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Magnetic-field generation and electron acceleration
in relativistic laser channel
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The interaction between energetic electrons and a circularly polarized laser pulse inside an ion
channel is studied. Laser radiation can be resonantly absorbed by electrons executing betatron
oscillations in the ion channel and absorbing angular momentum from the laser. The absorbed
angular momentum manifests itself as a strong axial magnetic field~inverse Faraday effect!. The
magnitude of this magnetic field is calculated and related to the amount of the absorbed energy.
Absorbed energy and generated magnetic field are estimated for the small and large energy gain
regimes. Qualitative comparisons with recent experiments are also made. ©2002 American
Institute of Physics.@DOI: 10.1063/1.1430436#
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I. INTRODUCTION

The interaction between intense laser radiation and m
ter is known to produce a wealth of nonlinear effects. Tho
include fast electron and ion generation,1–5 indicating that
ultra-strong electric fields are produced in the course of
laser–plasma interaction. An equally ubiquitous, althou
less studied, effect accompanying laser–matter interactio
the generation of ultra-strong magnetic fields in t
plasma.6–10 Magnetic fields can have a significant effect
the overall nonlinear plasma dynamics. Extremely h
~megagauss! magnetic fields play an essential role in the p
ticle transport, propagation of laser pulses, laser beam
focusing and penetration of laser radiation into the overde
plasma.

There are several well-understood mechanisms
magnetic-field generation~see, for example, Ref. 7 for a re
view!. In many instances, magnetic field is generated by a
of fast electrons in the direction of laser propagation6 or by
the nonlinear current of the background plasma electrons8,11

Electron currents producing the magnetic field can be view
as generated due to the momentum transfer from the l
pulse to the plasma electrons. Laser photons carry mom
tum in the direction of their propagation regardless of th
polarization. Therefore, the resulting magnetic field is a
muthal ~taking the direction of the laser propagation asz
axis!. In this paper we consider a very different, polarizatio
dependent method of generating theaxial magnetic field.

The generation of the axial magnetic field in the plas
by a circularly ~or elliptically! polarized laser is often re
ferred to as the inverse Faraday effect~IFE!. First theoreti-
cally described by Pitaevskii12 and Steiger and Woods,13 it
results from the specifics of the electron motion in a circ
larly polarized electromagnetic wave. During the interact
of the plasma electrons with the circularly polarized la
6361070-664X/2002/9(2)/636/13/$19.00
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pulse, electrons absorb not only the laser energy but also
proportional amount of the total angular momentum of t
laser pulse. This angular momentum transfer leads to
electron rotation and generation of the axial magnetic fi
by the azimuthal electron current. Naturally, IFE is impo
sible for a linearly polarized laser pulse since it does
possess any angular momentum.

IFE has since been measured in seve
experiments.9,14,15 The conditions under which IFE is pos
sible are still not fully explored. What is theoreticall
known16 is that there is no magnetic-field generation duri
the interaction of the inhomogeneous circularly polariz
electromagnetic waves with the homogeneous plasma. M
netic field can be produced in the presence the strong pla
inhomogeneity,17–19 either pre-formed or developed sel
consistently during the interaction.

Here we consider an alternative mechanism of magne
field generation which involves the resonant energy~and an-
gular momentum! exchange between the laser and t
plasma electrons. To our knowledge, this is the first calcu
tion, which explicitly relates the energy deposition by t
laser pulse to the magnitude of the magnetic field usin
concrete example of the resonance. The resonance oc
between the fast electrons, executing transverse~betatron!
oscillations in a fully or partially evacuated plasma chann
and the electric field of the laser pulse. The betatron osc
tions are caused by the action of the electrostatic force of
channel ions and self-generated magnetic field. This type
resonant interaction was recently suggested as a mecha
for accelerating electrons to highly relativistic energies.20,21

When a circularly polarized laser pulse is employed, its
gular momentum can be transferred to fast resonant elect
along with its energy. The resulting electron beam spir
around the direction of the laser propagation, generating
axial magnetic field.22 In this paper we calculate the intensi
© 2002 American Institute of Physics
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of magnetic field generated in relativistic laser channel t
ing into account self-generated static fields, which are
glected in known IFE theories.17–19 Our calculation is also
motivated by the recent experiments at the Rutherf
Appleton Laboratory~RAL!15 which exhibited very large
~several megagauss! axial magnetic fields during the propa
gation of a sub-picosecond laser pulse in a tenuous plas
The intriguing aspect of the RAL experiment is that both f
electrons and the strong magnetic field were measured in
same experiment. It should be noted that the magnetic fi
generation mechanism first proposed in Ref. 22 and con
ered here has been observed in recent nume
simulation.15

The basic mechanism of the plasma channel formatio
the ponderomotive expulsion of the plasma electrons by
laser pulse. Channel formation in underdense plasma
been confirmed by both experiments23,24 and particle-in-cell
~PIC! simulations.25–27 Assuming a circularly polarized
Gaussian laser pulse propagating alongz axis with vector
potential

A~r ,t !5 A0 exp~2r 2/R22j2
2/T2!

3@ex sin~j1!1ey cos~j1!#, ~1!

where j15vt2vz/vph, j25z/vgr2t, vph and vgr are the
phase and group velocity of the pulse, respectively, the ra
ponderomotive force acting on a given is given by

Fpon52
r

R2

e2A0
2 exp~22r 2/R222j2

2/T2!

4gmc2
. ~2!

Heree andm are the charge and the rest mass of electroc
is the speed of light,g5A12v2/c2 is the relativistic gamma
factor of the electron. As plasma electrons are expelled
the ponderomotive force, the ion channel forms along thz
axis. The radius of the ion channelr ch is estimated by bal-
ancing the ponderomotive force and the ion attracting fo
F res54pe2nir , whereni is the ion density

e2A0
2 exp~22r ch

2 /R222j2
2/T2!.16pnigmc2R2. ~3!

It is seen from Eq.~2! that the ponderomotive force i
reduced for hot electrons withg@1. They can then remain
inside the channel and execute betatron oscillations with
quencyVb as they propagate alongz axis. Laser-electron
energy exchange occurs when the resonance condition
tween the Doppler-upshifted betatron oscillation and la
field is satisfied:Vb /(12bzbph)5v. If the laser pulse is
circularly polarized, electrons can also resonantly absor
significant amount of its angular momentum.

The main objective of the paper is to calculate ene
and angular momentum exchange through this mechan
and obtain an estimate for the generated magnetic field.
a further object of the paper to describe formally the elect
dynamics. We do not address the question of how the
electrons got pre-accelerated to become resonant with
laser field. As shown below, the required energy boost is v
modest ~several MeV!, and can be accomplished, for e
ample, by the plasma waves.1
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Different electron populations are likely to co-exist
the plasma.28 Some electrons may leave from the side of t
channel.20 These electron populations will not significant
contribute to the magnetic-field generation, and will not
considered here. We focus on the other group of electr
which have a modest energy, and are eventually overtake
the laser pulse. These electrons are left in the channel a
the passage of the laser pulse, participating in the magn
field generation. Another group of electrons may even ov
take the laser pulse, generating magnetic field in front of
laser. Regardless of whether the fast electrons are mo
faster or slower than the laser pulse, the speeds of the e
trons and the pulse are close to the speed of lightc. Since in
most short-pulse experiments the length of the plasma i
most 10–20 times the laser pulse width,1 fast electrons are
likely to stay within a few pulse widths from the center
the laser pulse.

