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Transient radiation, resulting from a brief, deliberate perturbation of the velocity distribution
of superthermal tokamak electrons, can be more informative than the steady background
radiation that is present in the absence of the perturbation. It is possible to define a number of
interesting inverse problems that exploit the two-dimensional frequency-time data of the

transient radiation signal.

I. INTRODUCTION

The radiation emanating from the interior of a hot toka-
mak plasma is a major source of information concerning the
details of the hot interior. One can relate, for example, the
synchrotron radiation intensity at different frequencies to
the interior temperature at different magnetic field
strengths. One might also envision that transient radiation
patterns that accompany relaxation of the plasma after a
brief, deliberate perturbation might be even more informa-
tive. After all, the incremental radiation signal available,
even from only one viewing angle, is a two-dimensional pat-
tern R(w,t) in frequency-time space (rather than merely a
one-dimensional function of frequency only), where ¢ is the
time elapsed following the perturbation.

This work outlines the diagnostic potential of these
transient signals, particularly for synchrotron emission data,
where microsecond resolution is available. The deliberate
perturbation is necessary, because, although any frequent
measurement of the radiation records a great deal of data,
unless something is liable to change on that time scale, that
data is redundant. It would not be informative, for example,
to measure temperature (which governs the background ra-
diation) every 50 usec, were the temperature already known
to change only on the time scale of a second. By producing a
transient signal, however, the time measurements are en-
dowed with informative potential.

The spontaneous emission per unit volume of plasma at
frequency w and into angle 8 with respect to the magnetic
field is denoted by R, (@,%;8). Contributing to this radi-
ation is R, , (@;0), the relatively constant emission of ther-
mal background electrons. However, of interest here is the
incremental or transient signal, R(w,t;0)

= Ry (0,60) — R, ., (w;0), that results from the invasive,
brief heating that we refer to as the probe heating. To be
specific, separate the electron distribution function f into
S=5 (1 + ¢y + &), wheref,, isa Maxwellian distribution,
&5 describes the relatively constant deviation from Maxwel-
lian of the background distribution, and ¢ describes the
time-dependent distribution specifically associated with the
probe heating. The radiation of interest is then
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R(w,t0) = f d’p fud(p.t)n(0.p0), (N

where 7 is the radiation power at frequency w, due to a single
electron at momentum p, which is radiated into angle 6.
(The tokamak is observed in the vertical plane that includes
the tangent to the magnetic field B, so the strength of B may
be assumed constant and known, and 6 measures the angular
deviation from purely perpendicular observation of the mag-
netic field.) The radiation 7 can be either synchrotron emis-
sion at the ordinary or extraordinary wave polarization or
bremsstrahlung emission.

‘What makes this an interesting integral equation is that
the dynamics of the fast electrons are thought to be well
founded, so that the function ¢(p,?), formally an arbitrary
function of two velocity-space variables and time, is very
much further constrained by the dynamic equations that
evolve ¢. Moreover, the parameters that affect these dynam-
ics are relatively few in number; for example, the dynamics
of the fast electrons is entirely insensitive to the temperatures
of the background species and to rapid fluctuations of the
background densities. The challenge then is to use the data R
to learn about ¢ or the parameters governing the evolution of
gor.

Suppose the incremental radiation R is detected direct-
ly, as might be the case for an optically thin plasma. A num-
ber of interesting inverse problems can then be defined.

(1) Invert Eq. (1) to find the two-dimensional initial
perturbation ¢ (p,t = 0) as a function of the two-dimension-
al radiation response R(w,t;0). The radiation function
7(w,p;0) is, of course, a known kernel if its parametric de-
pendencies are known. Here, considered as known through
other measurements, are all plasma parameters that govern
either the radiation response (such as the direction of the
magnetic field B), or the parameters that govern the dynam-
ic response (such as the effective ion charge state Z ).

