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Recent stability results of external kink modes and vertical modes in compact stellarators are
presented. The vertical mode is found to be stabilized by externally generated poloidal flux. A
simple stability criterion is derived in the limit of large aspect ratio and constant current density. For
a wall at infinite distance from the plasma, the amount of external flux needed for stabilization is
given by F;=(x?— k)/(k?+ 1), wherex is the axisymmetric elongation arfg is the fraction of

the external rotational transform. A systematic parameter study shows that the external kink mode
in a quasiaxisymmetric stellaratdQAS) can be stabilized at high beta~6%) without a
conducting wall by magnetic shear via three-dimensidB&l) shaping. It is found that external
kinks are driven by both parallel current and pressure gradient. The pressure contributes
significantly to the overall drive through the curvature term and the Pfirsch—Schluter current.
© 2000 American Institute of PhysidsS1070-664X00)91005-X

I. INTRODUCTION namics(MHD) modes, such as external kink modes and ver-
. . tical mode, in QAS.
The design of the proposed Nauonal CO”.‘PaCt Stellarator Early work considered current-driven external kink
Experiment(NCSX) (Refs. 1-3 aims at combining the best . e )
: modes and recognized the stabilizing role of magnetic
features of both tokamak and stellarator to achieve reactor- _8 S
. : shea®® More recently, Mikhajlov and Shafrandwhave
relevant plasma performance; high beta, good particle Cons_hown analytically that a sufficient magnetic shear generated
finement, disruption-free steady state operation with little Y y 9 9
need for current drive, and compact size. The NCSX is base

on the concept of a quasiaxisymmetric stellarg@AS).*°

gy helical coils can stabilize the external kink modes. With
only a few exception&®! previous work on current-driven

Quasiaxisymmetry denotes a magnetic field strength that i§"KS assumed a Iaggl;e aspect ratio and low beta. More re-
approximately axisymmetric in Boozer coordinate, hence th&€€ntly, Johnsort al,™ assuming a large aspect ratio, found
particle confinement of a quasiaxisymmetric device is nearlyhat the effects of bootstrap current on kinks are strongly
as good as that of an axisymmetric tokamak. Our QAS Condestab"lZlng at finite beta in the Large Helical Device
figurations are obtained from tokamaks by adding rotationaf-HD).*? In other work, Ardelea and Coopérfound that
transform generated by three-dimension@D) shaping €Xxternal kink modes in tokamaks can be stabilized by 3D
(nonaxisymmetric coilsin such a way that the Boozer spec- deformation forq<2 at moderate beta valueg{2%). In
trum of field strength is approximately axisymmetric. this work, we use fully 3D calculations for high beta com-
At high beta, quasiaxisymmetry necessarily leads to subpact stellarators where the external kinks are driven by both
stantial bootstrap currents. The bootstrap current generaté@otstrap current and pressure gradient.
an internal rotational transform which always adds to the  We find that external kink modes in high beta QAS can
externally generated transform. This large current helps tde stabilized by global and local magnetic shear using appro-
generate poloidal flux needed for good confinement, but ipriate 3D shaping without a conducting wall. In contrast,
may also destabilize kink modes as in tokamaks. In thismdvanced tokamaks with high bootstrap fraction tend to have
work, we investigate the stability of ideal magnetohydrody-much lower beta limits without wall stabilization. Initial re-
sults of external kink stability in QAS have been reported
*paper LI23 Bull. Am. Phys. Sodl4, 221 (1999, elsewheré?® Here the stability results are refined by using
finvited speaker. more Fourier harmonics for the perturbation.
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Here, we also study for the first time the vertical mode in
QAS configurations. We find that highly shaped QAS con- ,, &3 77—

figurations are much more stable to vertical modes than to-=2 — analytic
kam_aks. Physically, this is l_aecaL_Jse the e_xternally generr_:lteﬁ q e Terpsichora
poloidal flux enhances the field line bending energy relativet

to the current-driven term. —

In addition to QAS, we have recently investigated the @ 2.5
MHD stability in Quasi-Omnigeneous Stellarat¢309.%1*
QOS devices are ones where the contours of the second adim 2
batic invariantd= [v,dl approximately coincide with mag- Eﬂ
netic flux surfaces so that the trapped particle orbit deviation
from flux surfaces is minimal and the particle confinement is = 1.5 Stable
much improved over that of conventional stellarators. QOS &
configurations typically have much larger helical component< 1
than QAS configurations. One consequence of this is that ir 1 2 3 4
QOS devices the bhootstrap current is smaller than that of
QAS devices because of cancellation betweemth® com- ElDI'Ig ation x
ponent anch#0 components of the bootstrap current. Also,
the bootstrap current can be of either sign so it can add to, J1G. 1. The critical normalized wall radius vs elongation for an elliptical