The paper is organized as follows. In Sec. II we descr
the electron dynamics in the ion channel in the absence
the laser pulse. By analogy with the quantum-mechan
description of a particle in a centrosymmetric potential,
characterize the transverse electron motion using two p
ciple numbers:I ~proportional to the total transverse energ!
and L ~proportional to thez component of the angular mo
mentum!. We then calculate the magnetic field and flux pr
duced by an ensemble of electrons with different values oL
andI. In Sec. III we describe the coupling between the la
field and electrons and derive a kinetic equation for the e
tron distribution functionf (I ,L). Interaction with the laser
pulse modifies the electron distribution function, resulting
the energy absorptionQ and angular momentum absorptio
DL. The latter produces the magnetic fluxF and the aver-
aged over the beam radius magnetic fieldBind . In Sec. IV we
calculateQ, F, andBind in the quasi-linear and strongly non
linear regimes. The strongly nonlinear and quasi-linear
gimes differ from each other by, respectively, large and sm
distortion of the distribution function. Section V conclude
and summarizes the obtained results, making connec
with the experimental observations.

II. ELECTRON DYNAMICS IN THE ION CHANNEL

An electron in a partially evacuated ion channel, int
acting with a laser pulse, can be described by a relativi
Hamiltonian

H5cAmc21~p'1eAÕc!21pz
21

mV2~x21y2!

2
, ~4!

whereV25vpi
2 54pZe2ni

2/m. From here on we will use the
dimensionless units, normalizing the time tov21, the length
to c/v, the momentum tomc, and the vector potential an
energy tomc2. The last term in Hamiltonian~4! describes
the electrostatic potential of the channel ions. We assu
that the electrons are highly relativistic,pz

2@11(p'1eA)2.
In the highly relativistic limit the Lorentz force of the self
generated magnetic field on the electron is almost comp
sated by the force of the radial electric field of the electr
beam.29 Therefore, only the restoring force of the ions is
remain significant.
 license or copyright, see http://pop.aip.org/pop/copyright.jsp
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For highly relativistic electrons the Hamiltonian~4! can
then be expanded asH'H01H int , whereH0 is the nonin-
teractive Hamiltonian

H05pz1
M2

2pz
1

p'
2

2pz
1

e2~x21y2!

2
, ~5!

and H int5e(p�A)/pz describes the laser–electron intera
tion. Heree5V/v, andM5Am21e2A2/c4 is the renormal-
ized electron mass in a circularly polarized electromagn
wave. Below, we perform a series of canonical transform
tion which significantly simplify the noninteractive Hami
tonianH0.

A. Canonical transformations

Since the goal of this calculation is to demonstrate h
the angular momentum can be transferred from the la
pulse to the electrons, we proceed by transforming the n
interactive HamiltonianH0 to the form which explicitly con-
tains the electron angular momentum. Introducing cylindri
coordinates (pr , r; L, w!, the Hamiltonian can be rewritte
as

H05pz1
M2

2pz
1

pr
2

2pz
1

L2

2pzr
2

1
e2r 2

2
. ~6!

The next step is to introduce the action-angle variableI
5pr

2/(2pz)1L2/(2pzr
2)1e2r 2/2 and u instead of (pr , r !

variables. HereI plays the role of the ‘‘principal quantum
number,’’ i.e., it is proportional to the total transverse ener
Performing a canonical transformation with the generat
function

S1~ I ,r ,L1 ,f,Pz ,z!

5Pzz1Lw1
1

2
A~eAPzr

22I !21L1
22I 2

2
L1

2
arcsin

eAPzIr
22L1

2

r 2eAPzAI 22L1
2

2
I

2
arcsin

I 2r 2eAPz

AI 22L1
2

,

~7!

we obtain the following relationships between the old va
ables (pz , z; pr , r; L, w! and new variables (Pz , Z; I, u; L1 ,
uL):

pz5Pz , L5L1 ,

r 25
I

eAPz

1
AI 22L1

2

APze
sin~2u!, ~8!

w5uL1
1

2
arcsin

eAPzIr
22L1

2

r 2eAPzAI 22L1
2

,

z5Z2
AI 22L1

2

4Pz
cos~2u!,

where I and L are proportional to the transverse electr
energy and the projection of the electron angular momen
on z axis, respectively. Note thatuLu<I , soL can be viewed
as the projection ofI on thez axis.
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Since variablespz andL are not changed as a result
the transformation we will use the old notationpz and L
instead ofPz and L1. In the new variables, the transvers
momentapx andpy are expressed as

px5 1
2 @AeApz~ I 2L !cos~u2uL!

2AeApz~ I 1L !sin~uL1u!#,
~9!

py5 1
2 @AeApz~ I 1L !cos~uL1u!

2AeApz~ I 2L !sin~u2uL!#.

The noninteractive HamiltonianH0, expressed in the trans
formed variables, is given by

H05pz1
M2

2pz
1

eI

Apz

. ~10!

Note that the longitudinal and transverse degrees of freed
are coupled through the third term in the Eq.~10!. The inter-
action HamiltonianH int is expressed in terms of the ne
canonical variables in Sec. III. It is also shown in that sect
that the interaction term depends on the phase anglesu and
uL only as a combination (u1uL). This will motivate a fur-
ther simplifying canonical transformation which emphasiz
that the changes inL and I are related.

B. Electron motion in the channel and magnetic-field
generation

Without the interaction term,I, L, anduL are exact con-
stants, andu changes according to

u5
e

Apz

t. ~11!

For a vanishing angular momentumL50, Eq.~11! simplifies
to

px5AeApzI cos~u1p/4!cos~uL1p/4!,

~12!
py5AeApzI cos~u1p/4!sin~uL1p/4!.

Therefore, electrons withL50 execute linear harmonic os
cillations through the origin. The constant angleuL defines
the orientation of the oscillation direction, and the linea
evolving according to Eq.~11! coordinateu marks the oscil-
lation phase. An example of such a trajectory, correspond
to uL52p/4, is shown in Fig. 1 as a straight horizontal lin
If L is equal toI or 2I then the electron performs circula

motion with radiusr 05AI /Apze
2. In the general case~an

arbitrary value ofL) the electron trajectory is an ellipse con
fined between the maximal radius,

r max~ I ,L !5A~ I 1AI 22L2!/Apze
2, ~13!

and minimal radius

r min~ I ,L !5A~ I 2AI 22L2!/Apze
2. ~14!
 license or copyright, see http://pop.aip.org/pop/copyright.jsp
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Examples of the linear, circular and elliptic orbits are sho
in Fig. 1.