(2) Consider as unknown a subset of the parametric
dependencies of either the radiation function 7(w,p;0)
(such as the magnetic field B), or the parameters that gov-
ern the radiation response (such as Z,, ), or the parameters
that describe the initial perturbation ¢(p,z = 0). Then, de-
termine these parametric dependencies by examining those
which most closely give the two-dimensional radiation re-
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sponse R (w,t;0). Assumed here, as in problem (1), is that
the dynamics of the plasma are not in question.

(3) Here, it remains open whether the data are, in fact,
consistent with the assumed dynamics; for example, one
might question the transport mechanism of the fast elec-
trons. Consider as unknown not only some subset of the plas-
ma parameters, but also the precise dependencies of certain
effects such as transport.

Formally, problem (1) demands the most complete in-
formation, a full two-dimensional function. Interestingly,
for perpendicular observation (6 = 0), there is an analytic
solution available to this inverse problem. However, in the
presence of noise, the description of ¢(p,f = 0) on the basis
of R (w,t;0) will be coarse.

Problem (2) is of great interest because certain plasma
parameters, difficult to measure otherwise, might be de-
duced. Of particular interest is the dc parallel electric field E,
something entirely unavailable otherwise. Typically less
than a volt/meter in a tokamak, this field is far too small to
be inferred through atomic phenomena, and cannot be mea-
sured directly by probes because the plasma is too hot. Its
effect is manifest, however, in the dynamics of superthermal
electrons, exactly those that synchrotron radiate most pro-
fusely.

In problems (2) and (3) a direct inversion of the data is
not contemplated; rather one employs the two-dimensional
frequency-time data, possibly an array of 10* observations,
to inform on only a handful of unknown parameters. That
only several quantities need be determined makes the prob-
lem approachable in terms of the adequacy of the data. The
challenge is to find extremely efficient algorithms for pro-
cessing the data.

Common to each of the inverse problems is the exploita-
tion of a fortuitous separation of time scales
1/ €74 €T, €T,y . From the first inequality we have that
the radiation frequency @ ( ~ 100 GHz) is sufficiently char-
acterized on the instrumental detection time scale of 7,
which can be 50 usec. The time history of the radiation re-
sponse is well characterized since there are many detector
observatidns in a superthermal electron slowing down time,
7. (typically 10-100 msec), yet the parameters themselves
change on the longer time scale, 7, (typically 1sec), so that
their values may be treated as constant during the transient
analysis. Of course, there is the opportunity, by repeating the
probe, to average the results of several transient analyses.

The use of synchrotron emission to deduce plasma prop-
erties is, of course, an established diagnostic for the electron
temperature and recently there have been attempts to un-
cover further details of the electron momentum distribution
function £~ A one-dimensional f'was deduced elegantly in
a relativistic electron ring geometry.® In these studies, the
deduction of details of the electron distribution function was
based on the synchrotron emission from the entire distribu-
tion of electrons; consequently, only one-dimensional data
(in frequency) could be used to constrain f. Other studies
have recognized some utility in transient radiation.”'°

In this work, the possibilities in diagnosing the tokamak
plasma using the deliberately produced transient emis-
sions!"™'* are reviewed. In Sec. II, the derivation of the
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Green’s function solution for the radiation response is out-
lined, and helpful scale-invariant properties of the solution
are noted. In Sec. III, certain practical difficulties of observ-
ing the radiation are considered, particularly when the plas-
ma is not quite optically thin. Noteworthy is that the tran-
sient absorption properties of the plasma can be calculated
using the same very efficient algorithms that make tractable
the calculation of the emission properties. In Sec. IV, a
framework for extracting information from the data is for-
mulated and results of previous work in the first two inverse
problems defined above are reviewed; the third type is not
considered here. Two themes emerge here: first, that the
transient response indeed informs on plasma parameters,
and, moreover, that the parameters of interest can be de-
duced almost orthogonally, i.e., ignorance or even misinfor-
mation concerning some parameters does not impair signifi-
cantly the inference of other parameters; and second, that
fast algorithms are available for processing the data quickly,
which is an important requirement in searching a large di-
mensional space.

