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ABSTRACT

Synchrotron radiation has markedly different behavior in !10 keV and in !100 keV plasma. We show that high-energy electrons that
occupy the tail of velocity distribution function have disproportionate impact on power loss of !100 keV plasma. If electrons with energy
more than cutoff energy are redistributed while keeping the Maxwellian distribution function below cutoff energy intact, both emission and
absorption of synchrotron radiation act to decrease the lost power. These novel radiation transport effects in non-equilibrium plasma suggest
large utility in the deconfinement of high-energy electrons to reduce synchrotron radiation in applications where the radiation is deleterious.
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I. INTRODUCTION
Synchrotron radiation occurs whenever a charged particle moves

in a magnetic field. Synchrotron emission and absorption in plasmas
are of great importance both in fusion and astrophysical settings and
thus have been studied extensively.1–30 The basic theory of synchro-
tron radiation can be found in Refs. 1–5. In particular, it was observed
in the pioneering work of Trubnikov1 that self-absorption of synchro-
tron radiation by plasma is a crucial effect, resulting in more power
radiated into higher harmonics. In fusion plasmas, electron cyclotron
emission is used both to heat plasma31–37 and to diagnose it.38–42 The
synchrotron emission has also been proposed to maintain toroidal
currents in tokamaks upon asymmetric reflection of the emission back
into the tokamak,43 which then drives an rf current upon reabsorption
in the plasma.44 In astrophysical plasmas, synchrotron radiation is
widespread28–30 and usually comes from nonthermal power-law
energy distributions;45 it plays a crucial role in the physics of pulsar
magnetospheres,20,21 active galactic nuclei,46–48 and supernova rem-
nants49,50 and dominates the radio emission from normal galaxies.51,52

Note, however, that the synchrotron radiation spectrum behavior
changes significantly once plasma is mildly relativistic.

In this paper, we show that the removal of superthermal elec-
trons, accompanied by redistribution of these electrons as thermal
electrons, has a large effect on the radiation transport. It is not the
objective of this paper to inquire into how these superthermal elec-
trons are selectively removed from the plasma; we assume that various

devices may be employed to render these electrons less well confined.
It is our objective to explore the sensitivity on the net emission from
the plasma in the absence of these electrons, given that these electrons
play an outsized role on both emission and absorption.

The superthermal electrons both emit more radiation and emit
disproportionally more radiation into higher harmonics. As many
plasmas are optically thick for lower harmonics of synchrotron radia-
tion and optically thin for higher harmonics, the redistribution of
superthermal electrons dramatically decreases synchrotron power
losses from plasma. Moreover, if we keep the total number of electrons
constant, self-absorption of synchrotron radiation also changes once
superthermal electrons are redistributed to lower energy. Note that
this change of absorption enhances the effect of distribution function
manipulation even more. This analysis is of potential importance for
any device that aims to have magnetically confined high-temperature
plasma where synchrotron losses are to be avoided or mitigated.

The paper is organized as follows: Formulation of the problem
and the governing equations are described in Sec. II. The main results
of the paper are shown in Sec. III. Conclusions and limitations of the
analysis are presented in Sec. IV.

II. PROBLEM FORMULATION
In order to isolate the effect of superthermal electrons on power

losses of plasma via synchrotron radiation, we consider the following
model. Suppose that there is a uniform plasma slab immersed in
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uniform magnetic field B parallel to the boundary of the slab. Suppose
that the electron distribution function in this slab is the same every-
where and that it is given. For the most part, unless said otherwise, we
consider perpendicular propagation of synchrotron radiation as most
losses are concentrated around that direction of propagation. We also
consider the plasma slab to be tenuous to synchrotron radiation. (This
assumption is discussed in more detail in Sec. IV.)

More specifically, we consider a relativistic Maxwellian distribu-
tion with and without cutoff energy. We will use the Maxwell–J€uttner
distribution with a cutoff at cmax,

f uð Þ ¼ Nconst
e
% c

hTe

4phTeK2 1=hTe

! " ; c & cmax;

0; c > cmax;

8
>><

>>:
(1)

where Nconst is the normalization constant, K2 is the modified Bessel
function of the second kind, hTe ¼ Te=mec2 is the dimensionless tem-
perature, and c is the Lorentz factor. Throughout this paper, we will
use the dimensionless momentum u ¼ p=mec, so that c ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ u2
p

;
the normalization will always be such that

Ð
f ðuÞdu ¼

Ð
f ðuÞ

(2pu?du?duk ¼ 1, and by subscripts ? and k, we will denote the
components perpendicular and parallel to the magnetic field. When
cmax is equal to infinity and Nconst ¼ 1, Eq. (1) yields the
Maxwell–J€uttner distribution without cutoff. This family of model dis-
tributions is chosen to show with the most clarity the impact of super-
thermal electrons on synchrotron radiation.