. plasma.

subtract from, the vacuum rotational transform. For the com*
pact QOS configuration considered here, the bootstrap cur-
rent subtracts from the vacuum transform. This negative
bootstrap current is shown to lead to a kink stability for theis an arbitrary integer. There ahg,/2+ 1 families for even
monotonic increasing iota profile. N, and (N,—1)/2+1 families for oddN,. For example,
there aren=0 andn=1 families forN,=3 and there are
n=0, n=1 andn=2 families for N,=4. Usually, then
# 0 families are called kink modes and-=0 family is called

In this work, the three-dimensional ideal MHD stability vertical mode. However, when the dominating component is
code TerpsichoréRef. 15 is used to calculate the stability of n#0, then=0 family of modes are more characteristic of
of free boundary external kink modes. The code determinekink modes than vertical modes and we will refer to them as
the eigenvalues of the ideal MHD equations by minimizingsuch.
the plasma potential energy as defined in the energy It can be shown that the stability of*0 families does

Linstable

Il. THE 3D STABILITY CODE TERPSICHORE

principle 16 not depend on the phase except for then=N,/2 family
2 _ whenN,, is even. The phase is zero for the vertical mode of
@ OWi= oWy MWrac, D then=0 family.
where W, is the plasma potential energj\V, . is the mag- The Terpsichore code has been benchmarked exten-

netic energy in the vacuum region between plasma and corsively. Earlier it was showfi that the Terpsichore’s stability
ducting wall, andw?8W, is the kinetic energy. An explicit results agree well with other stability codes for growth rates
form of W, will be given in Sec. Ill. The Terpsichore code of fixed boundary MHD modes in 2D analytic Solov’ev
takes as input full 3D numerical equilibria obtained by theequilibria. In the present work, we have benchmarked Terp-
VMEC (Ref. 17 code. It uses a finite hybrid element method sichore against the 2D stability code PEGRef. 19 and the

for radial discretization and Fourier decomposition in poloi-3D code CAS3D(Ref. 20 for external kink modes for an
dal and toroidal angles. The radial and surface component @ptimized reversed shear tokamak equilibrium from the

the plasma displacement vectpiis represented by ARIES studie€! The calculated beta limit of the=1 ex-
ternal kink mode using Terpsichore is 2.34%, which agrees
£(s,0,)=>, &(s)sin(m6—n¢p+A), (2 well with the PEST result of 2.4% and the CAS3D result of
|

2.3%22 We have also benchmarked the code for ithe0
vertical mode in a large aspect ratio tokamak plasma. Figure
7(s,0,8)=2, m(s)codmd—n;p+A), (3 1 plots the critical wall radius as function of ellipticity for the
! stability of then=0 vertical mode in an elliptical plasma
where &= ¢- Vs with s being the flux variable. It should be with constant current density profile and zero beta. The Terp-
pointed out, that in the present study, an artificial kineticsichore resultgshown in dots agree well with the analytic
energy is used for simplicity. This artificial kinetic energy is stability criteriorf® (solid line) give by
given by 6W,=(1/2)[d3x[ (£%)%+(75)?]. As a result, the
calculated eigenvalue does not correspond to the physical [k+1
W [l

growth rate. However, the marginal stability boundary re- fw= k—1 (4)
mains the same.
Assuming stellarator symmetry with field peridd,, where the normalized wall radius is defined by=(a’

modes with mode numberare coupled tm+kN,,, wherek  +b’)/(a+b) with aandb (a’ andb’) being the radius of
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FIG. 2. Then=1 external kink eigenvalue vs number of stability Fourier . . )
harmonics. FIG. 3. Then=1 external kink eigenvalue versus edge magnetic shear for a

four field period QAS withR/a=2.1 andB~6.3%.

the elliptical plasmda confoncal wall along the horizontal

and vertical direction respectively. Here=b/a. small enough so the stability of global kink modes is not
affected. In practice, we find~0.05 is optimal for this
study.

