutronic reaction, thus avoiding
radioactivity-inducing neutrons. Economical fusion can only result, however, if the plasma is nearly ignited; in
other words if the fusion power is at least nearly equal to the power lost due to radiation and thermal conduction.
Because the required temperatures are so high, ignition is thought barely possible for p-B11, with fusion power
exceeding the bremsstrahlung power by only around 3%. We show that there is a high upside to changing
the natural flow of power in the reactor, putting more power into protons, and less into the electrons. This
redirection can be done using waves, which tap the alpha particle power and redirect it into protons through
alpha channeling. Using a simple power balance model, we show that such channeling could reduce the required
energy confinement time for ignition by a factor of 2.6 when energy is channeled into thermal protons, and a
factor of 6.9 when channeled into fast protons near the peak of the reactivity. Thus, alpha channeling could
dramatically improve the feasibility of economical p-B11 fusion energy.
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I. INTRODUCTION

Historically, fusion energy research has focused primarily
on the deuterium-tritium (DT) reaction, due to its high cross
section at relatively low temperature. This feature means that
the confinement requirements for achieving (DT) fusion are
much lower than for other fuels, making it the most logical
fuel to exploit in the near term.

However, there are several disadvantages to DT fusion.
First, tritium is radioactive. Second, it is not abundant, and
must be bred from lithium or other materials. Third, the DT
reaction produces fast neutrons. In addition to the proliferation
risk that these entail, magnets and sensitive instruments must
be shielded from these neutrons using considerable shielding
material, which significantly adds to the volume and cost of
any confinement device. Over time, the neutrons break down
this shielding, turning it into a structurally unsound, radioac-
tive slab that must be safely stored away for hundreds of years.

Such deficiencies of the DT reaction have led to an interest
in aneutronic fuels. One of the most appealing of these is the
proton-boron-11 (p-B11) reaction, which has the additional
advantage of fuel abundance.

For a long time, it was thought that achieving a self-
sustaining thermonuclear fusion reaction (ignition) was im-
possible for p-B11. This pessimism came from the fact that the
fusion cross section was too small, and occurred at too high
a temperature [1]. Thus, it seemed that the bremsstrahlung
power would always exceed the fusion power, requiring ex-
ternal heating power to maintain the reaction [2,3]. This led to
a proliferation in interest in nonthermal and nonequilibrium

schemes [4–12], which accept the requirement for significant
external heating and seek to optimize the output energy given
that constraint.

Fortuitously, recent results have shown that the cross sec-
tion for the p-B11 reaction is larger than previously thought
[13]. These larger cross sections, combined with more de-
tailed calculations of how the fusion-born alpha particles
damp on the protons, have resulted in a more optimistic pic-
ture, showing that ignition is in fact possible for p-B11 in
thermonuclear fusion plasmas [14]. This realization has led
to a revival in interest in thermonuclear p-B11 fusion [15].

Just because ignition is theoretically possible, however,
does not mean that it is particularly feasible. As we show
later in this paper, the ignition window identified by Putvinski
[14] requires achieving an energy confinement time of around
500 s at ion densities of 1014 cm−3. Such a confinement time
is an enormous technological hurdle, particularly when one
realizes (as we discuss later) that even losing only the ther-
malized fusion-born alpha particles in steady state produces
an energy loss rate several times faster than this. Thus, it
is important to examine processes which might reduce these
extreme requirements.

Much of the reason for these extremely large confinement
times required for ignition is that the fusion power only ex-
ceeds the bremsstrahlung power by a few percent. Widening
this gap between fusion and bremsstrahlung power to even
20% thus has the potential to produce a seven times im-
provement in the required confinement time. To do this, one
must try to redirect power from the electrons (which produce
radiation) to the protons (which produce fusion).
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To redirect the power from the alpha particles into the
protons, one can make use of waves, in a process known as
alpha channeling [16–18]. This possibility was explored by
Hay and Fisch [19], but crucially, that paper ignored thermal
conduction losses. As can be shown by a simple analytic
model [20], much of the aid alpha channeling provides is
in dramatically decreasing the confinement time required to
achieve ignition.

In this paper, we delve more deeply into examining the
potential improvements to p-B11 fusion provided by alpha
channeling. We discuss the important key metrics in achieving
economical fusion energy, focusing in on the importance of
the minimum energy confinement time to achieve ignition
τ ∗

E . We then provide a simple zero-dimensional computational
power balance model to evaluate this confinement time, which
accounts for collisional and wave-based energy exchanges
between the different species in the plasma. As this model
shows, using alpha channeling to put power directly into the
protons can lower the required confinement time to achieve
ignition by a factor of around 2.6. Furthermore, alpha channel-
ing improves the robustness of the reaction to contamination
by fusion ash.

With the use of waves, however, it is no longer necessary
to put the energy into thermal protons—instead, the energy
can be put directly into maintaining protons near the peak
of the fusion reactivity at 650 keV. Such a reaction can be
seen as a hybrid between beam and thermonuclear fusion,
as it incorporates large populations of both fast and thermal
protons. By allowing for the presence of a separate fast ion
population in our power balance model, we show that this
hybrid scheme improves the confinement time by a further
factor of 3, resulting in a total factor-of-6.9 reduction in the
required confinement time for ignition relative to purely ther-
monuclear p-B11 fusion. These results broadly match those
in [20], now shown with a more full optimization and a more
accurate power balance model.

To demonstrate these promising results, we begin in Sec. II
with a discussion of the power flow in a fusion reactor,
explaining the rationale for confinement time as a perfor-
mance metric for high-performance fusion plasmas, and why
the p-B11 reaction is particularly challenging. In Sec. III,
we introduce the power balance model itself, which cap-
tures collisional exchange of energy between fast protons,
thermal protons, boron, and electrons, heating by alpha par-
ticles, bremsstrahlung radiation, and alpha channeling. In
Sec. IV, we describe how to optimize the confinement time
given different assumptions for the alpha channeling. We then
numerically perform this optimization, showing how alpha
channeling results in much lower required confinement times
for ignition.

In Sec. V, we consider the effect of poisoning by alpha par-
ticle ash, the product of the fusion reaction. Such ash increases
the bremsstrahlung power, and without alpha channeling a
very small quantity of ash (<2%) can preclude ignition,
even when assuming perfect confinement. We show that alpha
channeling allows for ignition at much higher ash concentra-
tions, even when allowing for nonperfect confinement.

The core analysis of the paper is contained in Secs. II–V.
In the subsequent sections, we briefly discuss other consid-
erations in designing a reactor. In Sec. VI, we discuss why

the optimal ion mix for achieving ignition contains a mix
of fast and thermal protons, rather than simply a beam of
fast protons—a topic also covered in [20]. In Sec. VII, we
briefly go over how consideration of energy recycling in the
full reactor power balance might lead to even lower required
confinement times. We also discuss how recycling might lead
to a very different optimal mix of thermal and fast protons,
if one can achieve high recycling efficiencies from direct
conversion. Finally, in Sec. VIII, we discuss additional power
loss mechanisms due to the confinement systems and electron-
cyclotron radiation, and how they might affect the design of a
fusion reactor.