Let us consider a group of electrons which are uniform
distributed along thez axis, have the same values ofL5L0

and I 5I 0, and are evenly distributed over the anglesuL , u.
It means that electrons uniformly cover the area between
inner circle with radiusr max and the outer circle with radiu
r min . This group of electrons populate a family of identic
elliptical trajectories, each of which is tilted by its own ang
uL . At any given moment in time, electrons are execut
their motion along the ellipses according to their phaseu.

This distribution function f (I ,L,u,uL)5d(I 2I 0)d(L
2L0) can be projected onto the real space (r ,w) by integrat-
ing over the phase angles. The corresponding angle-aver
distribution functionF(I ,L,r ) is obtained according to

F~ I ,L,r !5
N

2pE0

2pE
0

2p

dwdu
1

r
d~ I 2I 0!d~L2L0!

3d@r 2r ~ I ,L,u!#d@w2w~ I ,L,u!#, ~15!

whereN is the linear density of the electrons along the ch
nel and the electron trajectories is taken from Eqs.~8!. Inte-
grating over the angles can be performed exactly, yieldin

F~ I ,L,r !5
2N

p

d~ I 2I 0!d~L2L0!

A@r max
2 ~ I ,L !2r 2#@r 22r min

2 ~ I ,L !#
, ~16!

where r min(I,L),r,rmax(I,L). Considering a group of elec
trons with a fixedI 5I 0 which are, in addition, uniformly
distributed over the angular momentum2I 0,L0,I 0, the
electron distribution function~16! can be integrated overL,
L0, andI we obtain the electron density in the channel

n~r ,w! I 0
55

N~eApz!

2pI 0
, r 2<

2I 0

eApz

,

0, r2.
2I0

eApz

.

~17!

Equation ~17! expresses the well-known fact30 that a uni-
formly focused beam with a fixed transverse energy (I 0, in
our case! has a uniform flat-top density distribution in th

FIG. 1. Transversal dynamics of an electron in ion channel without inte
tion with laser pulse. Straight line 1 is the electron trajectory without ang
momentum (L50). Circumference 2 is the electron trajectory with maxim
or minimal angular momentum (L5I or L52I ). Curve 3 is the electron
trajectory with (L5I /2).
Downloaded 17 Jan 2006 to 192.55.106.171. Redistribution subject to AIP
n

e

l

ed

-

real space. Despite the singular nature of this, so cal
Kapchinskii–Vladimirskii~KV ! distribution function, it can
be used for analytic estimates.

Using Eq.~16! and integrating overI andL the expres-
sion for the azimuthal (w) component of the electron curren
density in the channel can be derived:

j w5
eNL0

p2rpz

1

A@r max
2 ~ I 0 ,L0!2r 2#@r 22r min

2 ~ I 0 ,L0!#
. ~18!

Note that the magnitude and the sign of the current depe
on L0. Clearly, there is no azimuthal current forL050 be-
cause all electrons are executing purely radial oscillation

The axial component of static magnetic field can
found from Ampère’s law ¹3B54p j

Bz~r !5sign~L0!
2eNV

c
Amc

pz

35
1, 0,r,rmin ,

12
2

p
arcsin

I 0r 2eApz2L0
2

eApzr
2AI 0

22L0
2

, r min<r<r max,

0, r.rmax.

~19!

In writing Eq. ~19! we used the convention sign(x)50 for
x50. This dependence of the magnetic field on the radiur
arises because the azimuthal current flows within a cylin
cal shell located betweenr 5r min and r 5r max. Magnetic
field is uniform inside this ‘‘solenoid’’ ifr ,r min and gradu-
ally falls off to zero whenr is outside ofr max. The thickness
of the current shell can vary between zero foruL0u5I 0 and
r max for L050.

For future convenience, we also calculate the total m
netic flux F produced by the current shell

F5E E B•ds5
2peNL0

pz
~20!

and the axial magnetic-field̂B& in the ion channel

^B&5
F

pr max
2

5
2eNV

c
Amc

pz

L0

I 01AI 0
22L0

2
. ~21!

It is reasonable to assume that, in the absence of
laser–electron interaction, the electron distribution functiof
depends only onI, i.e., f [ f (I ). Since an equal number o
electrons possess positive and negative angular momenL,
the magnetic field produced by such a beam is equal to z
Interaction with the laser pulse can distort the distributi
function and produce a large magnetic field.

III. INTERACTION BETWEEN ELECTRONS AND
LASER FIELD

The previously introduced interaction HamiltonianH int

5e(p�A)/pz describes the laser–electron interaction. Fo
Gaussian laser pulse given by Eq.~1!, using the Bessel func
tion identities

c-
r
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exp~ iy sinx!5 (
n52`

1`

Jn~y!exp~ inx!,

~22!

exp~2y sinx!5 (
m52`

1`

I m~y!exp@ im~x1p/2!#,

and Eqs.~8!, ~9!, H int can be expressed as

H int5a0 expS 2
j2

2

T2
2

I

eApzR
2D (

m,n52`

1`

JnSAI 22L2

4pz
D

3I mS AI 22L2

R2eApz
D exp@ iu~m1n!1 imp/2#

3HAe~ I 1L !

2pz
3/2

sin@j12uL2u#

1Ae~ I 2L !

2pz
3/2

cos@j12uL1u#J , ~23!

where a05eA0 /(mc2) is the normalized amplitude of th
laser pulse,Jn(x) and I m(x) are the Bessel function and th
modified Bessel function, respectively.

Bessel functionsJm originate from expanding the har
monic part of the vector potentialA (sinz1 and cosz1 terms!,
while the modifiedI n Bessel functions originate from ex
panding the exp(2r2/R2) term. We will not expand the term
exp(2j2

2/T2) because the pulse length is much longer than
amplitude of the electron betatron oscillation in the chan
Tvgr@A(I 22L2)/pz and harmonic part of this term will be
small.

The betatron acceleration of the electron in the ion ch
nel implies that the amplitude of transverse oscillation is l
than the radius of the laser channel. Th
I 0(AI 22L2/R2eApz).1 and I nÞ0(AI 22L2/R2eApz).0.
Also, we assume that the argumentAI 22L2/4pz is small,
i.e., that the oscillation amplitude inz direction is smaller
thanc/v. ~This oscillation is caused by the relativistic co
pling between the transverse and longitudinal degrees
freedom.! Using these assumptions, we can only retain
interaction term near the fundamental resonance (m50, n
50) and assumeJ0(AI 22L2/4pz).1, JmÞ0(AI 22L2/4pz)
.0. Isolating the single most important resonance is a s
dard approximation technique in the nonlinear dynamic31

In our case, the resonance condition ensures thatj12uL

2u50.
Under this approximation, in the close vicinity of th

resonance, the total Hamiltonian is given by

H5pz1
M2

2pz
1

eI

Apz

1a0 expS 2
j2

2

T2DAe~ I 1L !

2pz
3/2

3sin@j12uL2u#, ~24!

wherea05eA0 /(mc2). It follows from the Hamiltonian~24!
that

2
]H

]uL
52

]H

]u
52vph

]H

]z
5L̇5 İ 5vphpż5ẇ, ~25!
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wherew5g1e2r 2/2 is the total electron energy in the cha
nel. The equationẇ5vphpż follows from the fact thatw
1vphpz5const is the integral of the motion defined by th
initial Hamiltonian ~4! ~see also Ref. 20!.