Synchrotron radiation in tenuous plasma can be described as fol-
lows: If the spontaneous emissivity from one electron with momentum
u is given by gxðuÞ, then the total emission coefficient from a collec-
tion of electrons of density ne with distribution function f ðuÞ is given
by Bekefi3

jx ¼ ne

ð
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The absorption coefficient is given by Bekefi3
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Here, h is the angle between the wave propagation and the magnetic
field, nr is the ray-refractive index [see Eq. (1.121) of Ref. 3], while n is
the usual wave refractive index. We will use the assumption of tenuous
plasma and set nr ¼ n ¼ 1.

The emissivity of a single electron from tenuous plasma is given
by Trubnikov2

gx ¼
e2x2

2pcxc sin2hc
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Here, xc ¼ jejB=ðmecÞ is the electron cyclotron frequency in the
non-relativistic limit. This formula is separated into two parts (the first
is proportional to J2s , and the second is proportional to J 02s ) that corre-
spond to two separate polarizations. The corresponding total plasma
emission and absorption determined by Eqs. (2) and (3) with gx given
by Eq. (4) are also separated into two polarizations, which we will
denote with superscripts (1) and (2). Separation above might not be
possible for absorption, as can be seen, for example, by looking at the
je ) V*nj

2 term in Refs. 5 and 6. However, this separation is legitimate
for near perpendicular propagation (h + p=2), which dominates radi-
ation losses for such temperatures. Moreover, the polarization should
affect the distribution functions with cutoff and without cutoff in a
similar manner (since both of them are symmetric). In the case of per-
pendicular propagation, superscripts (1) and (2) correspond to ordi-
nary and extraordinary wave, respectively.

For the radiation intensity leaving a slab of plasma per dx and
per solid angle, the equation of radiative transfer yields the following
expression [see, for example, Eq. (10) of Ref. 1]:

Ix ¼ sin h
j 1ð Þx

a 1ð Þ
x

&
1% e%
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x L
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'
þ j 2ð Þx

a 2ð Þ
x

&
1% e%

a 2ð Þ
x L
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'" #

; (5)

where superscripts (1) and (2) correspond to two polarizations dis-
cussed above. Note that the crucial parameters that determine whether
plasma is opaque for a given frequency is að1;2Þx L. Following Ref. 3, in
plasma with a symmetric distribution function that depends on only
energy, að1;2Þx L have the following dependence:

a 1;2ð Þ
x L ¼

x2
p

xc

L
c

X1

s¼1
U 1;2ð Þ s; x=xc; hTe

! "
; (6)

where Uð1;2Þ are dimensionless functions. As Uð1;2Þ do not depend on
plasma size or density, plasma absorption is determined to a large
extent by absorption parameter K,

K ¼
x2

p

xc

L
c
: (7)

Here, xp is the plasma frequency, and L is the plasma size in the direc-
tion perpendicular to the magnetic field. Note that the redistribution of
superthermal electrons that is studied in this paper does not change K.

For the Maxwell–J€uttner distribution with cutoff energy, we still
have a symmetric distribution function that depends on only energy,
so that @f ðuÞ=@e ¼ %f ðuÞ=hTemec2, and the source function is the
same for the blackbody radiation,

jx
ax
¼ j 1ð Þx

a 1ð Þ
x

¼ j 2ð Þx

a 2ð Þ
x

¼ x2Te

8p3c2
¼ mex2hTe

8p3 : (8)

Using source functions from Eq. (8), we can rewrite Eq. (5) and
obtain (see also Sec. 11.9 of Ref. 18)

Ix ¼ sin h
mex2hTe

8p3

&
2% e%

a 1ð Þ
x L
sin h % e%

a 2ð Þ
x L
sin h

'
: (9)

The limiting case að1;2Þx L= sin h, 1 of Eq. (5) corresponds to the opti-
cally thin regime,

Ix ¼ j 1ð Þx þ j 2ð Þx

* +
L ¼ jxL: (10)
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The opposite case að1;2Þx L= sin h- 1 corresponds to the optically
thick regime, where radiation intensity becomes

Ix ¼ sin h
mex2hTe

4p3 ; (11)

i.e., blackbody spectrum. Note that að1;2Þx vary across the spectrum.
Thus, the plasma can be optically thick for some frequencies and opti-
cally thin for other frequencies.