II. POWER FLOW AND PERFORMANCE METRICS

To consider the potential advantage of altering the energy
flow from the alpha particles, it is necessary to consider the
power flow of an eventual fusion reactor. Here, we consider
a steady-state reactor, so that the initial investment of power
during the startup process contributes negligibly to the overall
efficiency. Such a power flow is shown in Fig. 1. Electrical
power Pin consists both of power used to heat (PH,e) and con-
fine (PC,e) the plasma. With some conversion efficiency ηH ,
the electrical heating power is delivered to the plasma as heat
PH = ηH PH,e. As a result, the plasma produces some amount
of fusion power PF . Meanwhile, power exits the plasma pri-
marily through two possible mechanisms: bremsstrahlung
radiation PB, or thermal conduction loss PL. (We neglect for
now other forms of radiation, such as electron cyclotron radi-
ation, that depend on the magnetic field. We also assume that
bremsstrahlung is not reabsorbed, which is a safe assumption
in the relatively low-density plasmas typical of steady-state
reactors.) In steady state

PH + PF = PB + PL. (1)

The relative balance between these terms is determined by
the physics within the reactor. Finally, the power that exits
the plasma is converted back into electrical power, with in
general different efficiencies ηB and ηL for bremsstrahlung
and thermal conduction loss, respectively, resulting in a final
output electrical power Pout = ηBPB + ηLPL. Economical fu-
sion energy requires that Pout exceed Pin, preferably by a large
margin.

The power flow here closely resembles that used in Wurzel
and Hsu’s recent analysis of progress towards fusion energy
[21]. There are three main differences here. First, we have
simplified the analysis of the heating energy by considering
only a single conversion efficiency. Second, we have explicitly
separated out the electrical energy required for confinement.
Third, we have divided the output power into two streams with
different electrical conversion efficiencies. This last change
reflects the fact that the aneutronic p-B11 reaction produces
charged products, allowing for direct conversion of energy
from lost particles, which has the potential to be much more
efficient than the thermal processes likely required for con-
version of bremsstrahlung energy. Thus, keeping track of how
power leaves the plasma is important to the overall energetic
analysis.

The power leaving the reaction due to lost particles (i.e.,
thermal conduction) is generally written in terms of the con-
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FIG. 1. Simplified power flow model for a fusion power plant. Electrical power Pin is split, with a portion PC,e supporting the confinement,
and a portion PH,e going to heating. The electrical heating power is delivered with some efficiency ηH to the plasma, resulting in PH of delivered
heating power. This results in fusion power PF . The hot plasma sustains power losses through thermal conduction losses PL and bremsstrahlung
PB, which are converted into output electrical power Pout with efficiencies ηL and ηB, respectively. The plasma and nuclear physics define a
relationship between PH , PF , PL , and PB. Engineering and technological considerations determine the various power conversion efficiencies η,
as well as the power used for confinement PC,e. For a successful power plant, Pout > Pin.

fined kinetic energy density UK and the energy confinement
time τE :

τE ≡ UK

PL
. (2)

Note that the power used to calculate this confinement time
does not include the bremsstrahlung radiation PB. This formu-
lation is convenient, as it generally leads to a requirement on
the (temperature-dependent) product of density and confine-
ment time nτE , which is a useful fundamental target for fusion
technology. Achieving Pout > Pin with a physically realizable
nτE is the fundamental challenge of fusion energy science.

To measure the progress towards fusion, one generally
looks at the Q factor. There are several relevant Q factors
on the road towards economical fusion energy. The ultimate
goal is for a power plant to produce net power on the grid,
determined by condition on the engineering Qeng:

Qeng ≡ Pout − Pin

Pin
> 0. (3)

The higher Qeng, the greater the ratio of power applied to the
grid to recirculating power in the reactor.

Since we are looking at fundamental limits of the fusion
efficiency, we will here consider a modified version of this
metric, where we neglect the power used for confinement, i.e.,
assume PC,e = 0. We denote this modified Q as Q∗

eng. Then

Q∗
eng = η̄(Qfuel + 1) − 1, (4)

where we have defined a quality factor associated with the
fuel:

Qfuel ≡ PF

PH
, (5)

and the average power recycling efficiency:

η̄ ≡ ηH

(
ηL

PL

PL + PB
+ ηB

PB

PL + PB

)
< 1. (6)

High Qfuel is not a strictly necessary condition for net
electricity production, if there is high recycling efficiency in
the plasma. Inverting Eq. (4) and demanding Q∗

eng > 0 shows
that net electricity production only requires

Qfuel >
1

η̄
− 1, (7)

which can be small if the recycling efficiency is large, as
can be the case with efficient direct conversion. Nevertheless,
achieving large values of Q∗

eng generally requires achieving
even larger values of Qfuel, making Qfuel a useful physics-
based metric for the plasma performance.

A. High-performance plasmas

If we want to focus on very high-performing plasmas, then,
our goal is ultimately to obtain Qfuel → ∞. This limit repre-
sents the state where the fusion reaction sustains itself without
the need for external heating, known as burning plasma.

To look at what is necessary to achieve burning plasma, we
use Eqs. (1), (2), and (5) to rewrite Qfuel as

Qfuel = PF

PB + UK/τE − PF
. (8)

Here, PF , PB, and UK are all determined immediately by the
plasma parameters (the densities ns and temperatures Ts of the
species present), while τE depends on the details of the reactor
design. However, as a general rule, greater niτE is harder to
achieve.

Thus, as a general performance metric, we define τ ∗
E , the

minimum value of τE (at a fixed ni) that is required to achieve
Qfuel → ∞. From Eq. (8), this is given by

τ ∗
E ≡ τE |Qfuel→∞ = UK

PF − PB
. (9)

B. The dual challenges of thermonuclear p-B11 fusion

The quantity τ ∗
E succinctly captures two main challenges

that make proton-boron-11 thermonuclear fusion—i.e., fusion
with all species approximately Maxwellian—comparatively
difficult.

First, we see from Eq. (9) that Qfuel → ∞ requires the
fusion power to exceed the bremsstrahlung power. This has
historically been a problem for p-B11 fusion, which re-
quires large ion temperatures (∼300 keV), and thus produces
substantial bremsstrahlung, leading some to conclude that
thermonuclear p-B11 fusion was infeasible [2,3]. However,
recent studies have indicated that the p-B11 cross section,
particularly at high energies, is larger than previously thought
[13]. A full energetic analysis by Putvinski et al., consider-
ing collisional energy transfer between the various plasma
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species, revealed that these new cross sections opened up a
small window where the fusion power could slightly exceed
the bremsstrahlung power, making burning plasma theoret-
ically achievable [14]. However, the margin by which PF

exceeds PB is only a few percent at the most optimal param-
eters, making the prospect of burning plasma very difficult to
envision with that energy balance.