Il. RADIATION RESPONSE

Constraining the radiation pattern R (w,7;6) is that the
perturbation ¢ is governed by the linearized Fokker—Planck
equation

fu %HE-VJW —C(¢) =0, )

where C is a collision term. It is assumed here that the per-
turbation ¢ is small in terms of its contribution to the colli-
sion integral, so that the Fokker~Planck equation may be
linearized. This is an excellent approximation, since the per-
turbation involves only a small number of electrons, even if
they are energetic enough to dominate the radiation. The
initial condition on ¢, which is the result of the probe heat-
ing, is taken to be fyy¢ = — Q(p/mc)/(mc)’, where m is
the electron mass, ¢, the speed of light, is introduced for later
normalization, and Q is the normalized initial deviation
from background caused by the probe heating. For example,
were the probe to consist of an impulse of a narrow spectrum
of high-phase-velocity lower-hybrid waves, then Q(p/mc)
would be finite in a narrow range of superthermal p. Using
normalized momentum, u = p/mc, and normalized time,
T = v,t, with collision frequency v, = ng* log A/drm’€ic?,
one can write the incremental radiation associated with the
initial condition on fy, ¢ as

R(w,736) = J d°p b (D) 0,0:0)

=fd3u Y(w,u,7;60)Q(u), (3

where the second equality above recognizes that a large sav-
ings in effort is possible by defining a Green’s function ¥ for
the radiation response.

Suppose the perturbation ¢ is concentrated at high ve-
locities. A property of electrons on the tail of the distribution
function, superthermal but not runaways, is that energy dif-
fusion by collisions is ignorable compared to energy loss.
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This makes possible enormous analytic progress in solving
the relativistic Fokker—Planck adjoint equation for 1, the
Green’s function for the radiation response. In the high-ve-
locity limit, and in terms of the normalized variables 7 = vt
and & = gE /mcv.,, the adjoint equation is'®

3 Y 1( N 14+ 2Z4
= _ g Yy —
or c?u"_'_u3 “au v 2
a d
X — (1 —p?) — ):0, 4
aﬂ( ,u)a’ul/f 4)

where *=u* + 1, Z; is the effective ion charge state, and
Eq. (4) is to be solved with the initial condition
Y(ou0,7 =0) = n(o,u;0).

To solve Eq. (4), separate ¢ and the initial conditions
into Legendre harmonics and expand in the electric field,
U (u,7) =92 + &Y, + PP + -+ . The equation for

(9 can then be integrated along characteristics to obtain
the analytic solution'!

e L 4 CY) VL) sy (5)
{1+ 7(x)1/x}*

where the characteristic function x(7,u) can be written as
x =g '[g(u) — 7], with g(#) = u — tan ! u; the inverse
function, g~ !, is defined such that g~ '[g(u)] = 1. The
equation governing ¥", to be solved with homogeneous ini-
tial conditions, is driven by the k th Legendre harmonic of
3Y?/3u . It turns out that this inhomogeneous term can be
simplified enormously so that ¢/{" can be put into an efficient
closed form.™

The radiation patterns will differ somewhat depending
upon the polarization observed. The radiation intensity, for
ordinary polarization (i.e., with the E vector parallel to the
magnetic field), may be written as'®

20?  (sin 6 — uu/y\?
%(w,0u) = o (sm 1) y)
Teom ; 27eAd ? cos 6

XJf,(nl(l __#2)1/2&59)
Y

A

now
Slo——=), 6
X (w 7’/1) (6)

where 7 is the cyclotron harmonic, J, is the nth Bessel func-
tion of the first kind, @, = eB /mc is the cyclotron frequency
of nonrelativistic electrons, and A = 1 — uy sin 6/ is the
extent of the Doppler shift through viewing the radiation at
angle 8. The radiation intensity at the extraordinary polar-
ization may be written as

&ew’

2
nx(wyeyu) = 2,,: 217_0/12 (%) (1 _'uZ)

XJ:,Z(nl (1 —p?)'2 cos 0)
Y4 A

xa( et ) )

@ — ’
yA

where J;, is the derivative of the nth Bessel function of the

first kind. Note that while in both instances of polarization

the radiation vanishes for electrons with only parallel energy
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(* = 1), the radiation at the extraordinary polarization is
maximized when the electron has purely perpendicular mo-
tion (x = 0), whereas for the ordinary polarization, the ra-
diation intensity is maximized for intermediate pitch angle
(O<p’<1).