III. MAIN RESULT
Both emission and absorption change significantly in a plasma

with cutoff energy. An example of the emission spectrum determined
in Eq. (2) for near perpendicular propagation angle h ¼ 0:45p is
shown in Fig. 1. Once electrons with energy higher than the cutoff
energy are redistributed into the low-energy part of the electron distri-
bution function, emission into the low-frequency part of the spectrum
increases, while emission into the high-frequency part of the spectrum
decreases. This can be seen from the comparison of the total plasma
emission coefficient of the Maxwell–J€uttner distribution without cutoff
(black solid line) and the Maxwell–J€uttner distribution with cutoff at
cmax ¼ 1:5 (black dashed line). Note that many (300) harmonics were
used in order to calculate total emission coefficient because of line
broadening, which is a large effect in mildly relativistic plasma due to
both relativistic change of mass and Doppler broadening. As line
broadening is less pronounced in plasma with cutoff energy, the larger
part of the total emission coefficient spectrum retains oscillatory
nature in such a plasma. Everywhere in this paper, a sufficient number
of harmonics is used in calculations in order to properly capture all
the relevant details of the spectrum.

The absorption spectrum (more specifically, spectrum of
að2Þx L=K) is shown in Fig. 2. This particular combination of parameters
is chosen in order to make the plot independent of plasma density and
size. Color lines show absorption of plasma with temperature 150 keV
and cutoff energy at c ¼ cmax for different values of cmax. Similar to

the emission spectrum, the absorption spectrum of plasma with cutoff
energy features an increase at low frequencies and a dramatic decrease
at high frequencies. Moreover, oscillations become more pronounced
with decreasing cutoff energy. If all electrons with c > 1:2 in 150 keV
plasma are redistributed into the lower-energy part of the distribution
function, the absorption spectrum becomes similar in magnitude to
the spectrum of Maxwellian plasma at temperature 10 keV (black line
in Fig. 2). Absorption spectrum shows a decrease with frequency up to
oscillations regardless of the cutoff energy. As such, plasma remains
more opaque to the low-frequency part of synchrotron radiation spec-
trum than to the high-frequency part.

When combined, the changes in emission and absorption lead to
the main observation described in this paper: superthermal electrons pro-
vide disproportionately large contribution to synchrotron energy losses in
mildly relativistic plasma. One reason for this is that superthermal elec-
trons radiate more energy than do bulk electrons and have worse single-
particle energy confinement time. Another even more important reason
why superthermal electrons disproportionally affect synchrotron radiation
is that they radiate more into higher harmonics. The nature of synchro-
tron radiation in hot plasma is such that low harmonics are primarily
absorbed by the plasma itself (as long as K- 1), while high harmonics
are radiated away. Let us writeK ¼ 602 ne;14L1m=B10T, where ne;14 is the
electron density normalized to 1014 cm%3; L1m is the size of plasma in
the direction perpendicular to the magnetic field normalized to 1m, and
B10T is the magnetic field normalized to 10 T. Thus, if the plasma under
consideration has perpendicular size L ¼ 1m, magnetic field B ¼ 10 T,
density ne ¼ 1014 cm%3, and temperature Te ¼ 150 keV, then K ¼ 602.
Therefore, if superthermal electrons are redistributed into the lower-
energy part of the distribution function, then electrons radiate more into
low-frequency part of the spectrum, which is mostly absorbed by the
plasma itself, and they radiate less into high-frequency part of the spec-
trum, to which plasma is mostly transparent. An example that corrobo-
rates this observation is shown in Fig. 3. In Fig. 3, red line shows power
loss spectrum, which includes both emission and self-absorption of

FIG. 1. The total plasma emission coefficient jx for h ¼ 0:45p calculated for 300
harmonics as a function of x=xc for cmax ¼ 1:5 (black dashed line) and without
cutoff (black solid line) together with their first 10 harmonics (color solid and dashed
lines).