Second, even in the absence of bremsstrahlung, the small
cross section and high temperatures required for the reaction
put a stringent limit on the confinement time. To see this, note
that the typical temperature of the reactants is around 300 keV
(with around 150 keV for the electrons), while the typical
fusion power per density product is

Ufus〈σpBv〉 = 4 × 10−9 eV cm3/s. (10)

Thus, even if bremsstrahlung were somehow suppressed, the
maximum allowable τ ∗

E at the optimal density nB/ni = 0.15
where ni = np + nB, is

τ ∗
E = 3

2

niTi + (nBZB + np)Te

npnBUfus〈σpBv〉 ∼ (16 s)

(
1014 cm−3

ni

)
. (11)

Thus, at typical ITER densities, even in the absence of
bremsstrahlung, the required energy confinement time is on
the order of 16 s. Given the results of Putvinski et al. [14], the
presence of bremsstrahlung makes this requirement ∼34 times
more stringent, i.e., τE ∼ 550 s.

III. INTERNAL POWER BALANCE

The stringent requirements for thermonuclear p-B11 fusion
encourage a consideration of nonthermal plasmas. To examine
the potential advantage such plasmas provide, we explore a
power balance model similar to Putvinski et al. [14], incorpo-
rating collisional temperature equilibration between species,
fusion power production, and collisional transfer of alpha
particle energy to the various thermal species. However, to
this balance of thermal protons p, boron b, and electrons e,
we add a beam of monoenergetic fast protons f . These fast
protons can be maintained either by external energy input, or
by using alpha channeling to transfer alpha power directly to
the fast protons. The power balance model thus takes the form

dUf

dt
= −Kf pE f − Kf bE f − Kf eE f

− KF, f E f + α f Pα + PH , (12)

dUp

dt
= Kf pE f + Kpb(Tb − Tp) + Kpe(Te − Tp)

− 3

2
KF,pTp + αpPα − γpPL, (13)

dUb

dt
= Kf bE f + Kpb(Tp − Tb) + Kbe(Te − Tb)

− 3

2
(KF, f + KF,p)Tb + αbPα − γbPL, (14)

dUe

dt
= Kf eE f + Kpe(Tp − Te) + Kbe(Tb − Te)

− PB + αePα. (15)

Here, we recognize the heating power PH , thermal conduction
loss power PL, and bremsstrahlung power PB. This last can be
approximated as [14,22]

PB ≈ 7.56 × 10−11n2
ex1/2[Zeff(1 + 1.78x1.34)

+ 2.12x(1 + 1.1x − 1.25x2.5)] eV cm3/s, (16)

where x = Te/Erest, Zeff = ∑
i niZ2

i /
∑

i niZi, and Erest =
5.11 × 105 eV is the electron rest energy.

In Eqs. (12)–(15), we have also defined many new vari-
ables. First, Kss′ for s, s′ ∈ { f , p, b, e} represents the energy
transfer rate between species s and s′. These rates are standard,
but for completeness are described in Appendix A.

Second, KF, f and KF,p represent the fusion rate from fast
and thermal protons, respectively. These rates include a ki-
netic enhancement factor to agree with Putvinski et. al. [14]
in the appropriate limits, and are described in Appendix B.

Third, in agreement with Putvinski, we assume that power
is lost through thermal conduction only from the ions. Since
we track both boron and proton temperatures separately, we
must choose how to partition this loss, which is encoded in
the parameters γp and γb. We assume that thermal losses in
each thermal ion species occur proportionally to that species’
pressure:

γi ≡ niTi∑
j n jTj

, i, j ∈ {p, b}. (17)

Fourth, we have defined a new power Pα , given by

Pα ≡ EF (KF, f + KF,p) + KF, f
(
E f + 3

2 Tb
)

+ 3
2 KF,p(Tp + Tb), (18)

which represents the typical power flowing through the alpha
particles, determined by the sum of the fusion energy per
reaction (EF = 8.7 MeV) and the initial energy of the fusing
particles. This power is distinct from the fusion power, which
is given by just the first term:

PF = EF (KF, f + KF,p). (19)

Note that the contribution to Pα from the thermal species is an
approximation, since in general the average reactant energy
will not necessarily be the same as the thermal average energy.

Finally, we have defined the fraction of alpha particle
power αs that goes into each species. To model alpha chan-
neling, we assume that some determined fraction ηα can be
redirected by waves into the protons. Of this wave energy, we
assume that a fraction χ ends up in the fast protons f , with
(1 − χ ) going to the thermal protons p. Note that this model
assumes that the wave energy is fully damped in the plasma.
For the remaining alpha particle energy, we assume that it is
partitioned between the remaining species according to the
rate at which alpha particles transfer energy collisionally to
that species, as determined by the parameter

αs0 ≡
〈

Kαs

Kαp + Kαb + Kαe

〉
, s ∈ {p, b, e}. (20)

Here, the average is performed over the hot alpha particle dis-
tribution, as described in Appendix C. Thus, the total fraction
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FIG. 2. Simplified internal power flow model, relating the input heating power PH and fusion power PF to the output thermal conduction
loss power PL and bremsstrahlung power PB. Fusion energy PF combines with the power lost from the kinetic energy of the reactants and ends
up in the alpha particles. The resulting alpha particle power Pα can be transferred into a wave with some efficiency ηα , with a fraction χ of
the wave power ending up in fast protons, and the remainder ending up in thermal protons. The remaining alpha particle power is collisionally
transferred to thermal protons, boron, and electrons, in the fractions αp0, αb0, and αe0, respectively. In addition, collisional energy transfer
and thermalization occur between all species. Energy is lost through thermal conduction PL from the proton and the boron populations in the
fractions γp and γb. Energy is lost from the electron population only through bremsstrahlung PB.

of alpha particle power going to each species, including both
alpha channeling and collisional effects, is given by

α f = ηαχ, (21)

αp = (1 − ηα )α f 0 + ηα (1 − χ ), (22)

αb = (1 − ηα )αb0, (23)

αe = (1 − ηα )αe0. (24)

The overall power flow represented by Eqs. (12)–(15) and
(21)–(24), incorporating both collisions and alpha channeling,
is schematically represented in Fig. 2.

A. Verification of power balance model

To check our power balance model (with its coarse ap-
proximations of the kinetic physics), we first check whether
it recovers the basic results of Putvinski’s power balance
analysis. To this end, we set the boron and proton fractions
nB = 0.15ni, np = 0.85ni, with ηα = n f = 0, and solved for
the power balance for a range of proton temperatures Tp. The
results are shown in Fig. 3, which can be compared with
Putvinski’s Fig. 4. The agreement is quite good: in each case,
the fusion power exceeds the bremsstrahlung power by at most
∼2.8%, at around 300 keV.

At this point, it is useful to note that although the curves
in Fig. 3 represent steady-state solutions to the system of
differential equations in Eqs. (12)–(15), not all of these so-
lutions are stable. For temperatures above the peak value of
PL at 300 keV, a decrease in thermal conduction losses will

heat the plasma, thus decreasing the gap between PF and PB

until it matches the new level of PL, thus achieving a new
steady state. Conversely, at temperatures below 300 keV, a
decrease in PL losses will still heat the plasma, driving it into
a region where there is an even larger gap between PF and
PB, heating the plasma even more rapidly. Thus, in this case,
the temperature will increase until it reaches the stable oper-
ating point for the given value of PL, at a temperature above
300 keV. This general stability property, where solutions are

FIG. 3. Power balance results for a mix of 15% boron and 85%
thermal protons, the same case considered by Putvinski [14]. Despite
the coarse approximations to the kinetic physics, the agreement is
quite good. Fusion power exceeds bremsstrahlung power by a maxi-
mum of around 3% around 300 keV.
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stable at temperatures above the maximum value of (PF − PB)
and unstable below it, will hold for the solutions throughout
the paper. As a consequence, the operating temperature of
an igniting reactor that exceeds the minimal requirements for
ignition will be somewhat hotter than the optimal temperature
that maximizes the allowable thermal conduction losses PL. It
is also important to note that an economical reactor would not
be run in an ignited mode; in order to exercise control over
the plasma, it would always be advantageous to maintain the
plasma just below ignition, which assures large multiplication
to any auxiliary power.

