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Resistive instabilities in Hall current plasma discharge
Andrei A. Litvak and Nathaniel J. Fisch
Princeton Plasma Physics Laboratory, P.O. Box 451, Princeton, New Jersey 08543

~Received 25 August 2000; accepted 6 November 2000!

Plasma perturbations in the acceleration channel of a Hall thruster are found to be unstable in the
presence of collisions. Both electrostatic lower-hybrid waves and electromagnetic Alfve´n waves
transverse to the applied electric and magnetic field are found to be unstable due to collisions in the
E3B electron flow. These results are obtained assuming a two-fluid hydrodynamic model in slab
geometry. The characterisitic frequencies of these modes are consistent with experimental
observations in Hall current plasma thrusters. ©2001 American Institute of Physics.
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I. INTRODUCTION

Hall thrusters are now being tested and seriously con
ered for propelling the next generation of spacecraft. One
the important issues for the successful operation of the H
current plasma thrusters is the presence of plasma osc
tions. This issue has been recognized since the earliest in
tigations~see, for example, Ref. 1!. Apart from their interac-
tions with the power processing circuits, these oscillatio
play an important role in controlling the transport, condu
tion and mobility in Hall thrusters, directly affecting th
thruster performance.

Careful consideration must also be given to possible
teractions with the satellite electromagnetic systems used
communication and navigation. The possible influence
thruster plumes on communication signal propagation is
considerable interest.2 Nonetheless, the electromagnetic i
terference, produced by the thruster during normal operat
is rarely studied and its driving mechanisms are not su
ciently understood.

For example, the model of hydrodynamic plasma ins
bilities, usually considered in the literature,3 despite its gen-
eral agreement with the experimental data,4 does not explain
all of the observations. Azimuthally propagating waves
the acceleration zone of the thruster are observed5 even when
the instability condition given in Ref. 3 is not satisfied.

In this paper we study two-dimensional plasma pert
bations in a Hall current plasma thruster using two-fluid h
drodynamic theory. Instead of looking at the gradient-driv
instabilities, we identify and consider the destabilizing
fects associated with electron collisions. Despite the wid
recognized importance of electron collisions for thruster
eration, most of the models for plasma oscillations do
include collisional terms. Yet, we do find oscillations cha
acteristic of Hall thrusters to be destabilized precisely
electron collisions.

We consider also electromagnetic waves. Perturbat
of an electromagnetic nature, namely Alfve´n waves, were not
considered in Ref. 3. The characteristic plasma freque
and velocity scales found will then apply only for a sm
fraction of possible Hall thruster configurations and ope
tion regimes. The limitations of the electrostatic-only a
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proach were pointed out in Ref. 6; however, the stabi
analysis of Alfvén waves cannot be found in the availab
literature.

The resistive instability discussed in this paper is in fa
a special case of the more general process wherein an i
bility is driven by coupling to a dissipative process. Su
effects have been well studied in the literature, such
plasma flow in the presence of a resistive wall.7 In the
present case, although the driving mechanism for the in
bility is different from the resistive-wall instability,8 it is
clear that the instability will occur only due to the interactio
of the wave with the electronE3B flow in the presence of
electron collisions.

This paper is organized as follows: In Sec. II, we wr
the model equations. In Sec. III, we derive the dispers
relation for unstable electrostatic modes, namely low
hybrid waves. In Sec. III, the growth rate for unstable ele
tromagnetic modes is found. Section IV offers a dicuss
and summary of our results.

II. MODEL EQUATIONS

Let us consider Hall thruster two-component plasm
consisting of ions and electrons immersed in the magn
field B0 , such that on the scale of the device electrons
magnetized, while ions are unmagnetized:

re!L!r i . ~1!

In order to simlify the problem, we neglect the variatio
of electric field and plasma density in the radial directio
We also neglect the axial component of the magnetic fie
Such a purely radial magnetic field in the thruster chan
will diverge with its magnitude being inversely proportion
to the radius. Therefore the drift velocity of the electrons w
be proportional to the radial position in the channel. Ho
ever, the angular velocity of the electrons around the chan
will be constant. Therefore there will be no shear in t
electron flow. Such characteristic of the electron flow is u
ally called the isodrift flow. Thus we can simplify the prob
lem to purely two-dimesional by neglecting the channel c
vature and considering slab geometry. For simplicity in t
© 2001 American Institute of Physics
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following analysis, we also neglect all plasma inhomoge
ities, assuming variations of both density and magnetic fi
along the channel to be small.

The ion motion is governed by the following set of flu
equations:

]Ni

]t
1“~vW iNi !50, ~2!

]vW i

]t
1~vW i•“ !vW i5

e

M
EW . ~3!