IIl. STABILITY OF THE EXTERNAL KINK MODE We now consider the effects of magnetic shear on exter-

W der th bility of | | kink mod nal kink stability. Figure 3 shows the calculatee: 1 exter-
e consider the stability of low-external kink modes o) ink mode eigenvalug = — w? as a function of global

driven by_current and pressure using the Terpsi_chore code. ﬁﬁagnetic shear near the edge defined:fy)—:(0.75) at
systematic convergence study has been done in terms of tr2?1)=O.46. It is seen that the external kink mode is stabi-

number of equilibrium harmonics, number of radial Q”d lized by edge magnetic shear. These results are obtained for
points, and number of Fourier harmonics for perturbations, \; _ 4 QAS withR/a=2.1 and3~6.3%. The variation of

Results show that kink eigenvalues converge quadratically i@he%lr is controlled entirely by 3D plasma boundary shape.

radial grid size and exponentially in number of equilibrium 1o \rrent and pressure profiles are fixed
and stability harmonics. In particular, Fig. 2 shows the expo- However, a complete stabilization by global shear alone

n_ent|al convergence of the _e_lgenvalue _oha=1 external tends to reduce central rotational transform to low values
klnk_mode in number of stab|I|_ty harmonics. The results are(wo_l) and result in poor particle confinement. This problem
obtained for aN,=3 QAS with R/a=3.5 and ~4%. ., he solved by further 3D shaping that does not affect the
Th_ese results |_nd|§ate that a.resolunon of at,’?“t 50 grlcblobal shear. We find that external kinks can be stabilized by
points, 100 equilibrium harmonics and 100 stability harmon'appropriate 3D shaping at moderate global shear. In order to
find the optimal shaping for kink stability, we have incorpo-
rated the Terpsichore code into a configuration optimizer
which includes kink stability as well as quasisymmetry in its
tobjective function. The optimizer is used to determine the
necessary 3D shaping for kink stabilization. Figure 4 shows

ics is required for typical QAS under considerations.

In the initial work!® the convergence study was incom-
plete due to “numerical modes” driven by singularities in
the equilibrium parallel current. Note that the parallel curren
scales asj(/B)mn* VOmn/(me—n) for the (m,n) Fourier
component where/g is the Jacobian in Boozer coordinates. plasma cross sections of a three field peffd=3.5 QAS
We find that the parallel current is singular at the rat'onalbefore(left) and after(right) the stability optimization. The
surfaces due to nonzero value of the correspondﬁ_ﬁgyn. corresponding rotational transform profiles are shown in Fig.
These singularities cause artificial unstable Mercier mode§ The initial configuration(called c3m) is unstable to an
which mask the physical external kink modes. In the present — 1 kink with eigenvalue ok =1.8x 10 3. Figure 6 plots
work, we have developed a resonant detuning method iy nerturbed pressure contour of the corresponding eigen-
smooth out the singularities. In this method, the parallel cury,qde at the two symmetric cross secti@t =0 and &
rent (j; /B)m,n is multiplied by the following detuning factor:  — /3y 'The unstable mode peaks on the outboard side of the

(mc—n)? plasma(i.e., ballooning due to destabilizing the bad curva-
ture. The final configuration after optimizatidoalled c82)
is marginally unstable with an eigenvalue of 2.6x 10 °
with & being the detuning parameter. This paramefer atB=3.9%. We note that the change in the iota profile from
should be large enough to smooth out the singularity and¢3m’s to c82’s is minimal and the two order of magnitude

(Me—n)2+(med)?’
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FIG. 6. Contours of perturbed pressure at the two symmetric cross sections
for c3m.

FIG. 4. Plasma cross sections of a three field period QAS before optimiza-
tion (left) and after optimizatiorright).