IV. OPTIMIZING THE POWER BALANCE WITH ALPHA
CHANNELING

Having described the internal and reactor-wide power bal-
ance, we now move on to a description of the optimization of
the reaction given different assumptions for the alpha chan-
neling, both with and without channeling into fast ions. This
allows us to determine the potential upside of alpha channel-
ing in improving the feasibility of the p-B11 reaction.

A. Free and determined parameters

For the power balance in Eqs. (12)–(15) we have 12 param-
eters: ns for s ∈ { f , p, b, e}, E f , Ts for s ∈ {p, b, e}, ηα , χ , PH ,
and PL. In steady state, we must have dUs/dt = 0, defining
four constraint equations. Thus, the steady-state solutions lie
on an 8-dimensional manifold in a 12-dimensional space.
However, we generally assume quasineutrality:

ne = n f + np + Zbnb, (25)

which adds a constraint, reducing the solution manifold to
seven dimensions.

Our eventual goal in developing a reactor is to optimize
Q∗

eng on this manifold. Generally, this optimization is done at
a set fuel ion density, since all terms in the optimization scale
as n2

i , except for logarithmic scaling in the collision terms.
We also expect to optimize separately for each possible alpha
channeling efficiency ηα , and each possible split of channeling
energy between fast and thermal protons χ . These considera-
tions add three constraints, reducing the solution manifold on
which the optimization must be performed to four dimensions.

Unfortunately, the optimization of Q∗
eng depends on the

three engineering parameters ηH , ηB, and ηL. Thus, a different
optimization must be performed for each combination of the
various energy conversion efficiencies, dramatically expand-
ing the problem space and reducing the interpretability of the
results.

Thus, for simplicity, generality, and comparison to earlier
work [14], we focus instead on the space of high-performance,
burning plasma operation described in Sec. II A. Therefore,
we aim to minimize the required energy confinement time
τ ∗

E = UK/PL for Qfuel → ∞, at a set value of the ion density
ni, channeling efficiency ηα , and channeling fraction to fast
protons χ . In addition to eliminating the dependence of the re-
sult on the various engineering η’s, this optimization provides
another constraint, since Q∗

eng → ∞ requires that PH → 0.
Thus, the eventual optimization occurs on a 3-dimensional
manifold in the 12-dimensional parameter space.

FIG. 4. Temperature of different species with changing fractions
of fusion power ηα channeled to fast particles. The protons heat up,
while the boron and electrons cool. However, the boron cooling is
more pronounced with χ = 0.

For each value of ηα and χ , the optimization of τ ∗
E is

performed numerically over the variables np, nb, E f , and Tp,
with the remaining variables (ne, Tb, Te, and PL) solved for
using the constraints given by quasineutrality and the power
balance. The optimization is performed using the sequential
least squared programming (SLSQP) algorithm implemented
as an option in scipy.minimize. This method allows for both
inequality constraints, required to keep the temperatures and
densities positive, as well as equality constraints, necessary
for enforcing ni ≡ n f + nb + np = 1014 cm−3.

The power balance and optimization here share many sim-
ilar features with those in the work by Hay and Fisch [19].
However, that paper only incorporated power loss due to
bremsstrahlung, ignoring possible thermal conduction losses.
Thus, from the perspective of reactor design, the results were
somewhat overconstrained, representing the boundary of the
ignition region with PL = 0, rather than the region where PL >

0 at which ignition can occur even with thermal conduction
losses.

B. Improvement in confinement times for ignition

We now turn to the results of the optimization. For sim-
plicity in the following discussion, we primarily consider the
cases of χ = 0 (alpha channeling only to thermal protons),
and χ = 1 (alpha channeling only to fast protons), since the
intermediate cases basically interpolate between these ex-
tremes.

Our first finding is that, interestingly, in the absence of
channeling, τ ∗

E is not optimized at the classic value of 15%
boron, 85% protons. Instead, it is optimized at 13% boron,
87% proton, which reduces τ ∗

E from around 550 s to around
460 s.

As ηα increases, regardless of χ , the optimal thermal pro-
ton temperature remains unchanged at 300 keV, while the
optimal electron temperature drops from its initial value of
163 keV to 150 keV, reflecting the fact that less alpha particle
energy is directly transferred to electrons (Fig. 4). However,
the corresponding boron temperature depends on χ . When
χ = 1, the boron temperature remains fairly flat, reflecting
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FIG. 5. Optimal density of different species with changing frac-
tions of fusion power ηα channeled to thermal protons (χ = 0) or fast
particles (χ = 1). For χ = 0, the initial 13% boron, 87% proton mix
changes slightly to 15% boron, 85% protons. Meanwhile, for χ = 1,
the optimal boron concentration becomes much larger, rising to 19%
boron at ηα = 1, with 65% thermal protons and 16% fast protons.

the fact that the fast protons collisionally heat the boron in
much the same manner as the alpha particles. In contrast,
when χ = 0, the optimal boron temperature drops by around
30 keV to 281 keV, below the proton temperature. In light of
these changes in temperature, the optimal ion mix changes as
well. For the case without fast ions (χ = 0), the boron fraction
increases from 13% to 15% (Fig. 5). This leads to a rise in
bremsstrahlung power, which is somewhat mitigated by the
drop in electron temperature, leading to a net 6% increase in
bremsstrahlung power (Fig. 6). However, the ∼13% increase
in boron fraction leads to an overall 11% increase in the fusion
power, increasing PL ≡ PF − PB from 4% of PF to 9% of PF .

FIG. 6. Change in optimal fusion and bremsstrahlung power with
increased alpha channeling efficiency ηα . Results are shown for the
case where power is channeled into fast protons (χ = 1) vs ther-
mal protons (χ = 0). In both cases, increased η f leads to a larger
difference PL = PF − PB than in the case without alpha channeling;
however, the difference grows much faster when channeling to fast
protons.

FIG. 7. Change in energy confinement time required for ignition
τ ∗

E (at ion density ni = 1014 cm−3) for different values of the alpha
channeling fraction ηα . When channeling into thermal protons (χ =
0), 50% efficient alpha channeling results in a 1.8 times reduction
in τ ∗

E to 250 s, while 100% efficient channeling results in a 2.6
times reduction to 170 s. Channeling into fast protons is even more
effective: channeling 50% of the alpha power into fast protons results
in a 3.2 times reduction in τ ∗

E to 140 s, while channeling 100% of the
power results in a 6.8 times reduction to 66 s.