The zeroth order solution is the axial flow of unmagn
tized ions being accelerated by the electric field in the ch
nel according to

v0

dv0

dx
5

e

M
E0 . ~4!

The electron motion is accordingly governed by the
of continuity and momentum equations:

]Ne

]t
1“~vW eNe!50, ~5!

]vW e

]t
1~vW e•“ !vW e52

e

m S EW 1
1

c
vW e3BW D2nevW e . ~6!

In the zeroth order, assumingne!Ve the electrons move
in the ŷ direction with the drift velocity,

u052c
E0

B0
. ~7!

The linearized system for the small perturbations of
and electron densities and velocities can then be written
follows:

]ni

]t
1v0
W

]ni

]x
1n0“•vW i50, ~8!

]vW i

]t
1v0

]vW i

]x
5

e

M
EW 1 , ~9!

]ne

]t
1u0
W

]ne

]y
1n0~“•vW e!50, ~10!

]vW e

]t
1u0

]vW e

]y
52

e

m S EW 11
1

c
vW e3B0

W1
1

c
u0
W3BW D2nevW e .

~11!

III. ELECTROSTATIC LOWER-HYBRID WAVES

Let us now consider electrostatic perturbations in
presence of electron collisions. Then the perturbation of e
tric field is determined by the perturbation of the potent
EW 152“f. Considering oscillatory perturbationsA
}A0 exp(ivt2ikWrW), the fluid equations for the two specie
will yield the following solutions for density perturbations

ni5
k2eNi0

M ~v2kxv0!2
f, ~12!
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k2eNe0

mVe
2

f2 i
eN0nek

2

m~v2kyu0!Ve
2
f. ~13!

We have introduced here gyrofrequencies and plasma
quencies for ions and electronsV i ,e5eB0 /mi ,ec and v i ,e

2

54pe2Ne0 /mi ,e respectively. Also we assume

V i!v!Ve, ~14!

which is mostly valid for the oscillations, observed in Ha
thrusters, where ion and electron gyrofrequencies are t
cally of the order of 104 and 109 Hz, respectively.

Now we can substitute the obtained density pertur
tions into Poisson’s equation

2k2f54pe~ne2ni !, ~15!

which will yield the following dispersion relation:

12
v i

2

~v2kxv0!2
1

ve
2

Ve
2

2
ve

2

Ve
2

ine

~v2kyu0!
50. ~16!

This is the dispersion relation for the lower-hybrid wave
modified to include collisions of the rotating electrons.

Consider now waves propagating along theŷ direction,
so thatkx50, which, in real thruster geometry, correspon
to azimuthally propagating waves. Under the assumption

v!ukyu0u, ~17!

which will be discussed later, the solutions for the dispers
relation ~16! can be obtained as follows:

v25
v i

11
ve

2

Ve
2

1
ineve

2

kyu0Ve
2

, ~18!

where the last term in the denominator in the right-hand s
~RHS! is small, therefore the final solution is

v'6vLHS 12
ineve

2

2kyu0~ve
21Ve

2!
D . ~19!

Here the lower-hybrid frequency is defined as

vLH
2 5

v i
2Ve

2

ve
21Ve

2
. ~20!

We have two modes, one of which will be unstable with t
growth rate

g5
ne

2kyu0

ve
2

~ve
21Ve

2!
vLH'6vLH

ne

2kyu0
. ~21!

Let us return to the assumption~17!. In a typical Hall
plasma thruster with the maximum applied magnetic fi
200 Gs, thruster channel diameter 10 cm and character
plasma density 1012cm23, the lower-hybrid frequencyvLH

;107 Hz can indeed be neglected compared tokyu0, which
even for the smallest values ofky allowed by azimuthal sym-
metry will be at least order of magnitude larger. At the sa
 license or copyright, see http://pop.aip.org/pop/copyright.jsp
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time, a similar order of magnitude estimate for the increm
of this instability, using effective electron collision fre
quencyne;106 s21, yieldsg;106 s21.

IV. ELECTROMAGNETIC WAVES

For electromagnetic waves, it is no longer valid to re
resent the perturbations as functions of the electric poten
only. The density and velocity perturbation can, however,
related to the electric field. The ion equations then rem
almost unchanged:

v ix5 i
1

~v2kxv0!

e

M
Ex , ~22!

v iy5 i
1

~v2kxv0!

e

M
Ey , ~23!

ni5
eN0

M ~v2kxv0!2
~kxEx1kyEy!. ~24!

While for the electrons from Eqs.~10! and ~11!, we obtain

vex5
1

Ve

e

m
Ey2

i ~v2kyu02 ine!

Ve
2

e

m
Ex , ~25!

vey52
1

Ve

e

m
Ex2

i ~v2kyu02 ine!