1 3 2
SWy=>5 | d°| 5B, %+

reduction in kink eigenvalue can only be attributed to the
change in 3D shaping. The major change in shaping from
c3m to ¢82 is an indentation of plasma boundary on the
outboard side at the half-period cross section which is found
to be most effective for stabilization. The optimized configu-
ration c82 is also stable to high-ballooning modes. It has Where 5B is the perturbed magnetic fielgl; is the parallel
good quasiaxisymmetry. The plasma current comes mainl§auilibrium current along the field lin€, is the plasma dis-
from the bootstrap and contributes about half of the totaPlacement vector, and is the magnetic curvature. The inte-
rotational transform, as shown in Fig. 7. This configurationdration is carried out for the whole plasma region. The first
will be shown to be robustly stable to the vertical mode.term in the integrand is the stabilizing field line bending
Currently, it is one of candidate configurations for NCSX. energy, the second is the field compression energy, the third
The physical mechanisms for the stability of the externaff€rm is destabilizing due to parallel current and is responsible
kink mode are investigated by examining individual contri- for kink instabilities. Lastly, the fourth term is destabilizing
butions to the plasma potential energy and the effects of 3plue to unfavorable curvature and pressure gradient. Table |
Shaping on local magnetic shear and normal curvature. T&Sts the relative contributions of these terms normalized by
separate out various stabilizing and destabilizing terms in thé1€ vacuum magnetic energy for batBm andc82. We note

plasma potential energy, we use the following form of thethat the parallel current term contributes about 70% of the
potential energy: total destabilizing sum for both cases and is thus the main

destabilizing mechanism for the=1 external kink modes,
in accordance with usual expectation. However, the balloon-

2
v
B

- X B—2£-Vpé- k|, (5)
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FIG. 5. lota profiles of a three field period QAS before optimizaiisolid FIG. 7. The total(solid) and vacuum(dashedl rotational transforms vs the
line) and after optimizatioridashed ling normalized toroidal fluxs for the configuratiorc82.
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TABLE |I. The breakdown of stabilizing and destabilizing terms in the
plasma potential energy normalized by the vacuum energy for the most
unstablen=1 external kink mode irt3m andc82.

Vacuum Line bending Kink Ballooning

—3.98
—3.87

-1.72
—1.64

1.00
1.00

4.05
451

c3m
c82

ing term also contributes significantly to the instability. This
is the reason the mode exhibits the strong ballooning feature
as shown in Fig. 6. Foc3m, the configuration would be
stable if the ballooning term is neglected since the sum of the
destabilizing term is only about 13% higher than the sum of
stabilizing terms. Thus, the unstable mode should be called
kink-ballooning mode. The pressure also contributes indi-
rectly to the kink term through the parallel Pfirsch—Schluter
current. For both cases, the Pfirsch—Schluter current contrib-
utes about 57% of the kink term. Thus, the pressure-induced
Pfirsch—Schlute current is actually more important than the
volume-averaged parallel current for these two configura-
tions.

We now discuss why the 3D shaping change fro8m
to c82 stabilizes the external kink mode. We observe from
Table | that the main difference betweeBm andc82 is the
field line bending term. This suggests that the effects of
shaping onlocal magnetic shear plays a significant role.

Magnetohydrodynamics stability of compact stellarators
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Figure 8 shows the contours of local magnetic sheaz8¥
on thes=0.63 flux surfacdthe 6W, peaks approximately at
this surface¢ Here, the local magnetic she@iris defined by
S=—(Jg/¥'?)h-VXh with \/g being the Jacobian and
h=BXx Vs/|Vs|2. Note that the global magnetic shety/ds

is a surface average & whereq=1/.. The value of local
shear in Fig. 8 range from-74.3 to 28.6. while the global

0.0
0.7

0.0
0

0.7

FIG. 9. The contour plot of the local magnetic shear for the configuration
c3m (uppe) andc82 (lower) on thes=0.63 flux surface on the outboard
side of the torus € 0.7<#<0.7). The local shear value for some contours

shear isdg/ds= —2.4. This shows that the local magnetic is marked.
shear is dominated by helical contribution and is much larger
than the global shear. Figure 9 compares the local magnetic

shear ofc3m with that of c82 on the outboard side &t
=0.63. Indeed we find that the local shearc8® is substan-

2.0

1.0

0.0
0

FIG. 8. The contour plot of the local magnetic shear of the configuration c8£<mk features as shown in the lower p|0t of Fig. i@., the

3.0

on thes=0.63 flux surface for one field period {0¢<27/3). The local
shear value for some contours is marked.

tially larger than that ofc3m on the outboard side. This
indicates that the local shear is responsible for the change in
the field line bending energy and the stability between these
two configurations.