For the case of χ = 1, the optimal ion mix changes more
dramatically. Of course, as more power is channeled into the
fast protons, the fast proton density increases, rising to 16% at
ηα = 1. At the same time, the optimal boron fraction also rises
from its initial value of 13% to 19% (Fig. 5). This increase in
boron density causes the bremsstrahlung power to rise 41%
despite the drop in electron temperature; however, at the same
time, the fusion power rises by a massive 64%, leading to a
large net increase in PL from 4% of PF to 17% of PF (Fig. 6).

These increases in PL lead to an order-of-magnitude
improvement in the required energy confinement time for
ignition τ ∗

E . Even without channeling into fast ions (χ = 0),
τ ∗

E falls rapidly with increasing ηα , from 460 s without alpha
channeling to 170 s at ηα = 100%. Channeling into fast pro-
tons (χ = 1) improves these results even further, bringing τ ∗

E
down to 66 s at ηα = 1 (Fig. 7). For general ηα and χ , the
improvements to τE can be fit by a simple analytic function to
within 7%:

τ ∗
E = τ ∗

E0

1 + η1.24
α (1.72 + 3.85χ1.15)

. (26)

Here, τ ∗
E0 = 458 s is the value of τ ∗

E at ηα = 0.

C. Alpha particle loss in steady state

For a steady-state reactor, the alpha particle loss rate is
related to the fusion power by

ṅα = 3PF /EF . (27)

If alpha particles are lost at the ambient ion temperature, then
the energy lost through this mechanism is

PLα = 3

2
Tα ṅα = 9

2

Tα

EF
PF ≈ 15.5%PF . (28)

This result represents a huge problem for thermonuclear
fusion, which can tolerate only PL/PF = 3%. It also represents
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(a) (b) (c)

FIG. 8. (a) Bremsstrahlung power PB and fusion power PF as a function of proton temperature for a base ion mixture of 15% boron, 85%
thermal protons, with an additional 3% of alpha particles added. The bremsstrahlung power is higher than the fusion power, making ignition
impossible. (b) The same case, but with 50% of the alpha power channeled into thermal ions. The bremsstrahlung power is reduced, while the
fusion power increases, so that PF > PB for a window around 350 keV. (c) The same case, but with 50% of the alpha power channeled into an
added population of 650 keV fast ions (with fast ion density determined by the power balance constraints—around 6.5% ni at 300 keV). Both
bremsstrahlung and fusion power increase, but below Tp ∼ 450 keV, the bremsstrahlung power increases more slowly than the fusion power,
so that PF > PB, making ignition possible.

a substantial challenge for alpha-channeling-driven reactions,
since 16% losses use up almost the entire allowable thermal
conduction losses even for 100% efficient alpha channeling
into the fast protons (with PL/PF = 17%).

However, it is important to remember that alpha particles
do not necessarily have to be released at the thermal tem-
perature. There are a variety of mechanisms which might be
used to preferentially release the particles at lower energy. For
instance, in simple magnetic mirrors, the low-energy ions tend
to exit much more quickly than those at high energy, since
they scatter into the loss cone faster.

In fact, alpha channeling provides a natural mechanism
to cool the alpha particles below the thermal temperature,
while transferring the energy into fuel which is driven into
the plasma core. This works because the spatial position of a
particle is coupled to its momentum, which is in turn propor-
tional to energy absorbed by the wave. Thus, in steady state,
particles which diffuse outward and lose energy (alphas) are
counteracted by those which diffuse inward and gain energy
(fuel ions).

The more generous values of PL/PF afforded by alpha
channeling also reduce the requirements on the energy of the
lost alpha particles. For purely thermonuclear fusion, with
PL/PF = 3%, alpha particles must be lost with an effective
temperature of less than 20% of the bulk ion temperature;
for 100% efficient alpha channeling into thermal protons with
PL/PF = 9%, this figure becomes 60%, while for fast protons
it can be over 100%. Thus, the advantages of alpha channeling
become even more dramatic when the requirements on parti-
cle fluxes in steady state are appreciated.

V. ROBUSTNESS TO ASH POISONING

In the power balance above, as in Putvinski [14], it was
assumed that the ash population was negligible; however, in a
realistic reaction, some amount of ash will always be present.
This has the potential to quickly close the ignition window
for thermonuclear fusion, since it is already so marginal.
Even as small an ash concentration as 2% ni is enough

to make PF < PB, necessitating external heating power in-
put to keep the reaction going even with perfect energy
confinement.

Because transfer of alpha power to fast ions increases fu-
sion power relative to bremsstrahlung power, it also increases
the robustness of the ignition conditions to poisoning by alpha
particle ash (or other impurities). To see this, we can add a
population of alpha particles to the power balance, which only
contribute to the bremsstrahlung energy. We can then compare
the fusion and bremsstrahlung yields of a 15% boron, 85%
thermal proton base mix, with some contamination by fusion
ash, to the case where some portion of the alpha particles goes
to support an additional population of fast protons. Note that
such an analysis is not optimized, nor does it have constant ni

across all cases; nevertheless, it gives us a clear picture of the
effect of alpha channeling.

In Fig. 8, we show the result of this analysis for a 3%
ni population of alpha particles, (a) in the absence of alpha
channeling, (b) with 50% efficient (ηα = 0.5) alpha channel-
ing into thermal protons (χ = 0), and (c) with 50% efficient
(ηα = 0.5) alpha channeling into fast protons (χ = 1). While
the bremsstrahlung power definitely exceeds the fusion power
in the case without channeling [Fig. 8(a)], in both cases
with channeling [Figs. 8(b) and 8(c)], fusion power exceeds
bremsstrahlung power; in fact, in the case of channeling by
fast protons, by a larger margin than in the case with no ash
poisoning and no alpha channeling (Fig. 3). Thus, in addition
to dramatically reducing the required confinement energy time
for ignition, the ability to channel energy directly from alpha
particles to fast protons makes the ignition condition far more
robust to poisoning by impurities and ash.

VI. GENERALIZED BEAM-TARGET FUSION

One might wonder why we bother with the thermal proton
population at all, if the high-energy protons are so much more
reactive. In other words, why not perform a form of gener-
alized beam-target fusion, where alpha energy is channeled
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back into the fast protons, and the other species are kept cold
to limit bremsstrahlung.

The reason that this paradigm does not work, at least
to achieve ignition, is that the fast protons cannot provide
enough fusion energy to support themselves against the slow-
ing down energy of the reactor. The peak power density
of the p-B11 reaction, for 650 keV protons impacting cold
boron, is [13]

PF,max = vpσpbnpnb|650 keV (29)

= 1.4 × 10−8npnb eV cm3/s, (30)

where ni is in cm−3.
Meanwhile, the power transfer from the fast protons into

the cold boron, with E f in eV and mp and mb in proton mass
units, is

Kf bE f ≈ 1.8 × 10−7Z2
pZ2

b

m1/2
p

mb
λpbE−1/2

f npnb (31)

≈ 1.2 × 10−8npnb eV cm3/s. (32)

Thus, an irreducible, large fraction of the fusion power used
to support the beam is already used up in supporting the beam
against collisions with the boron.