Equation ~25! is the consequence of the energ
momentum conservation law for the resonant wave-part
interaction. It can be derived using the following simple re
soning. As a result of the interaction, an electron may abs
n circularly polarized photons. The energy gain in this cas
Dw5n\v, gain in longitudinal momentum isDpz5n\kz

5Dw/vph and the gain in angular momentum isDL5n\.
ThereforeDw/DL5 L̇/ġ5v. The transverse energy incre
mentDw' is related to the total energy changeDw through
Vb /v. Since the betatron frequency isVb5V/Apz

.V/Ag, the above relationship is consistent with Eq.~25!.
For simplicity we will derive the Hamiltonian~24! with

assumptionvph5vgr5c. More general casevphÞvgrÞc is
considered in Appendix. Wave–particle interaction destro
the constancy of the three actionspz , I, andL. But, accord-
ing to Eq. ~25!, the changes in these actions are identi
because the interaction Hamiltonian depends on a sin
variable C5j12uL2u. Therefore, through an appropria
choice of the new action-angle variables, one can express
Hamiltonian as a function of a single action variablep its
conjugate angle variableC. The canonical transformation i
given by the generating functionS1

S1~p,z,C1 ,uL ,C2 ,u!

5C1u1~2C22C1!uL1p~uL1u2j1!. ~26!

The old (pz , I, L! and new (p, C1 , C2) actions are related
according to

pz5p, I 5C11p, L52C22C11p. ~27!

The new actionsC1 andC2 are the constants of motion. Fo
example, an electron propagating straight along the cha
with a vanishing transverse energy has~in the absence of the
laser! C15C252p.

Using inequalitiespz
2@11(p'1eA)2, e!1 and I .L

we have the following inequalities forp, C1 and C2 :
p3/2/e.C1>C2. It follows from our assumptions thatp
5pz.g andDp.Dw if vph.c.

In the new action-angle variables, the Hamiltonian~24!
simplifies to

H5
M2

2p
1

e~p1C1!

Ap

1a0 expS 2
t2

d2DAe~p1C2!

p3/2
sinC ~28!

where

d52l~M2p2212ep21/212eC1p23/2!21

52lp2/~M21^p'
2 &!

is the laser pulse duration in the coordinate system of
electron andl5Tv. Alternatively,d is the time over which
the laser pulse and the electron overlap.
 license or copyright, see http://pop.aip.org/pop/copyright.jsp
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The resonance condition is given by

Ċ5
]H0

]p
52

M2

2p2
1

e

2Ap
2

eC1

2p3/2
50. ~29!

Hot electrons which interact with the laser pulse m
strongly are characterized by the action variablesp and C1

satisfying Eq.~29!. From Eq.~27! and virial theorem we can
obtain an identity

e~p01C1!Ap05eI 0Ap05p',0
2 /21e2r 0

2/2'p',0
2 , ~30!

wherep',0 is the transverse momentum at the initial mome
of time andr 0 is the initial radius of the electron location
This identity can be used to expressC1 and substitute it into
the resonance condition~29!. We now assume, for a momen
that an electron with the initial longitudinal energyp0 and
transverse momentump',0 is resonant with the laser imme
diately upon entering the channel, i.e.,pres5p0 and p',res

5p',0 , where the resonance energy is defined as in dim
sional variables

g res5pres/~mc!5S M2c21p',0
2

2em2c2 D 2/3

. ~31!

Using the fact that the betatron frequency isVb5V/Ag and
expansiongmc2.pzc1M2c3/(2pz)1p',0

2 c/(2pz) follows
from Eq. ~5!, the condition~31! for betatron resonance ca
be rewritten in more familiar form20

Vb5vS 12
vz

c D . ~32!

In the limit M5m andp',050 the expression for reso
nant electron energy coincides with one calculated in
limit vph5c. This expression is also similar to one known
the theory of ion channel laser29,32 in the theory of free elec-
tron lasers~FELs!.33,34 In FEL the electrons transversely o
cillate in undulator instead of the betatron oscillation in i
channel. The wavelength of the radiation emitted in forwa
direction in FEL is given33,34

l5
lu

2g2
~11aw

2 !, ~33!

where lu is the undulator wavelength andaw

5eB0lu /(2pmc2) is the undulator parameter. If we tak
into account that p'5mcaw in FEL, M51 and e
5lu /(Agl)5V/v then we obtain Eq.~31!.

IV. LASER ENERGY ABSORPTION AND MAGNETIC-
FIELD GENERATION

In this section we consider how the electron distributi
function evolves under the influence of the laser pulse,
sulting in the absorption of the laser energy and angular
mentum. There are some indications from numerical simu
tions and experiments20,35 that some of electrons gain a littl
amount of the laser energy and some of them gain a la
one. Therefore two regimes can be envisioned: Quasi-lin
and strongly nonlinear. In the quasi-linear regime, the ene
change of the electronw; much smaller than its initial en
Downloaded 17 Jan 2006 to 192.55.106.171. Redistribution subject to AIP
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ergyw0. Another important feature of the quasi-linear regim
is that the beam velocity always remains smaller than
group velocity of the laser pulse and the electrons quic
pass the pulse. Moreover, the laser pulse is assumed t
sufficiently short, so that the electron has enough time to
through the pulse while remaining in the channel. This
quires thatcT,eLch/Ap, where Lch is the length of the
channel.

In the strongly nonlinear regime, strong modification
the structure of electron orbits in phase space leads to
particle trapping and subsequent absorption of laser en
and angular momentum. As a result, the energy excha
between the electrons and the laser can be comparab
even exceed the initial electron energy. In this regime
beam velocity is close to the group velocity of the laser pu
and the electrons slowly pass the pulse so that the tim
flight of an electron through the pulse is greater than
period of the nonlinear oscillation in the laser field

Tvgr

uvz2vgru
.t trap, ~34!

wheret trap is the characteristic period of trapped oscillatio
in the phase space.

A. Quasi-linear regime

In the quasi-linear regime, the energy absorbed by
hot electrons can be obtained using the perturbation the
In analyzing this regime, we employ Madey’s theorem36

originally developed by John Madey for the analysis
FELs. Subsequently, Madey’s theorem was generalized
applied to arbitrary Hamiltonian systems.37

It follows from Eqs. ~25! and ~27! the change inw is
proportional to the change inp. ~Moreover in our casevph

5c Dw5Dp.) So to calculate change in electron energy
can calculateDp. Formally, the last term in the Hamiltonia
~28! is responsible for the wave-particle energy exchange
zeroth order, there is no energy exchange:

p(0)5p05const, C (0)~p0 ,t,C0!5
]H0

]p0
t1C0 . ~35!