The comparison of many possible radiation responses to
data is facilitated by fast algorithms. The Green’s function
makes efficient the simultaneous consideration of many ini-
tial perturbations Q(p). Moreover, Egs. (2) and (3) admit
several scale-invariant transformations of the radiation re-
sponse R(w,t). For synchrotron radiation, there are three
such transformations: having solved for R (w,7;0®), where ®
is a set of parametric dependencies that includes the magnet-
ic field amplitude B, electric field E, the density #, and the
perturbation amplitude 4, we also have for any constants q,,
a,, and a;,

R(w,t;a,B,a,Aa;n,E)
=0102R (—(?"3L;B,A’ n’ﬁ)- (8)
a, a; as

Further simplification of Eq. (8) is made possible by choos-
ing to heat those electrons for which it is permissible to lin-
earize R = R, + ER,. These would be tail electrons, but
they are not nearly so fast as to be runaway electrons that are
strongly affected by the dc field.

A similar Green’s function can be found for bremsstrah-
lung emission, which also enjoys certain scale-invariant
properties. However, the time resolution for detecting
bremsstrahlung is significantly greater in tokamak applica-
tions than for detecting synchrotron emission.

11l. OBSERVING THE RADIATION

A number of practical issues must be resolved before we
can associate the incremental radiation observed with the
incremental radiation produced. First, the plasma must be
optically thin to the produced radiation; otherwise, this radi-
ation is trapped inside the tokamak and is useless for the
purposes of informing on the tokamak interior. Second, it is
necessary to take into account any small changes in the emit-
ted radiation as it leaves the tokamak, occurring either be-
cause the ray path is affected by the plasma or because there
is mild damping or growth of the wave amplitude. Third, the
radiation must be intense enough to be observed, yet not so
intense that the radiation complicates the electron dynam-
ics. These conditions give a parameter range for the utility of
this diagnostic, at least as it might be most easily practiced.

In traversing the plasma, the intensity of radiation,
I(w,s,t), evolves spatially by'”

a I
n2(s) —
( s n*(s)

= Rtot (w,tys) - a(a),t,s)I(a),t,s), (9)

where n, (s) is the ray refractive index at distance s along the
ray path,

R, = f d 3[7 7(w,p)f(p,L,5)

is the total spontaneous emission, and

(10)
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a= 877% fd *p 7(w,p)Df

(11)

is the absorptlon coefficient with

Df= [ € n(9)cos(e)(-’ﬂ'-i _ l—af—)] . (12)
¢’p, 9p, cp, p,

Now suppose that, in addition to the background distri-
bution function, we introduce a perturbation, _i.e.,
-/ +]‘(t); we then also have I-1I,;+1(2),
R, — Ry + R(2),and a—ap + @(t). Here f enters as a
parameter in the decay of the transient signal. The back-
ground signal is given by

n? ol = =B3(0,5) — az (0,51 (0,9),

ds n?
and the perturbed or incremental signal is obtained by sub-
tracting Eq. (13) from Eq. (9) to obtain

(13)

nzif(w,t,s)
"3 n?

r

= R(w,1,5) — az(0,5)(w,t,5)

— a(w,t,8) 15 (w,s)

(14)

Having calculated efficiently the incremental spontane-
ous emission R (w,?,s) in Sec. I1, the question is whether the
same can be done for the radiation I that is, in fact, observed
at the detector. By analogy to Eq. (3), the incremental ab-
sorption at each magnetic surface can be written as

_ Bre fd ' 7(w0,p) DF

— &(w,t,s)](a),t,s).