FIG. 2. Synchrotron radiation absorption as a function of harmonic number x=xc
for 10 keV plasma (black line) and 150 keV plasma for different values of the
energy cutoff cmax (color lines).

Physics of Plasmas ARTICLE scitation.org/journal/php

Phys. Plasmas 30, 043301 (2023); doi: 10.1063/5.0140508 30, 043301-3

Published under an exclusive license by AIP Publishing

https://scitation.org/journal/php


150keV plasma; blue line shows power loss spectrum of 150keV plasma
with cutoff cmax ¼ 1:8; green line shows power loss spectrum of 150keV
plasma with cutoff cmax ¼ 1:2; and black line shows power loss spectrum
of 10keV Maxwellian plasma. In all cases in Fig. 3, K ¼ 600 is assumed.
As the cutoff energy is decreased, spectrum peak moves to lower fre-
quency, oscillations become more pronounced, and overall power loss,
determined by area under the curve, decreases dramatically.

Given all of the changes described above, the redistribution of
superthermal electrons into the lower-energy part of distribution func-
tion makes a disproportionate impact on power loss via synchrotron
radiation. Figure 4 shows the dependence of the ratio of synchrotron
radiation power loss for electron distribution function with and with-
out a cutoff on absorption parameter K. Note that the electron density
is kept the same in Fig. 4, so the figure shows the power loss per parti-
cle. Limit K, 1 shows the effect of decrease in emission due to redis-
tribution of superthermal electrons, as plasma is transparent to all
harmonics in this limit. Power loss per particle decreases dramatically
as the cutoff energy decreases. Even more striking feature is that for
K < 105, power loss decrease per electron becomes larger as absorp-
tion parameter K decreases. In other words, redistribution of super-
thermal electrons is more effective for mitigation of power loss via
synchrotron radiation in opaque plasma than in transparent plasma.
For example, synchrotron power loss mitigation in plasma with cutoff
at cmax ¼ 1:5 and K, 1 is as effective as mitigation in plasma with
cutoff at cmax ¼ 1:8 and K ¼ 800. Note that in order to decrease syn-
chrotron power loss per electron by a factor of 2, cutoff at cmax ¼ 1:8
is required in K, 1 plasma, cutoff at cmax ¼ 2 is sufficient in K ¼ 60
plasma, and cutoff at cmax ¼ 2:5 is enough in K ¼ 4( 104 plasma if
plasma temperature is 150 keV. Another feature of note in Fig. 4 is
that power loss due to synchrotron radiation is a relatively larger issue
in 150 keV plasma than in 10 keV plasma if opacity parameter is large,
as shown by black curve. Therefore, even though the redistribution of
superthermal electrons is more effective as opacity is increased, a larger

redistribution (provided by smaller cutoff parameter cmax) is required
for 150 keV plasma in order to match power loss of a 10 keV plasma.
As the cutoff energy goes to infinity, the redistribution of superthermal
electrons becomes less and less effective as a method to decrease power
loss due to synchrotron radiation, as fewer electrons get redistributed.

Another way to interpret power loss mitigation is to look at syn-
chrotron energy confinement time, which can be defined as the ratio
of kinetic energy stored in electrons to power loss via synchrotron
radiation. Given that surface density of kinetic energy stored in elec-
trons in a plasma slab is neTeL, energy confinement time is propor-
tional to K=

Ð
Ixdx. The total improvement in synchrotron energy

confinement time due to dependence on absorption coefficient and
energy cutoff is shown in Fig. 5. The synchrotron energy confinement
time increases both with an increase in opacity parameter K and with
a decrease in cutoff cmax.

IV. DISCUSSION AND CAVEATS
Superthermal electrons have disproportional impact on all

aspects of synchrotron radiation in plasma: emission and absorption
spectra, power loss, and energy confinement time. The analysis pre-
sented in this paper is focused on a Maxwell–J€uttner distribution with
energy cutoff and the losses in the direction perpendicular to slab
boundaries (which is the primary direction of power losses); it is cho-
sen to isolate and cleanly demonstrate the effect. Similar effects can be
expected for other electron distribution functions and other angles of
propagation. The size of power loss reduction can be significant; for
example, the power loss is halved in 150 keV plasma with opacity
parameter K ¼ 60 and cutoff at cmax ¼ 2.