To first order, there is no overall energy exchange since eq
numbers of electrons gain and lose energy. Individual p
ticles gain/lose energy according to

Dw(1)5p;5p(1)2p0

5E ]H;@p0 ,C (0)~p0 ,t,C0!,t#

]C
dt, ~36!

whereH;[H int is the last term in the right-hand-side~rhs!
of Eq. ~28!. Integrating Eq.~36! over t yields

p;~p0!5Apea0d sinC0Ap01C2

p3/2
exp@2DC~p0!#,

~37!

where
 license or copyright, see http://pop.aip.org/pop/copyright.jsp
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DC~p0!5
d2

4 S ]H0

]p0
D 2

5
l2

4

e2~C11 M2/2eAp0 2p0!2

~M2p0
21/212ep012eC1!2

. ~38!

Not surprisingly, resonant electrons interact strong
with the laser becauseDC vanishes at resonance; lase
particle energy exchange is exponentially diminished
nonresonant electrons. Because of the sinusoidal depend
of p; on the phaseC0, the energy exchangep;(p0) van-
ishes after averaging over the electron phases. The se
order calculation is needed to find the change inw. One
straightforward approach to deriving the phase-averaged
ergy incrementDw to second-order in the laser fielda0 is to
use Madey’s theorem.36 According to this theorem, the
second-order change inw is given by

Dw5Dp5^p(2)2p0&uC0

5
1

2

]

]p0
^p;

2 ~p0!&U
p15const,C25const

. ~39!

ExpressingC1 andC2 as function ofI 0 andL0 with help of
Eq. ~27!, we can express Madey’s theorem~39! using more
physically transparent actionsI05(p0 ,I 0 ,L0)

Dp5 1
2Ĝ^p;

2 ~ I0!&, ~40!

where

^p;
2 ~ I0!&5~ I 01L0!D~p0 ,I 0!,

D~p0 ,I 0!5
pe2a0

2 exp@2DC~p0 ,I 0!#

~M2p0
21/212eI 0!2

,

~41!

DC~p0 ,I 0!5
l2

4

e2 ~ I 01 M2/eAp0 22p0!2

~M2p0
21/212eI 0!2

,

Ĝ[S ]

]p0
1

]

]I 0
1

]

]L0
D .

The absorbed energy per electronQ can be calculated by
averagingDp over the initial electron distribution function
F(I0)

Q5E DpF~ I0!dI052
1

2 E ^p;
2 ~ I0!&ĜF~ I0!dI0 . ~42!

The obtained expression is similar to the one for the rate
Landau damping38

GL;E PkS k
] f

]vD , ~43!

where Pk is the power of Cerenkov emission. In our ca
^p;

2 (I0)& is the power of ‘‘betatron’’ emission.
To calculate the absorbed energy, we consider a c

electron beam with the distribution function

F~pz ,p' ,r !5d~pz2pb!d@H'~pz ,p' ,r !2W'#, ~44!

whereH'5eI /Ap. p'
2 /p is the normalized transverse e

ergy, and for simplicity we assume thatW'@M /p. Note that
Downloaded 17 Jan 2006 to 192.55.106.171. Redistribution subject to AIP
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W' is proportional to the normalized electron emittance. T
distribution function, expressed using the action variables
given by

F~ I0!5d~p02pb!dS eI 0

Ap0

2W'D e

Ap0

. ~45!

Assuming that electrons are uniformly distributed over t
angular momentumL, integration of Eq.~42! over p0 , I 0

yields

Q5
e

4ApbW'

E
2ApW' /e

ApW' /e
ĜK p;

2 S pb ,
ApbW'

e
,L0D L dL0 .

~46!

For long laser pulse (l5vT@1)

Ĝ^p;
2 ~ I0!&.2^p;

2 ~ I0!&ĜDC~p0 ,I 0!up05pb
. ~47!

Then Eq.~46! takes the form

Q.22DS pb ,
ApbW'

e D ĜDCS pb ,
ApbW'

e D . ~48!

Introducing X5eApb/W' , we can rewrite Eq.~48! in
the form

Q.
pe2A0

2

2pbc
l2X2~122X!~X21!exp@2DC~X,l!#,

DC~X,l!5l2~122X!2. ~49!

The dependence ofQ on X is shown in Fig. 2 and it is similar
to one for small signal gain in FELs.34 Spontaneous betatro
emission is maximized forX51/2. According to Eq.~31!
and consistently with our earlier assumption ofW'@M /p,
X51/2 corresponds to the exact wave–particle resonanc

Note that the total energy gain~loss! by the electron
ensemble vanishes forX51/2. This phenomenon, which i
the direct consequence of Madey’s theorem, is well-kno
in the context of free-electron lasers: To achieve a sm
signal gain, the electron energyw has to be higher than th
resonant energywres, calculated for given radiation fre
quency and magnetic undulator parameters.33 The exact
amount of the required for the peak gain energy exc
wpeak2wresdepends on the undulator length: the longer is
undulator, the smaller is the differencewpeak2wres.

The total duration of the electron–laser interaction
limited by either the length of the plasma channel, or by
pulse duration~whichever is shorter!. We assume that the

FIG. 2. The dependence ofQ on X for linear absorption regime atl55.
 license or copyright, see http://pop.aip.org/pop/copyright.jsp
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laser pulse duration in the reference frame of the hot elec
beamd!vL/c, whereL is the length of the channel. Assum
ing l@1, we find thatX. 1

211/(2A2l) maximizes the elec-
tron energy gain, whileX. 1

221/(2A2l) maximizes the
small-signal gain of the laser pulse. The maximum of
absorbed energy as a function of the normalized pulse d
tion l5vT@1 is

Q.
pe2A0

2

16pbc

l

A2
expS 2

1

2D . ~50!

Note that for the resonant electronsl'2pNosc, whereNosc

is the number of betatron oscillations executed by an elec
while it stays inside the laser pulse.

Given the perturbed distribution functionF(p,I ,L), the
average magnetic-field̂B& can be computed according t
Eq. ~21!:

Bind5E ^B~ I !&F~ I !dI5E 2eNeL

I 1AI 22L2

F~ I !

Ap
dI . ~51!

The perturbed distribution functionF(p,I ,L) can be ob-
tained from the unperturbed distribution functionF(I0) by
integration along the appropriate characteristics:

Dp5DI 5DL, ~52!

where Eq.~52! follows from Eq.~25!. Instead of doing this,
we use the fact that, initially, there is no magnetic field b
cause electrons are uniformly distributed inL. Therefore, the
induced quasi-static field can be calculated as

Bind5E ^B~ I !&F~ I !dI5E ^B@ I ~ I0!# !&F~ I0!dI0 , ~53!

where I (I0) is the set of perturbed action variables of t
electron which starts out with the set of unperturbed act
variablesI0.

In the quasi-linear absorption regime,B@ I (I0)# can be
Taylor expanded:

B@ I ~ I0!#5B~ I0!1DpĜB~ I0!1
^p;

2 &
2

Ĝ2B~ I0!, ~54!

where we performed the averaging overC0. Using general-
ized Madey’s theorem~39!, we can reduce Eq.~54! to a more
convenient form

B@ I ~ I0!#5B~ I0!1 1
2Ĝ@^p;

2 ~ I0!&ĜB~ I0!#. ~55!