Recently we have investigated the kink stability in QOS.
Initial results show that the external kink modes are stable
foraR/a=3.6, 3=3.7% QOS with self-consistent bootstrap
current. The bootstrap current is negative and decreases the
rotational transform at edge by about 15%. When beta is
increased to 5%, the plasma is marginally unstable to an
interchangelike mode with weak ballooning feature as shown
in the upper plot of Fig. 10. The bootstrap current contribu-
tion to this mode is very smallabout 10% of the pressure
contribution and the mode is mainly internal. We have ex-
amined the effects of bootstrap current direction on kink sta-
bility by artificially changing the sign of the current in the
oW, while keeping all other equilibrium quantities fixed.
When the sign of the current is changed to positive, the QOS
configuration becomes unstable to a mode with clear external

mode is external with significant drive from the kink term
This result shows the importance of the sign of bootstrap
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FIG. 12. The critical value of fraction of external transform as function of
axisymmetric elongation.

FIG. 10. The perturbed pressure contours of kel family mode at the
¢ = cross section in a QOS configuration. The upper plot shows a inter-

changelike internal mode structure. The lower plot shows a kink-ballooning h AS fi . id dh h h
external mode structure obtained when the sign of the bootstrap current EontraSt’ the Q configurations considered here have muc

artificially switched. lower transform at<<0.5. Simple theory shows that external
kink modes are more unstable for smaller resonant poloidal
mode numbers associated with higherThis explains why

current, even for relatively small current magnitude. Thisexternal kink modes can be unstable in LHD even at large
indicates that the kink stability can be controlled in a QOSglobal magnetic shear.

plasma by varying the bootstrap current. In addition to ex-
ternal kink modes, we have also studied the high-n balloon-
ing modes. Our results show that the ballooning modes carv. STABILITY OF VERTICAL MODES

be stabilized by 3D shaping and thus the beta limit can be ) ) ) )
increased from 2% to 4% in one specific case. It is known that tokamaks with high elongation suffer

Finally, it worth noting the recent work by Johnson from lack of vertical stability which could result in disrup-
et all! where the external kink modes were shown to belions unless feedback stabilization were employed.
unstable in LHD at moderate value of beta®# 2% at zero We find that th? vertical mOQ(i)f n=0 famlly) can be
net current. Addition of the self-consistent bootstrap currenf?uch more stable in QAS devices than in tokamaks. The

was found to strongly enhance the kink growth rate and reconfigurationc82 is calculated to be robustly stable to the

duce the beta limit further. As pointed out by the authors,Vertical mode. The stability has been confirmed by CAS3D
Iculations with a conducting wall at infinifé.In order to

this low beta limit is probably due to the large rotational @ ; -
transform in LHD wherec>1 for most of the plasma. In understand the physics, we have evaluated stability for a se-
ries of equilibria by varying the degree of nonaxisymmetric

shape oft82. Figure 11 shows the eigenvalue of the vertical

0.005 —————T 77— mode as function of the fraction of nonaxisymmetric shape,
i r, =45a] f, at fixed current profile and zero beta. Hdre 1 corre-
< 0004 | tokamak B=0 1 sponds to the fult82 shape anél=0 corresponds a tokamak
S e ] with the axisymmetric shape @B82. Equilibria are obtained
€ 0003 [ "‘x‘_ 3 by linear interpolation of the tokamak shape and 482
& i X, ] shape [i.e., Ryn(f)=fRmn, Zmn(f)=fZy,, for n#0,
i.%» 0.002 | ‘\\ . where Ry, , and Z,,, are Fourier coefficients of the82
o [ ‘e ] shapg. We observe that there is a large stability margin for
& o001 [ “. c82 A the vertical mode irc82 with the marginal point at=0.6.
J{ ] The results of Fig. 11 are obtained with zero beta because of
0 L ! = | ! | equilibrium convergence problem due to lavat smallf. At
0 02 04 06 08 1 1.2 finite f, the effects of beta are found to be stabilizing. Thus,
f an even larger margin is expected at finite beta.
FIG. 11. The eigenvalue of the vertical mode vs fraction of c82's nonaxi- e have derived an analytic stability criterion for verti-

symmetric shape cal mode in a large aspect ratio QAS with constant current
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