a(w,t) =

_ 8”30 fd » $(0,0,t) DO(D),

(15)

and so can be calculated easily using the same Green’s func-
tion ¢ that facilitates the calculation of the incremental emis-
sion R(w,t). Moreover, the incremental absorption @(,t)

obeys similar scale-invariant transformations. Define
£=n’a. If we then have solved for
E(w,5B,A,n,E) = & (0,5B,4,n)
+ E&, (0,5:B.4,n), (16)

then we also have for any constants a,, a,, @;, and a,,
E(a) t,a,B,a,A,ana, E)

Sy

a, a,

+2 BE, (ﬂ,i;B,A,n)].
a, a, a;

Similar transformations exist for the refractive index, which,
in principle, would simplify obtaining & from &, but these
transformations are computationally far less critical, and, in
any event, it is envisioned that n, = 1 for the frequencies of
interest here.

Thus both the incremental damping and the increment-
al absorption are susceptible to very efficient calculation.
The background absorption and background radiation need
only be calculated once, and hence, all terms on the right-

(17)
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hand side of Eq. (14) are readily available, so that the incre-
mental radiation J(¢) observable at the detector can be cal-
culated efficiently. Care must be taken, however, to evaluate
the ray paths for each frequency. Note that while Eq. (14)
contains terms nonlinear in the perturbationﬁ itis, infact,a
linear equation for the perturbed radiation 7, which can be
written directly as

j(w’t,s) =n3(s)e~H(s)f ds' nr—2(sl)
0

XeH(s’)[R(w,t,s’) _..&(a),t,s')IB (&),S')], (18)

where

s
H(w,t,s)EJ. ds'[ag(w,s') + a(w,ts')]. (19)

0
The parameter regime of interest is where H(w,t,L) €1,
where L is the path length traversed by the radiation to the
detector, typically about the minor radius in a tokamak.
When this condition is not satisfied, the transient radiation
does not carry information about conditions in the plasma
interior. In practice, in present-day tokamaks, the extraor-
dinary mode might be employed. This is the more highly
emitted and more highly absorbed radiation, but, in reac-
tors, only radiation of the ordinary polarization, observed
between cyclotron harmonics, escapes freely from the plas-
ma interior.

The incremental radiation need not exceed the back-
ground radiation; it need only be distinguishable from it.
Nonetheless, the signal-to-noise ratio is clearly enhanced for
large transient signals. There are two limitations to the sig-
nal amplitude: for practical purposes, the power to create the
signal is limited, and, for simplicity, the present analysis as-
sumes that the dynamics of the perturbed distribution is in-
dependent of the radiation.

A measure of the radiation recoil is the ratio of instanta-
neous power loss of a single fast electron owing to spontane-
ous synchrotron emission, P,,, to the instantaneous power
loss resulting from collisions, P,;, which is approximately'*

Py _2InA @ 1_#2)(_13_)3

P, 3y o} me/
The Green’s function ¥ derived here is valid only for
P, /P, small, where collisions, rather than radiation re-
coil, dominate the electron dynamics. For electrons at about
600 keV, corresponding to electrons in the tail of the distri-
bution function in a 25 keV reactor plasma, P, /P, ~0.1.
If desired, a more accurate Green’s function can be derived
by accounting for the recoil through an expansion in

P, /P.. While P, /P, vanishingly small may be math-
ematically expedient, in practice, a larger value is desirable.
After all, this ratio is also a measure of efficiency, giving the
fraction of the absorbed probe power that is reflected back as
incremental synchrotron radiation data, and a high probe
power is more costly.

If the recoil effect of spontaneous emission is small, then
one can bound as well the effect of stimulated emission or
absorption of radiation. Let TBB (w,t) = R(w,t)/d(w,t) be
the blackbody radiation associated with the incremental dis-
tribution, were that distribution in thermal equilibrium.

(20)
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This radiation is presumably far greater in the frequency
regime of interest than is the blackbody radiation associated
with the background electrons, at least where the perturba-
tion exists. Then, so long as the radiation traversing the plas-
ma obeys the relatively mild restriction 7 <7y, the effect of
electrons absorbing the radiation is no greater than the recoil
from electrons emitting radiation.