Integrating Eq.~53! by parts yields

Bind52E ^p;
2 ~ I0!&ĜB~ I0!

2
ĜF~ I0!dI0 . ~56!

Equation~56! for the magnetic field bears some simila
ity with Eq. ~42! for the absorbed energy, except for an a

ditional factorĜB(I0):

ĜB~ I0!5
2eN

I 01AI 0
22L0

2

e

Ap0
S 2

L0

2p0
1AI 02L0

I 01L0
D .

~57!
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The field strength of the generatedB-field is calculated by
integrating Eq.~56! by parts and assuming an electron d
tribution function given by Eq.~45!

Bind5E F~ I0!

2
Ĝ@^p;

2 ~ I0!&ĜB~ I0!#dI0 . ~58!

After straightforward but cumbersome algebra, we obtain

Bind.S 12
p

4 D ~22X!
2eNV

c

V

v

mc2

W'

Q

pbc
, ~59!

whereQ is the absorbed energy per electron given by E
~49!.

Introducing the average electron beam densitynb in the
channel according to

nb.
N

pr max
2

.
1

2p

NvV

c2
A pz

mc

mc2

vI 0
.

1

2p

NV2

c2

mc2

W'

,

~60!

Eq. ~59! can be recast in a more intuitive form

vce

v
.S 12

p

4 D ~22X!
vbe

2

v2 S Q

pbcD , ~61!

wherevbe
2 54pe2nb /m, andvce5eBind /mc is the nonrela-

tivistic electron cyclotron frequency. Assuming thatvbe
2

.aV2, wherea5ne /ni is the degree of electron evacuatio
in the channel, we rewrite Eq.~61! as

vce

v
.S 12

p

4 D ~22X!ae2S Q

gbmc2D , ~62!

where relativistic gamma-factor of the electron,gb , is used
instead ofpb because in approximationg.p5pz

2@11(p'

1eA)2. Note thatgbmc2 in Eq. ~62! is the initial electron
energy. Equation~62! loses validity whenQb becomes com-
parable togbmc2. Therefore, the largest reliable value of th
magnetic field which can be deduced from the quasi-lin
theory is of the order ofBind /Bv;e2, whereBv5mcv/e.
For a 1 mm laser pulseBv'100 MG. Therefore, for a tenu
ous plasma with density 231019 cm23 ~which corresponds
to the plasma density measured in the RAL experiment15!,
the predicted magnetic field is at most 0.5 MG. Since t
prediction is almost an order of magnitude below the
cently measured magnetic-field strength,15 and since the en-
ergy transferred to the electrons can be much higher t
their initial energy,21 the strongly nonlinear calculation i
well motivated.

B. Strongly nonlinear regime

The perturbative treatment of the previous section is
applicable in the strongly nonlinear regime, where the el
tron energy change can be very significant, and electrons
even become trapped in the laser field. Under condition~34!,
the variation of the laser wave amplitude, seen by an elec
executing a nonlinear oscillation, is small. Therefore, ad
batic theory is adequate for describing the electron motio

The adiabatic invariant of the electron motion can s
be broken if the electron orbit in the phase space cross
 license or copyright, see http://pop.aip.org/pop/copyright.jsp
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separatrix at a particular value of the system parameter.39–44

At this moment the electron becomes trapped by the wave
conversely becomes free after being trapped. The breakin
the adiabatic invariant leads to the absorption of the w
energy. Incidentally, the Hamiltonian~28! is somewhat simi-
lar to the one describing the nonlinear electron motion i
strong plasma wave,39–41 or close to the cyclotron
resonance.42–44 Below, we demonstrate that the crossi
separatrix by electron also occurs in our system.

Assuming that the absorbed energy in this regime
much larger than initial energy, we neglect theC2 in the
Hamiltonian given by Eq.~28!, and consider a simplified
Hamiltonian

H.
M2

2p
1

e~p1C1!

Ap
1a~ t !Aep21/4cosC, ~63!

where a(t)5a0 exp(2t2/d2). It follows from Eq. ~27! that
conditionC250 implies thatI .L.0. The equations of mo
tion in the (p;C) plane are given by

dp

dt
5a~ t !Aep21/4sinC, ~64!

dC

dt
5S 2

M2

2p2
1

e

2Ap
2

eC1

2p3/2D 2
a~ t !Ae

4p5/4
cosC. ~65!

The bracketed term in the rhs of Eq.~65! is equal to the
detuning from the betatron resonance. It vanishes whep
5pres, wherepres is defined by Eq.~29!. Whenp,pres, the
bracketed term is negative. TheC-dependent term in the rh
of Eq. ~65! is the so called inertial bunching, well known i
the theory of the Cyclotron Autoresonant Mas
~CARM!.45–47 In the context of the ion-channel laser, th
term was identified by Whittum29,32 as the ‘‘debunching’’
term.

A somewhat similar system of equations was previou
derived by Tsakiriset al.,28 and used for calculating the elec
tron energy gain. Linearly polarized laser pulse was assu
in Ref. 28. Our calculation differs from Ref. 28 in two re
spects. First, it assumes a circularly polarized laser p
since the focus of our calculation is the magnetic-field g
eration via the IFE. Second, by preserving the Hamilton
nature of the equations of motion, we retained the iner
bunching term which was omitted in Ref. 27.

There are several fixed points in the phase space
elliptic fixed point atC5p, and a pair of fixed~elliptic and
hyperbolic! points atC50 ~see Fig. 2!. Contrary to the non-
linear electron dynamics near the cyclotron resonance42–44in
our case no bifurcation of phase space happens and all
points exist at an arbitrary value ofa like in the problem of
electron trapping in plasma wave.39–41For constant laser am
plitude a, the Hamiltonian is a constant of motion, and t
electron orbits are given by theH5const curves in the
(p;C) phase space.

A particle passing through the laser pulse experien
the slowly changing with time laser amplitude. The Ham
tonian is then no longer a constant of motion. Under
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adiabatic condition~34!, electron transitions from one curv
to another are governed by the conservation of the adiab
invariant

J5 R pdC, ~66!

where the integral is taken over one complete period of m
tion in phase space. If electron is not trapped,J is the area
under a curve of constantH; for trapped electronsJ is the
area enclosed by one of the closed contours surrounding
elliptic fixed point. In the limita→0, J is proportional to the
electron energy. Therefore, the conservation ofJ must be
broken for an electron in order to gain energy as it pas
through separatrix~i.e., through the laser pulse!.