The beam does not only encounter boron, but also elec-
trons. The power transfer from the proton beam into the
electrons is given by

Kf eE f ≈ 3.2 × 10−9Z2
pm−1

p λpeT −3/2
e E f np(np + Zbnb) (33)

≈ 3 × 10−7T −3/2
e E f np(nb + np/Zb) eV cm3/s. (34)

For the fast protons to be supported against collisional slow-
ing, Kf eE f has to be smaller than PF,max − Kf bE f . This
pushes the electrons towards higher temperatures. However,
at the same time, the electrons must be heated against
bremsstrahlung radiation, i.e., Kf eE f has to be larger than PB.
As the electron temperature increases and Kf eE f decreases,
PB increases, eventually overtaking it. Regardless of the opti-
mizations one tries with the mix of proton and boron, these
multiple constraints make this self-sustaining beam fusion
impossible at densities in the 1014 cm−3 range, even when
assuming 100% alpha channeling efficiency. Employing a hy-
brid scheme, with both thermal and fast proton populations, as
in Sec. IV, serves to relax these harsh constraints, leveraging
both the high cross section of the fast protons and the contri-
bution of the thermal protons to open up a wider regime of
ignition scenarios. These issues are discussed at more length
in a second publication [20], which uses a simple analytical
model to clarify the conditions under which such a hybrid
scheme is favorable.

Interestingly, the beam fusion requirements relax at high
density, since the Coulomb logarithm decreases significantly.
For instance, for a 14% boron, 86% fast proton mix at ni =
1019 cm−3, with the boron at 10 keV and the electrons at
140 keV, it is true both that PF > Kf bE f + Kf eE f , and that
Kf eE f > PB. However, ignition in this case would still require
extremely high alpha channeling conversion efficiency and
confinement time, now occurring at extremely high densities,
and so remains impractical.

VII. RECYCLING AND NET POWER OUTPUT

The inability to ignite the plasma, either because it is
fundamentally unachievable (as in the case of beam-target
fusion) or because it requires too stringent confinement times
(as might be the case for hybrid fast-ion thermonuclear fusion
of Sec. IV) does not necessarily mean that net energy pro-
duction, i.e., Q∗

eng > 0, is unachievable. As demonstrated in
Eq. (7), the fusion power output can be lower than the heating
power, as long as the power recycling efficiency η̄ is high.
These high recycling efficiencies are likely to be a particular
strength of aneutronic fuels such as p-B11, which produce
charged products that stay in the plasma, opening the door
to high-efficiency direct conversion of their power to electric
energy.

To see how direct conversion might make net energy pro-
duction feasible even with τE � τ ∗

E , consider a reactor where
the heating power PH is chosen to offset the excess thermal
conduction losses (PL − EK/τ ∗

E ). If PH is put back into the
same species that PL is lost from, then this leaves us with the
same self-consistent equilibrium as for the case with PH = 0.
For this equilibrium, taking ηH = 1 so that ηB and ηL now
represent recycling efficiencies, Q∗

eng is given from Eq. (4) by

Q∗
eng = ηBPB + ηL(EK/τE )

EK/τE − EK/τ ∗
E

− 1. (35)

Thus, the condition Q∗
eng > 0 becomes

τE > τ ∗
E (1 − ηL )

(
1 + ηBPB

P∗
L

)−1

, (36)

where P∗
L = EK/τ ∗

E . Thus, with thermal conduction loss ef-
ficiencies of 80%–90%, a reactor could sustain a five to
ten times lower confinement time, even if none of the
bremsstrahlung energy was recycled. With recycling of the
bremsstrahlung energy, this can likely be reduced by a further
two to three times. Thus, the equilibrium that requires a 66-
confinement time for ignition could require as little as 2 s for
net power production.

It should be noted that recycling even allows net power
production at τ ∗

E when τ ∗
E = 0, which can be seen from a

rearrangement of Eq. (36):

τE >
EK

ηBPB
(1 − ηL )

(
1 + P∗

L

ηBPB

)−1

. (37)

This formulation makes it clear that alpha channeling can
significantly aid a reactor in achieving net power production
when it can make the maximal loss power allowable for
ignition P∗

L comparable to the recycled heating power from
bremsstrahlung radiation ηBPB.

Of course, this discussion assumed that the same equilib-
rium was optimal for both ignition and high-Q∗

eng operation
with recycling. As shown in Eq. (6), the average recycling
efficiency η̄ is a weighted ratio of the bremsstrahlung and
charged particle electrical conversion energies. Since direct
conversion is likely to make energy from particle loss very
efficient, the former is likely much smaller than the latter.
Thus, above a certain direct conversion efficiency, it could
be better to quickly dump power out of the plasma through
particle loss, to keep the bremsstrahlung low and increase
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the overall recycling efficiency. Indeed, this is the approach
taken by Volosov [6,7], which employs deliberately large loss
cones in a mirror confinement setup, and then reharvests the
lost particle energy through an arrangement of concentric
end electrodes. Of course, this scheme requires more heating
power to be applied to the plasma, and thus lower Qfuel; but
as long as the heating power can be provided by recycling
the lost power, it still allows for net energy output. Thus, the
optimal operating point for high Q∗

eng might be quite different
from that optimal for ignition, and might be achieved at even
lower τE .

A detailed evaluation of the possible effects of alpha chan-
neling on reactors with recycling is a large topic in and of
itself, since there will be a different optimization (and dif-
ferent results) for every possible set of efficiencies ηH , ηL,
and ηB, as well as for each different achievable energy con-
finement time τE . Nevertheless, it is important to note that
power recycling has the potential to dramatically reduce the
requirements for economical p-B11 fusion.

VIII. ADDITIONAL POWER LOSS MECHANISMS

Our discussion so far has focused on the fundamentals of
the power balance that are fairly independent of confinement
scheme, since all the terms scale roughly as n2, and thus
depend only on the various species’ temperatures (or ener-
gies, for the fast protons). Here, we discuss a couple other
important terms in the power balance, which are more device
specific.

A. Confinement power

In the original power flow in Fig. 1, power used to maintain
the confinement represented an important component of the
power flow, which was ignored in the subsequent analysis.
Although the power required to maintain all the systems in-
volved in the confinement will be very device dependent, it
is useful to discuss briefly and generally the constraints that
result from confinement considerations.

Usually, the confinement will involve the use of magnetic
fields. The ratio of the plasma pressure to the magnetic pres-
sure forms the plasma β:

β ≡ P

B2/8π
= 2

3

UK

UC
, (38)

where in the last line we have written the β as a ratio of con-
fined thermal energy density UK to field energy UC = B2/8π .
If the confinement system also involves electric fields and
flows with significant energy, then UC can be generalized
to UC = (E2 + B2)/8π + ∑

s nsmsu2
s /2, where us is the fluid

velocity.
In general, the energy in these fields, just like the energy

in the plasma, will decay, from processes such as resistivity in
the coils, conductivity mechanisms, and viscosity, and must be
supported by a constant input of power. These decay mecha-
nisms can be thought of as resulting in an energy confinement
time τC for the confinement systems, leading to

PC,e = UC/τC . (39)

Of course, τC is likely not a constant function of UC , but is
likely to have many complex dependencies; but usually, power
loss will increase with confined field energy, and so this is a
useful parameter to consider.