Ve
2

e

m
Ey1u0

B

B0
,

~26!

ne5
i ~v2kyu02 ine!

Ve
2~v2kyu0!

eN0

m
~kxEx1kyEy!

2
eN0

mVev
~kxEy2kyEx!. ~27!

We have used here the Maxwell’s equation relating per
bations of electric and magnetic field, which in our case c
be written as

2 ivBW 52cẑ~kxEy2kyEx!. ~28!

The perturbation of the currentjW can be written as

j x5e@niv01N0~v ix2vex!#, ~29!

j y5e@2neu01N0~v iy2vey!#. ~30!

The plasma dielectric tensore ik can then be written as

Di5e ikEk5Ekd ik1
4p

iv
j i~Ek!. ~31!

The components of the dielectric tensor can then be foun
be

exx511
~v2kyu0!ve

2

vVe
2

2
v i

2

~v2kxv0!2
, ~32!

exy52 i
ve

2

vVe
2

v i
2kyv0

v~v2kxv0!2
, ~33!
Downloaded 17 Jan 2006 to 192.55.106.171. Redistribution subject to AIP
t

-
al
e
in

r-
n

to

eyy512
v i

2

v~v2kxv0!
1

ve
2

Ve
2

1
ve

2

Ve
2

ine

~v2kyu0!
, ~34!

eyx5 i
ve

2

Vev
1

ve
2kxu0

vVe
2

1
ve

2kxu0

vVe
2

ine

~v2kyu0!
. ~35!

The wave equation

S k2d i j 2kikj2
v2

c2
e i j D Ej50 ~36!

yields the general notation for the dispersion relation, wh
can be written as

kx
2exx1kykx~exy1eyx!1ky

2eyy1
v2

c2
~exxeyy2exyeyx!50.

~37!

If we once again consider only ‘‘azimuthal’’ propagatio
kx50, k5ky , we have

k2c2

v2
5exx2

exyeyx

eyy
. ~38!

We now substitute the notations for plasma dielectric ten
~32!–~35! to obtain the dispersion relation

k2vA
2

v2

v i
2

V i
2

512
v i

2

v2
1

v i
2

vLH
2

~v2ku02 ine!

v

2
v i

4

V i
2

vLH
2

~v22v i
2!vLH

2 1v2v i
2S 12

ine

v2ku0
D .

~39!

Here we have introduced the Alfve´n velocity

vA
25

B0
2

4pN0M
, ~40!

and simplified~20! to

vLH
2 5

v i
2Ve

2

ve
21Ve

2
.V iVe . ~41!

We seek the solution of~39! in the form of unstable wave
with the frequencyv5v r2 ig, assumingg!v r . After
some calculations using the estimateV i!v,v i ,vLH , we
obtain the solution as the Alfve´n wave

v r'kvA , ~42!

which will be unstable with the growth rate

g5
ne

2

vA

u0

v r
2

vLH
2

. ~43!

For the typical value of Alfve´n velocity in Hall thrusters
vA;53106 cm/s, the frequency of these waves will bev r

;106 Hz and the growth rateg;104 s21.
 license or copyright, see http://pop.aip.org/pop/copyright.jsp
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V. DISCUSSION AND CONCLUSIONS

We obtained linearly unstable solutions for azimutha
propagating waves in Hall thrusters. The purely azimut
electrostatic lower-hybrid wave is shown to be driven u
stable due to the resistive coupling to the electron drift flo
rather then, as commonly thought, driven unstable only
density and magnetic field gradients. The Alfve´n wave is
also shown to be unstable due to the electron collisions.

For typical Hall thruster parameters, the electrostatic
stability will occur for azimuthally propagating lower-hybri
waves with frequencies;107 Hz and the electromagneti
instability for Alfvén waves with frequencies;106 Hz.
While the growth rate for Alfve´n waves are much smaller, o
the time scales associated with the steady state thruste
eration, both of these modes can become quite significan
would be the nonlinear saturation mechanism, not conside
here, rather than the linear growth rate, that would determ
the relative importance of these mechanisms.

We also note, that for the obtained frequency ranges
modes, the hydrodynamic description is quite appropri
There is no collisionless damping or excitation in the dire
tion transverse to the applied magnetic field, and for the
rection parallel to the magnetic field kinetic effects could
neglected ifv@kzvTe . This condition is easily satisfied fo
the considered waves and thruster operation parameters

Plasma oscillations in these frequency ranges were
served in multiple experimental studies of Hall thrusters.9 It
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remains, however, to distinguish experimentally the resis
mechanism of instability of the modes considered here fr
the mechanism of instability due to field or density gradien
Observations of the instability in regions clearly gradie
free would support the theories advanced here.
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