IV. INVERSE PROBLEMS

In the presence of data, the relative probability of cer-
tain sets of plasma parameters becomes significantly en-
hanced; the application of the constraints imposed by the
data is the second type of inverse problem proposed in the
Introduction. Consider, for example, an optically thin plas-
ma for which experimental measurements are of the form
R (o,t) = R(w,t) + R(w,r), where the extraneous signal
R(w,7) is Gaussian noise, uncorrelated both in frequency
and time, with (R ) = 0and (R 2) = ¢2. Given a set of plas-
ma parameters {®} and a noise level o, the probability,
P(R,|®;0), of any particular data set R can then be calcu-
lated.  Through  Bayes’s theorem, P(®|R,;0)

= P(R,|®;0)P(®)/P(R,), the data can be used to refine
the probability of any parameter set {®} over the a priori
distribution P(®) for that parameter set.

What is of interest here is the probability distribution of
the plasma parameter set {@®}, given that the data were ob-
tained in the presence of noise o and generated with the spe-
cific plasma parameter set {©, }, which can be written as

P(®]©,;0) = ; P(®|R,;0)P(R,|©,;0)
R}

Nr
— lim -A}— S P(OIR V30, 1)

Ng—w Np [Z;

where, in the first equality, the summation over all possible
data sets {R, } is both infeasible and, in practice, unneces-
sary; the second equality obtains, since, by construction,
P(B|R,;0) is sampled with probability P(R, |©,;0). Gen-
erally N, ~80 suffices to approximate P(®[0,0). Of
course, the fast algorithms for generating R (w,?) are indis-
pensable since R must be obtained for each competitive data
set.

The peakedness of the probability distribution
P(®|0,;0) is an indication of the sensitivity of data to the
plasma parameters and the worth of the constraints that the
data imposes. This distribution has been examined numeri-
cally, and it has been found'*'* that, in fact, the a priori
probabilities P(®) can be very much improved upon, even in
the presence of considerable noise and when several param-
eters are simultaneously unknown.

Remarkable in this analysis is the number of competing
data sets that can be easily numerically simulated and con-
sidered. In one example,'* radiation emanating from the
core and periphery of a tokamak, viewed by one detector, is
simulated with over 1.4 10° competing parameter sets.
Here, in a coarse model, the two radiating regimes have,
respectively, known densities 7, and n,,, the same known ion
charge state, but unknown electric fields . and € ,, that are
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to be determined. Treated as unknown here is how large a
perturbation, 4, is created at each of the two points. Likewise
treated as unknown are the current profile and, hence, the
viewing angle with respect to the magnetic field at each of
these points. It is further supposed that the location in veloc-
ity space of the absorbed probing radiation is also known and
the same at each point, possibly because of a resonance con-
dition. Thus the detector sums

R(wyt) = R(w,t |nc9zeﬁ‘;gc’Ac!0c)

+R(th|npyzcﬁ;gp’Ap’0p)’ (22)

where ¢ labels parameters at the plasma center and p labels
parameters at a peripheral point.

The challenge is to find the probability distribution over
all 1.4 X 10° competing sets of parameters in the six-dimen-
sional space (% ,4,,9,,% ,,4,,0,), given a very crude a
priori probability distribution and the data R(w,?). This ex-
ample might be relevant in diagnosing current drive experi-
ments in which a loop voltage on axis is not yet relaxed via
magnetic diffusion. The problem, nontrivial at first sight,
turns out to require minimal numerical effort, in view of the
fast algorithms for calculating R and the scale-invariant
transformations available in Eq. (8); in fact, only 14 differ-
ent radiation patterns (at different &) were actually calculat-
ed directly.

Of course, here, were n, = n,, there would be no distin-
guishing the radiation source. However, even a 10% vari-
ation in density turns out to be exploitable. In practice, pure-
ly experimental noise can be kept much lower and a larger
differential in density makes this discrimination much easi-
er.