For high-Qeng performance, the confinement power PC,e

must be small compared to the output electrical power Pout =
ηBPB + ηLPL. Writing this in terms of β and the confinement
time, we have

τC 
 2

3

1

βηL

τE

1 + ηB

ηL

PB
PL

. (40)

Thus, either the confinement system has to be very efficient
relative to the plasma, in the sense of low power usage per
field energy supplied, or the device has to operate at higher β.

B. Electron cyclotron radiation

So far, we have considered radiation from electrons due to
bremsstrahlung. However, in the presence of a magnetic field,
electrons are also accelerated (and thus radiate), resulting in
electron cyclotron (or synchrotron) radiation.

Owing to its complexity, the study of electron cyclotron
radiation (ECR) has a long history [23–26]. Much of this
complexity comes from the fact that the plasma is optically
thick to the emitted radiation, so that much of the power is
reabsorbed. Furthermore, in contrast to bremsstrahlung, this
radiation tends to be lower frequency, and thus can reflect
from the surface of the confinement vessel. Importantly, while
these considerations make the study of ECR more complex,
they also reduce the deleteriousness of the power loss.

While a quantitatively precise treatment of synchrotron
radiation must be done for each specific system, a general
estimation formulation has been developed, based on fitting
to the results of many relevant simulations of the wave prop-
agation [26]. Although only tested between 20 and 50 keV,
the formula is nevertheless the best current way to get a rough
estimate of the likely synchrotron power, and has been used in
other studies of thermonuclear p-B11 fusion [15]. Of course,
a large degree of uncertainty is involved in extrapolating to
these high temperatures. With these caveats in mind, the for-
mula for the effective power density is

PEC ∝ n1/2
e T 5/2

e B5/2(1 − Rw )1/2a−1/2

(
1 + 2.5

Te

Erest

)
, (41)

where here, a is the minor radius and Rw is the wall reflection
coefficient.

Consider the implication of this formula for a reactor de-
sign in terms of β:

PEC ∝ n1.75
e T 3.75

e β−1.25(1 − Rw )1/2a−1/2

(
1 + 2.5

Te

Erest

)
.

(42)

Here, we see that for the purposes of reactor design, the EC
power loss scales approximately as n2

e , like the bremsstrahlung
and fusion powers (at fixed ion mix). We also see that it
scales extremely strongly with temperature, as T 3.75

e . Thus, for
any magnetic confinement scheme, EC radiation will likely
become an important part of the power balance.

The loss of power through EC emission is not necessarily
such bad news for p-B11 fusion. While bremsstrahlung power
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comes out in the form of hard x rays, electrotron cyclotron
power is lower frequency, and can often be reflected or ab-
sorbed. This makes it much easier to envision achieving high
power recycling efficiencies with EC power.

IX. CONCLUSION

In this paper, we examined the power flow in an ideal-
ized p-B11 fusion reactor, and how alpha channeling could
improve its performance. As a performance metric, we calcu-
lated the required energy confinement time to achieve ignition,
given the presence of strong bremsstrahlung radiation. We
showed that alpha channeling could bring down this required
confinement time by an order of magnitude, and, as in [20],
could be made even more effective by channeling energy
into fast rather than thermal protons. We also showed that
channeling allowed the plasma to achieve ignition even in the
presence of substantial contamination by ash.

One important caveat to our study is that the alpha channel-
ing process is at this point only a theoretical possibility, since
copious fusion-produced alpha particles are not yet produced
even in DT experiments. However, alpha channeling relies
only on the established, experimentally validated quasilin-
ear physics [27,28] that underlies current drive [29–36] and,
more directly, wave-induced ion transport from neutral beams
[37,38]. Furthermore, even though the mechanisms for alpha
channeling are device specific, there are theoretical studies
that suggest that the channeling can happen in principle in
a variety of devices, such as in tokamaks [18,39–46] or in
mirror machines [47,48]. There have also been experiments in
tokamaks that verified aspects of the relevant quasilinear the-
ory [37,38]. Furthermore, because one of the main challenges
of alpha channeling is to ensure that the timescale of wave-
induced diffusion is faster than the collision timescale, the
fact that the collision time for a fusion-born alpha particle in a
p-B11 plasma (∼1.1 s at ni = 1014 cm−3, Ti = 300 keV, Te =
150 keV) is more than twice as long as that of a fusion-born
alpha particle in a DT plasma (∼0.45 s at ni = 1014 cm−3,
Ti = 20 keV, Te = 20 keV) means that similar levels of alpha
channeling should be achievable with half the wave power
in p-B11 plasmas. Nevertheless, the alpha channeling effect
remains speculative, as does a p-B11 reactor itself. What
this study offers, however, is the recognition that, were alpha
channeling successfully practiced, its effect on p-B11 ignition
feasibility would be dramatic.

It must be acknowledged that even with alpha channel-
ing, the required confinement times to achieve p-B11 fusion
are formidable: around 66 s for optimized, 100% alpha
channeling, at an ion density of 1014 cm−3. Furthermore,
this is even before considering additional, device-specific
loss mechanisms, such as the power required to support
the confinement systems, and potential electron cyclotron
radiation.

However, as discussed in Sec. VII, the situation is not nec-
essarily so dire. Because the products of the fusion reaction
are charged, much of the fusion power lost through thermal
conduction can likely be recycled with high efficiency. This
would allow for lower confinement times, while still main-
taining high Qeng, even if ignition cannot be technologically
achieved. Such schemes would still require a large excess of

fusion over bremsstrahlung power, as is provided by alpha
channeling, but might be able to achieve this through addi-
tional means, such as deliberately deconfining high-energy
electrons and recycling their energy.

Thus, even with the large improvement in feasibility pre-
sented in this paper, there remains a large space of possible
high-Q configurations to explore. The relative advantages of
aneutronic fusion provide a strong incentive to explore this
space more fully.
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APPENDIX A: THERMAL EQUILIBRATION RATES

To calculate the collision frequencies, we primarily use the
standard formulary formulas. The power transfer rate coeffi-
cient for thermalization between Maxwellian species a and b
is related to the thermalization collision frequency by Kab =
3νabnb/2. For thermalization between protons and boron, we
have

Kpb = 2.1 × 10−7
Z2

pZ2
b m1/2

p m1/2
b λpb

(mpTb + mbTp)3/2
npnb cm−3 s−1. (A1)

For collisions between fast ions ( f , α) with thermal ions
(p, b), we have

Kf i = 2K0 f i

(m f

mi
φ(x f i ) − φ′(x f i )

)
, (A2)

where

K0 f i = 9.0 × 10−8Z2
f Z2

i λi jm
1/2
f E−3/2

f n f ni cm−3 s−1, (A3)

x f i = mi

m f

E f

Ti
, (A4)

and φ(x f i ) is a lower regularized incomplete gamma function:

φ(x f i ) = 2√
φ

∫ x f i

0
t1/2e−t dt . (A5)

For thermalization between electrons and ions (p, b), we
have

Kie = 4.8 × 10−9 Z2
i λie

miT
3/2

e

nineR cm−3 s−1. (A6)

Here, R is a relativistic correction factor from Putvinski [14]:

R = (1 + 2x + 2x2)
√

πx3/2∫ ∞
0 t2e(−√

1+t2−1)/xdt
, (A7)

where as in Eq. (16), x = Te/Erest.
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Finally, for energy transfer from fast ions ( f , α) to elec-
trons, we have

Kf e = 1.6 × 10−9Z2
f λe f n f neR cm−3 s−1

× (
2m−1

f T −3/2
e − 3m−1

f T −1/2
e E−1

f

)
. (A8)

APPENDIX B: FUSION CROSS SECTIONS AND RATES

The power balance calculations in this paper have de-
pended on the fusion power production rate PF . As was
discussed in Sec. III, this power output can be written as

PF = EF (KF, f + KF,p), (B1)

where EF = 8.7 MeV is the energy produced per fusion re-
action, KF, f is the rate of fusion reactions involving the fast
proton population, and Kf ,p is the rate of fusion reactions
involving the thermal proton population.