The mechanism of the electron heating in the nonlin
regime is schematically demonstrated by Fig. 3, where
present sequence of phase space snapshots of the dyna
system governed by the Hamiltonian~28! with parameters
p053.9, p',052, C250, ande50.1. The relation between
p',0 andC1 is p',0

2 5e(C11p0)/Ap0 and follows from Eqs.
~27! and ~30!. A similar sequence of phase space snapsh
~albeit for a very different physical system! was produced by
Nevinset al.42 to illustrate the nonlinear regime of the cyclo
tron heating. The initial particle distribution of cold electro
beam is shown as a thick line in Fig. 3~a!. For simplicity, we
assumed fast electrons (p@p',11a2) which are still moving
slower than laser pulse (vz,vgr) ~see Fig. 4!. Such electrons
can be, for example, pre-accelerated by the plasma w
excited in the front of the laser pulse. If the pre-accelerat
takes place where the amplitude of the laser pulse is r
tively small, then the electrons are not initially trapped. A
other plausible scenario~which is outside of the scope of thi
work but can be described in our model! can be envisioned
Electrons can be accelerated by the plasma wavebehindthe
laser pulse and gain significant energy to overtake the pu
An additional ~and the most significant! energy gain will
then occur during the electron passage through the puls

FIG. 3. A sequence of snapshots of phase space of the electron mo
across the laser pulse illustrating the heating in the strongly nonlinea
gime. The thin lines are surfaces of constant Hamiltonian. The particles
indicated by the heavy lines. They are first pulled through the hyperb
fixed point from below separatrix@~a!–~c!#. Half of the particles are expelled
above separatrix@~d! and ~e!#. Parameters aree50.1, A051.5, p053.9,
p',052, C250.
 license or copyright, see http://pop.aip.org/pop/copyright.jsp
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As the electrons move into the center of the laser pu
the field strength parametera increases, and the region o
trapped orbits about the elliptic fixed point expands. As
trapped region expands, the phase volume flows from
region of open orbits below the separatrix, through the
perbolic fixed points, and into the trapped region. If the wa
amplitude is sufficiently large, all of the phase volume bel
separatrix is pulled into the trapped region@see Fig. 3~b!#.
For the present simulation parameters, trapping occurs
atr50.7. Below we derive a qualitative criterion for the ons
of trapping.

As electrons move out of the pulse,a decreases and th
trapped region collapses. The phase volume is expe
through the hyperbolic fixed point into both the regio
above and below the separatrix. Therefore, electrons

FIG. 4. Schematic of the electron acceleration in the frame of the l
pulse. Electron first is pre-accelerated in the front of laser pulse but h
velocity less than group velocity of laser pulse. In the frame of laser p
the electron moves across the laser pulse.~The electron is overtaken by th
laser pulse in laboratory frame.!

FIG. 5. Typical electron trajectory of an electrons moving across the l
pulse in the strongly nonlinear regime without energy gain~a! and ~b! and
with energy gain~c! and ~d!. Parameters aree50.12, A053, p055.9,
p',052, C250.
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pushed back into the passing region, but roughly half of th
are expelled above the separatrix.39,42,44Those electrons tha
are pulled out into the trapped region from below the se
ratrix and end up above the separatrix gain energy and a
lar momentum.

Sincep.g in our model we will use the kinetic energ
of the electron,g instead of the longitudinal momentum o
the electron,p. In Figs. 5~a! and 5~b! we show a typical
trajectory of an electron which crossed the separatrix tw
without the net energy gain. Our numerical simulation co
firms that the fraction of such electrons is about 1/2. A pha
space trajectory of another electron, which also crossed
separatrix twice, but absorbed some net energy, is show
Figs. 5~c! and 5~d!. Numerical simulation indicates that ap
proximately half of the electrons do not change energy a
return to g0, another half of the electrons reach the fin
energyg f , and a small fraction of the electrons have t
final value of energy betweeng0 and g f . The last portion
appears because the adiabaticity condition is not strictly
filled @ uvz2vgrut trap/(Tvgr)Þ0#.

To estimate the energy gain in nonlinear regime,
should use the fact that adiabatic invariantJ is conserved
before the separatrix crossing. Unfortunately the Ham
tonian ~63! is too complex to provide analytical calculatio
of J and we will use the fact~following from numerical
simulations! that the Hamiltonian does not change essentia
during interaction~see Fig. 6!. Before electron enters th
pulse (a.0), its Hamiltonian is equal to

H~ t52`!5H05
1

2g0
1

e~g01C1!

Ag0

.
11p',0

2

2g0
. ~67!

After electron passing the laser pulsea is again equal to 0.
The equationH(t51`)5H(p,a50).H0 has two solu-
tions,g0 andg f , where

g f.
p',0

4

e2g0
2

. ~68!

To derive this expression we assume thatp',0
2 @1 and

use the fact thatg f@g0. Note that, contrary to the quasilin
ear regime of the energy absorption whenDp5Dw, in
strongly nonlinear regimeg f@g0 andDp5Dw.g. For the
parameters of the numerical simulations presented in Fig

er
ve
e

er

FIG. 6. The dynamics of the Hamiltonian during the interaction of an el
tron with laser pulse with energy gain~a! and without energy~b!. Parameters
are the same as for Fig. 5.
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and 6 (g055.9, p',052, e50.12), Eq. ~68! predicts g f

.25, in fairly good agreement with the numerical resultg f

.24. Hence, the averaged energy gain is

^Dg&5
g f1g0

2
.

p',0
4

2e2g0
2

. ~69!

Electron trapping occurs when the initially injected pa
ticles cross the separatrix. Using the conservation of the a
batic invariantJ(H,a)5J(H0,0)5const we can expressH
as function ofa: H5H(H0 ,a). This function is not valid at
the moment when the particle orbit cross the separatrix in
phase space and the adiabatic invariant becomes bro
Separatrix is characterized by the certain value of the Ha
tonian Hsep. Separatrix crossing occurs ata5atr when the
given electron orbit starting with parametersH0 anda50 at
t52` in the phase space becomes the separatrix. The v
of atr , at which the separatrix crossing~or particle trapping!
occurs, can be estimated from the equationH(H0 ,a5atr)
.Hsep. Electrons are trapped in the wave if the peak la
amplitudea0 satisfies

a0.atr~g0 ,p',0 ,a0!. ~70!

The range of parametersg0 , p',0
2 , a0 for which elec-

trons can be accelerated in the strongly nonlinear regime
be obtained from the

g f~g0 ,p',0!.g0 ~71!

and Eq.~70!.
Using expression~69! for mean energy gain, the ab

sorbed energy can be obtained for electrons with distribu
function F(g0 ,p',0)

Q5E E
Sres

dg0dp',0Dg~g0 ,p',0!F~g0 ,p',0!, ~72!

whereSres is the domain ofg0 , p',0 at which strongly non-
linear acceleration regime occurs. For cold electron be
with distribution function~44!, wherepb andW' belong to
the resonance domainSres, we obtain

Q.
W'

2

2e2
5W'

W'

mc2

v2

2V2
. ~73!

In the nonlinear absorption regime, electrons gain la
amounts of energy and angular momentum after interac
with laser pulse (Dg.g0.pb , DI .I 0, andDL.L0). So in
strongly nonlinear regime all resonant electrons after in
action with laser pulse haveI .L.DI and perform circular
motion with r 5ADI /(eADg). Then, the generated magnet
field in this regime is

Bind.2eNeE
Sres

F0~ I0!

ADg~ I0!
dI0 , ~74!

where integration in this expression is taken over the re
nance particleSres Eq. ~70!.

Using the electron distribution function given by E
~44! yields
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. ~75!

SinceI f.g f we can present Eq.~60! in the form

^nb&.E N

pr max
2

F0~ I0!dI0.
Ne

2pAQ
5

NvV

c2
Amc2

Q
.