The detailed results, given elsewhere,'* exhibit a pea-
kedness to the joint probability distribution sufficient to
characterize the parameters of interest. Moreover, the
sharpness of marginal joint probability distributions (say,
for the electric fields) is not very much affected by knowl-
edge of the other parameters (such as the viewing angles),
indicating a certain orthogonal dependence of the radiation
pattern on different plasma parameters. These findings are
consistent with more extensive studies'? that examined the
relative orthogonality of parameters such as Z,;, 8, and pa-
rameters characterizing the probe spectrum.

There is an interesting inverse problem of the first type
that can be posed for the special case of purely perpendicular
observation (6 = 0, i.e., observation along a line of sight par-
allel to the tokamak major axis) and vanishing loop voltage.
Suppose that all the relevant plasma parameters are known,
but that the velocity-space details of the incremental pertur-
bation are to be found. Generally, this would be a two-di-
mensional inverse problem in which Q@(u) is found by invert-
ing Eq. (3), assuming as known the four-dimensional kernel
¥, but in this case, @(u) can be found by solving a set of only
one-dimensional inversions.

Denoting the Legendre components of Q(u) by Q, (1),
Eq. (3) can be put in the form

R@70) =Y —7 " w2 du ¢, (04,10)Q(w). (23)

~2k+1Jo
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For 8 =0, the sign of the initial parallel electron velocity
cannot be resolved by measuring R (»,7) (since the Doppler
frequency shift is absent when observing perpendicularly),
but compensating for this drawback is a fortuitous circum-
stance: electrons initially at the same energy do not subse-
quently differ in energy; such electrons remain on the same
energy shell and, regardless of their distribution along that
shell or the energy of the shell, all radiate at the same fre-
quency, both initially and subsequently.

Consequently, to deduce the Q, (u, ), constraints from
nth harmonic radiation at a later time can be applied without
ambiguity to electrons initially at momentum u,. At time
r=17,=0, only the measurement of the frequency
@ = nw,/y(uy) constrains the @, (1, ). In the absence of a
dc electric field, superthermal electrons slow down in ener-
gy, but diffuse only in pitch angle. Hence, at some later time,
say 7 = 7,, electrons initially at momentum #, will all be
found on the same energy surface, say ¥ = u,, and radiating
at the same frequency w = nw,/y(u, ). Therefore, to deduce
the Q, (1, ), all available information is found in the projec-
tion R(w,7) - r(1)=R[w(7),7], where w (1) = nw./y(x)
tracks elecirons slowing down on the trajectory x(7,u,).
The result is that the @, (1) are determined from only one-
dimensional inverse problems of the form

HT) =R [o(7),7] = Y Wi (ru)Q: (u), (24)
k

where u enters only as a parameter.''

V. SUMMARY

In summary, the relatively modest diagnostic system
that we propose includes both the brief, probing rf signal that
leads to the incremental synchrotron signal, and an array of
frequency detectors with submillisecond time resolution. In
this manner, a great deal of data is focused on but a few
choice parameters, including the otherwise unmeasurable dc
loop voltage. Powerful analytic tools make feasible a numeri-
cal analysis of data that would otherwise be unthinkable,
allowing a very large parameter space to be scanned effi-
ciently.

The type of diagnostic considered here is somewhat un-

usual in that what is recognized is that the data obtained may .

be extremely informative, but do not necessarily measure
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only one particular parameter. Rather, the data, which may
number 10>-10* separate observations, constrain the values
that certain parameters may jointly take. Hence the solution
space is a large dimensional space. Fortunately, only a few
parameters affect the data, and, actually, do so somewhat
orthogonally, so the solution space, large as it is, is not un-
tractable.

Extensions of the work reported here include the third
type of inverse problem, in which certain laws regarding the
electron dynamics may be questioned in much the same spir-
it as are the parameters that govern the dynamics. Also, ap-
plication of the technique to specific toroidal geometries is
being pursued, and it is hoped that information that is both
novel and useful can soon become available in present-day
tokamaks.
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