In general, the rate of fusion reactions between two species
s and s′ with distribution functions fs(vs) and fs′ (vs′ ) can be
written as

KF,ss′ =
∫

d3v d3v′σ (w)w fs(vs) fs′ (vs′ ), (B2)

where w
.= |vb − va| and σ (w) is the cross section for the

fusion reaction between the two species.
In this paper, we assume that the boron population is

Maxwellian with temperature Tb and density nb:

fb = nb

(
mb

2πTb

)3/2

exp

[
− mbv2

b

2Tb

]
, (B3)

where mb is the mass of a boron ion.
For the fusion rate with the fast protons, the protons are

taken to be a monoenergetic beam, so that

ηα (v f ) = n f δ(v f − v0)

4πv2
0

, (B4)

where n f is the fast-proton density, v f = |v f |, and v0 can be
written in terms of the beam energy E f as

v0 =
√

2E f

mp
. (B5)

Here mp is the proton mass. Then the fast-proton fusion rate
can be written as

KF, f = n f

∫
d3vbσ (w)w fb(vb), (B6)

where w = vb − v0ẑ. Then

KF, f = n f

∫
d3vbσ (w)w fb(w + v0ẑ). (B7)

Inserting Eq. (B3) for fb, this is

KF, f = 2nanb

v0

(
mb

2πTb

)1/2

e−mbv
2
0/2Tb

×
∫ ∞

0
dw σ (w)w2sinh

(
mbv0w

Tb

)
exp

[
− mbw

2

2Tb

]
.

(B8)

Define the reduced mass μ by μ
.= mpmb/(mp + mb) and the

center-of-mass energy ε by

ε
.= μw2

2
. (B9)

Then in terms of E f ,

KF, f = n f nb

μ3/2

(
2mpmb

πTbE f

)1/2

e−mbE f /mpTb

∫ ∞

0
dε σ (ε)ε1/2

× sinh

(√
4m2

b

mpμ

E1/2
f ε1/2

Tb

)
exp

[
− mbε

μTb

]
(B10)

or, plugging in mb = 11mp,

KF, f = n f nb

(
3456

121mpπTbE f

)1/2

e−11E f /Tb

∫ ∞

0
dε σ (ε)ε1/2

× sinh

(4
√

33E1/2
f ε1/2

Tb

)
exp

[
− 12ε

Tb

]
. (B11)

Note that it is also possible to use mp in place of μ in
Eqs. (B9)–(B11), in which case one must use the cross-
section function σ (w) with velocity w defined in the boron
rest frame, rather than the center-of-mass frame.

For KF,p, the protons are instead assumed to be (approxi-
mately) Maxwellian with density np and temperature Tp:

fp = np

(
mp

2πTp

)3/2

exp

[
− mpv2

p

2Tp

]
. (B12)

However, Putvinski suggested [14] that modifications to the
tail of fp would enhance the fusion yield. With that in mind,
we approximate the yield by calculating the yield using a
Maxwellian fp and then adding in an enhancement factor
φk (Tp) to roughly match the results of Putvinski. φk is a
piecewise linear function of Tp, going from φk (0 keV) = 1.16
to φk (700 keV) = 1, then φk (Tp > 700 keV) = 1 thereafter.
With that in mind,

KF,p = 2npnbφk

T 3/2

√
2

πμ

∫ ∞

0
dε σ (ε)ε exp

[
− ε

T

]
, (B13)

where μ = (11/12)mp and T is the inverse-mass-weighted
temperature

T
.= 11Tp + Tb

12
, (B14)
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so that KF,p can also be written as

KF,p = 2 × 123/2npnbφk

(11Tp + Tb)3/2

√
24

11πmp

×
∫ ∞

0
dε σ (ε)ε exp

[
− 12ε

11Tp + Tb

]
. (B15)

The numerical calculations in this paper use interpolation
between the data points reported by Sikora and Weller [13]
for the cross section σ (ε).

APPENDIX C: ALPHA PARTICLE COLLISIONAL POWER
TRANSFER

Alpha particles are born with energies Eα0 according to a
complicated distribution Sα (Eα0) that depends on the energy
distribution of the reactants [13,14,49]. Then, they transfer
their energy collisionally to the various plasma constituents,
until they roughly thermalize with the plasma around Eα ≈
3Ti/2, where Ti ≡ (Tb + Tp)/2. During this process, the ratio
αs0 of power transferred to each species is given by

αs0 =
∫ ∞

3Ti/2 dEα0Sα (Eα0)
∫ Eα0

3Ti/2 dEα

( Kαs∑
s′ Kαs′

)
∫ ∞

3Ti/2 dEα0Sα (Eα0)(Eα0 − 3Ti/2)
. (C1)

Here, as discussed in Appendix A, the functions Kαs depend
on Eα , Ts, and ns. In addition, the distribution Sα (Eα0) is a
functional of E f , Tp, Tb, n f , np, and nb.

Because a double integral is numerically expensive, we
evaluate the integral at set points on a grid in parameter space,

and then numerically (linearly) interpolate using PYTHON’s
scipy.ndimage.map_coordinates() function. To make this nu-
merically efficient by reducing the number of dimensions, we
make several key simplifications.

First, because the results are relatively insensitive to the
starting alpha particle distribution, we simply use the shape of
the uncorrected source distribution in Putvinski’s [14] Fig. B2,
and then shift it by the typical reactant energy. For the typical
reactant energy, we use 3Ti/2. This approximation eliminates
the dependence of Sα on E f , reducing the dimensionality of
the interpolating grid.

Second, rather than considering the boron and proton
temperatures separately, we use the unweighted average tem-
perature Ti for each species, since the temperatures tend to be
similar anyway (Fig. 4). This approximation further reduces
the dimensionality of the interpolating grid.

Finally, rather than treating the electron density as a
separate parameter, we take the total ion density as ni =
1014 cm−3, and take ne = Zbnb + (ni − nb). This approxima-
tion means that we miss a small amount of energy transfer to
the electrons in Sec. V, since the alpha particles come with
extra electrons that are not accounted for in the interpolator.
However, it does further reduce the dimensionality of the grid.

In sum, these approximations result in a fast interpola-
tor for αs0 with four free parameters: Ti, Te, nb, and fp ≡
np/(np + n f ). The speed of this interpolation is critical to
the optimization, since optimizing for each set of parameters
requires the evaluation of many power balance equilibria, and
evaluating each power balance equilibrium requires calculat-
ing the derivatives dUs/dt , which depend on αs0, many times.
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