Reducing the power loss by synchrotron radiation in plasma with
a 150 keV electron temperature may be relevant for pB11 fusion con-
cepts. For pB11 fusion to be viable, the plasma must be kept at a high
temperature, where Bremsstrahlung losses could be overwhelming. It

FIG. 3. Synchrotron radiation spectrum in 10 keV plasma (black line), 150 keV
plasma (red line), and 150 keV plasma with electron energy cutoff at cmax ¼ 1:8
(blue line) and cmax ¼ 1:2 (green line). Here, opacity parameter K ¼ 600 is
assumed.

FIG. 4. Synchrotron radiation mitigation via redistribution of superthermal electrons.
Color lines show the ratio of total power loss via synchrotron radiation per electron
as a function of opacity parameter K for different values of cutoff parameter cmax in
150 keV plasma. Black line shows the ratio of synchrotron power loss per electron
in 10 keV plasma to the same quantity in 150 keV, also as a function of opacity.
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was recently shown that, neglecting synchrotron radiation and other
conductive losses, the pB11 reaction could in principle achieve ignition
by overcoming the Bremsstrahlung losses, even if barely, at electron
temperatures in the range of 100–200keV.53 If some form of alpha
channeling54 were employed, this margin could be significantly wid-
ened.55,56 With alpha channeling, the margin is most wide at electron
temperatures of about 150 keV. These calculations do not assume any
particular means of plasma confinement; rather the focus is just to see
to what extent the Bremsstrahlung losses could be overcome. However,
if the plasma were confined magnetically, where synchrotron losses
could also be large, then the means provided here to reduce those losses
in the 150keV electron temperature range could be relevant.

The results here show that deconfining superthermal electrons by
any means significantly reduces synchrotron emission. It should be
noted that the removal of these electrons in of itself is a significant
energy loss. These losses occur on a continuing basis, since thermal
electrons are constantly promoted via collisions to superthermal elec-
trons. Thus, the plasma energy losses are not stemmed by the decon-
finement of superthermal electrons, only that the energy loss through
synchrotron radiation is now lost instead through energetic particles.
However, in cases in which the radiation itself is damaging, or the
energy lost in particles is more easily recovered than the energy lost in
radiation, this effect can be beneficial.

These results are of particular importance for plasma devices
with open-field-line geometry. In open-field-line plasma devices, there
are several mechanisms to deplete the superthermal tail of the electron
distribution function, for example, scattering by imperfections of the
magnetic field, or by magnetic turbulence.57 This paper shows the util-
ity of depletion of electron tail should it be realized, thereby providing
an argument for particular design choices. Note that superthermal
electrons are less collisional than bulk electrons, which, depending on
the details of mechanism of the redistribution of the superthermal
electrons, could lead to anisotropy in the electron distribution func-
tion. However, given the outsized and synergistic role of superthermal

electrons in emission and absorption, it can be expected that the dra-
matic decrease in power loss via synchrotron radiation in the perpen-
dicular direction found here will be retained. Although anisotropy in
the electron distribution function could affect the off-perpendicular
propagation of synchrotron radiation, those details are beyond the
scope attempted here.

While Fig. 4 captures the basic effect, more precise calculations
might refine the results presented here by perhaps !10%. For exam-
ple, we assumed that plasma is tenuous, which is satisfied if
ðxp=xcÞ2 , hTe . If this condition is not satisfied, the low harmonics
might not be able to propagate in plasma. Note, however, that taking
this effect properly into account is only going to strengthen the claim
described here. The reason is that while propagation of lower harmon-
ics might be affected if plasma is not tenuous, higher harmonics are
going to propagate as is. Given that the redistribution of superthermal
electrons is predominantly affecting higher harmonics, the relative
ratio of power losses is going to increase if lower harmonics cannot
propagate in plasma. We also assumed that the plasma is homoge-
neous, while plasmas in nature or in laboratory settings are often inho-
mogeneous. Spatial inhomogeneity of plasma may give rise to effects,
such as formation of regions of plasma where electron tails are natu-
rally formed,58,59 which can affect synchrotron losses from plasma.
That could modify the magnitude of the effect reported on here but
not the nature of the result.
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