~76!

Thus, the axial magnetic field generated in the strongly n
linear regime can be rewritten in the form

vce

v
.

^vbe
2 &

v2
.ae2. ~77!

Equation~77!, derived for the strongly nonlinear regime
yields no surprises or new results beyond what one co
expect from pushing Eq.~62! to its applicability limit. For
the parameters of the recent experiment at RAL,15 the peak
magnetic field can be estimated as less than 1 MG. T
estimate is almost three times smaller than the experim
tally measured field.

Interestingly, Eq.~77! indicates that the magnetic fiel
does not depend on the actual amount of energy~or angular
momentum! gained by the electrons. This result can be u
derstood as follows: Since magnetic field is determined
the azimuthal electron currentj f , and j f52enbvf , what
ultimately matters for B-field generation is the azimuth
electron velocityvf . But the increaseDvf5Dpf /p, where
Dpf is the electron momentum increment. Therefore,
electrons gain angular momentum, they also gain energy
creasingp. Thus, the angular momentum increase is offset
the relativistic increase of the electron mass. This mass
crease is, ultimately, responsible for the weakness of
magnetic field predicted by Eq.~77!.

To explain the experimental result, one may have to
clude collective effects which could lead to the angular m
mentum re-distribution between the highly relativistic a
non-relativistic electrons. Also, fast electrons produced
the laser trapping can excite plasma waves. These pla
waves, supported by the ambient plasma~in and outside of
the ion channel!, can significantly slow down fast electron
The longitudinal electric field of the plasma wave does n
change the angular momentum of the electrons. Its role i
remove a significant fraction of the total energy imparted
the laser. As a result, fast particles can absorb signific
amount of energy~and angular momentum! from the laser
without becoming very heavy. For example, to explain t
experimentally observed magnetic field 2.5 MG requires t
hot electrons lose about 2/3 of the energy gained from
laser to plasma wave generation. Also numerical simulati
show48 that the highest electron density is outside the ch
nel and near the channel border since the electric field of
channel ions attracts the electrons outside the channel
The number of these electrons substantially exceeds the
trons in the channel. These electrons can also perform ci
lar motion around the channel and generate ultrahigh in
sity magnetic field.
 license or copyright, see http://pop.aip.org/pop/copyright.jsp
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V. DISCUSSION AND CONCLUSION

In this paper we have analyzed the dynamics of
wave–particle interaction in an ion channel, with the emp
sis on the magnetic-field generation, or IFE. For the fi
time, to our knowledge, a simple and intuitive physical p
ture of the axial magnetic-field generation through the an
lar momentum transfer from the laser pulse to the hot e
trons is developed. Since the angular momentum absorp
requires the resonant photon absorption, we identified
possible mechanism as the betatron resonance betwee
hot electrons in the partially evacuated ion channel and
co-propagating laser pulse. This resonance has been rec
identified20,21,28 as the cause of the significant electron e
ergy gain directly from the laser pulse. Here, we point o
that if the laser pulse is circularly polarized, then another
product of such a resonant wave-particle interaction is
axial magnetic-field generation~also known as IFE!.

We calculated the magnitude of the magnetic field in t
regimes: Quasi-linear and strongly nonlinear. The qua
linear regime requires the presence of the large populatio
hot resonant electrons, while the strongly nonlinear regim
valid for a broad range of electron energies. The general
Madey’s theorem was used to calculate the electron en
gain and magnetic-field generation in the quasi-linear
gime. In the strongly nonlinear regime, we related the
electron energy gain to the structural transition of the re
nance electron orbits in the phase space as result of the s
ratrix crossing during the adiabatic change of the laser fi
strength. For both regimes the absorbed angular momen
is proportional to the absorbed energy that is the manife
tion of the resonance nature of the radiation energy abs
tion phenomenon.49

While calculations were performed for the circularly p
larized laser pulse, all the results pertaining to the ene
transfer are also valid for the linearly polarized wave. In t
regard, our work extends the earlier simulations20,21 and the-
oretical calculations28 which predicted a significant electro
energy gain. By using the Hamiltonian approach from
start, we were able to retain some of the physics@e.g., force
bunching term in Eq.~65!# which was neglected in Ref. 28
Use of the adiabatic approximation also enabled us to t
the strong electron acceleration observed in these simula
when the electrons overtake the laser pulse since all phen
ena like electron trapping in laser wave and separatrix cr
ing in the phase space occur in this case too.

One of the motivations for this work was to interpret t
recent experimental measurements15 of the IFE during rela-
tivistic laser–plasma interactions. While we were able to
plain the effect qualitatively as being due to the reson
absorption of the laser angular momentum by the plas
electrons, our estimates of the magnetic field strength
lower than the experimentally measured. We speculate
this discrepancy is due to the fact that the model used in
paper is not fully self-consistent. For example, it neglects
laser depletion by the hot electrons. All interactions of t
hot electrons with the background plasma are also neglec
Such interactions include, for example, acceleration or de
eration of the hot electrons by the plasma waves suppo
by the background plasma.
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Our theory would have predicted a much larger magne
field if hot electrons were continuously slowed down by th
interaction with the surrounding plasma. For example, o
could envision the energy loss associated with the genera
of the plasma waves by the fast electrons. Including t
effect would have brought the estimates into better agr
ment with the experimental data. Moreover, to estimate
energy gain and magnetic-field strength, we used a v
simple distribution function. To estimate the intensity of t
magnetic field we consider optimistic case when most of
electrons are in betatron resonance with laser field. Fur
investigations will include the more realistic electron dist
bution functions, as well as the more self-consistent anal
of the interaction between fast electrons and the amb
plasma.
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APPENDIX: BETATRON RESONANCE IN THE CASE
VphÅC

In general casepph
2 Þ` the Hamiltonian~28! have an

additional term

H52
p

2pph
2

1
M2

2p
1

e~p1C1!

Ap

1A0 expS 2
t2

d2DAe~p1C2!

p3/2
sinC, ~A1!

whered52l(M2p222pph
2212ep21/212eC1p23/2)21.

The resonance condition is

Ċ5
]H0

]p
52

1

2pph
2

2
M2

2p2
1

e

2Ap
2

eC1

2p3/2
50. ~A2!

The resonance condition can be rewritten as follows:

]H0

]p
5

1

2p3/2S Ap

2pph
2

2e D S C11
M2

eAp
2pD 2R, ~A3!

where 2R5pph
221C1p211M2p23/2e21. To derive the con-

dition when we can neglect termR in Eq. ~A3! we introduce
the effective neutralization factor in the channel,f 5ne /ni ,
then vbe

2 . f e2 and pph
22. f e2. Then R can be neglected if

$p,e21%@up'1Au. At the resonancepres5p0 and p',res

5p',0 and the resonance energy is

g ras.pres54e2pph
4 ,

~A4!
g res.pres5S M21p',0

2

2e D 2/3

.

In the limit M51 andp',050 the expression for resonanc
electron energy coincides with ones calculated in Ref.
~see Fig. 4 therein!.
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