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Chapter 1

Intr oduction

Thebooksby Stevens,3 Padmanabhan,4 andTribble5 areparticularlynice,concisesummaries
of advancedphysicsat thegraduatestudentlevel.

For a brief review of complex analysis,try Tribble's book or AppendixC “Pedestrian's
guideto Complex Variables,” in Nicholson's Introductionto PlasmaTheory. (If thatstartstoo
deepfor you,checkout thereferenceshesites.I likeSokolnikoff andRedheffer, Mathematics
of PhysicsandModernEngineering.)

Summariesof E&M andclassicalmechanicsarein K. Miyamoto,PlasmaPhysicsfor Nu-
clearFusion(MIT, 1980).

Unlessotherwiseindicated,mostof theformulasherearein cgs, not SI M K S.

Acknowledgements:Thanksto my many physicsandmathematicsteachersovertheyears,
includingProf.TomStix, Paul Bamberg, GeorgeCarrier, andmany others.Usefulcorrections
andsuggestionsfor thisdocumenthavebeenmadeby Tim Stoltzfus-Dueck,Nino Pereira,and
...
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Chapter 2

Mathematics

2.1. BasicEquations

QuadraticEquation:

ax2 + bx+ c = 0 ) x =
� b�

p
b2 � 4ac

2a

Factorials:
n! = n(n � 1)(n � 2) � � � (3)(2)(1)

1! = 1 0! = 1

(2n + 1)!! = (2n + 1)(2n � 1)(2n � 3) � � � (5)(3)(1) =
(2n + 1)!

2nn!
(2n)!! = (2n)(2n � 2)(2n � 4) � � � (4)(2) = n!2n

The numberof permutations(whereordermatters)of k objectsselectedfrom a setof n
objects,is

n!
(n � k)!

= n(n � 1)(n � 2) : : : (n � k + 1):

Thenumberof combinations(whereorderdoesn't matter)of k objectsselectedfrom asetof n
objectsis (this is sometimescalled“n choosek”):

�
n
k

�
=

n!
k!(n � k)!

Thebinomialtheorem:

(x + y)n =
nX

k=0

�
n
k

�
xkyn� k

4



2.1. BASIC EQUATIONS 5

Geometry

EllipseArea= � ab.
Circle Area= � r 2, Circumference= 2� r .
SphereVolume= 4

3 � r 3, Area= 4� r 2. b

a

SolidAngle: � 
 =
� S
R2

Z

@V
d
 = 4� R

Sd

x

y

r r sin

r cos
q

q

q

Trig identities:
sin2 x + cos2 x = 1

tan x =
sinx
cosx

=
1

cot x
secx =

1
cosx

cscx =
1

sinx

cos2 x =
1 + cos2x

2
cos(x + y) = cosx cosy � sinx siny

sin2 x =
1 � cos2x

2
sin(x + y) = sinx cosy + cosx siny

Exponentialidentities:
ei� = cos� + i sin�

sin� =
ei� � e� i�

2i
cos� =

ei� + e� i�

2i

sinh� =
e� � e� �

2
cosh� =

e� + e� �

2

cosh2 x � sinh2 x = 1

For anarbitrarytriangle:

a2 + b2 � 2abcos� = c2

sin�
c

=
sin�

b
=

sin�
a

a

b

c
q x

f



6 CHAPTER2. MATHEMATICS

Differ entiation
dg(u) = g0(u)du

d(f g) = f dg+ gdf

d
�

f
g

�
=

gdf � f dg
g2

dsinx = cosxdx d tan x = sec2 xdx

dcosx = � sinxdx dcotx = � csc2 xdx

dsecx = tan x secxdx dcscx = � cotx cscxdx

darcsinx =
dx

p
1 � x2

darccosx =
� dx

p
1 � x2

darctanx =
dx

1 + x2
darcsecx =

dx

x
p

x2 � 1

d logx =
dx
x

TaylorSeries(with remainder):

f (x) = f (a) +
f 0(a)

1!
(x � a) +

f 00(a)
2!

(x � a)2 + � � � +
f (n)(a)

n!
(x � a)n +

f (n+1) (X )
(n + 1)!

(x � a)n+1

In�nite Series:
1

1 � x
= 1 + x + x2 + � � � + xn + � � �

1 � xn+1

1 � x
= 1 + x + x2 + � � � + xn

ex = 1 + x +
x2

2!
+

x3

3!
+ � � � +

xn

n!
+ � � �

sinx = x �
x3

3!
+

x5

5!
+ � � � + (� 1)n x2n+1

(2n + 1)!
+ � � �

cosx = 1 �
x2

2!
+

x4

4!
+ � � � + (� 1)n x2n

(2n)!
+ � � �

for � 1 < x < 1: log(1 + x) = x �
x2

2
+

x3

3
+ � � � + (� 1)n+1 xn

n
+ � � �

p
1 + x = 1 +

x
2

�
x2

8
+

x3

16
� � � �

1
p

1 + x
= 1 �

x
2

+
3x2

8
�

5x3

16
� � � �

for jxj > jyj: (x + y) � = x � +
�
1!

x � � 1y +
� (� � 1)

2!
x � � 2y2 + � � �



2.1. BASIC EQUATIONS 7

Vector & TensorOperators

r =
�

@
@x

;
@
@y

;
@
@z

�

d~A = d~r � r ~A

d~A = (dx; dy; dx)

0

B
B
B
B
B
B
B
B
@

@
@x

@
@y

@
@z

1

C
C
C
C
C
C
C
C
A

(Ax ; Ay; Az)

HereI amusingthenotationthata row vectortimesa columnvectoris a dot product,while
a columnvector timesa row vector is a tensorproduct. I.e., r ~A is a tensorproduct,while
~B � r ~A is a vector(thegradientof ~A in thedirectionof ~B).

Einsteinsummationconvention: thereis an implied sumover repeatedindices.This sim-
pli�es workingwith tensorsrepresentedastheir indexedmatrixelements.Let x i for i = 1; 2; 3
representthex,y,z coordinates,andA i thecomponentof ~A in thei' th direction.

~A � ~B = A i B i

( ~B � r ~A) i = B j
@A i

@x j

Tensor notation (for simpleCartesiangeometry, ignoring contravariantvs. covariantrepre-
sentationsanduppervs. lower indices):Writing two vectorsnext to eachother(without a dot
thatwould indicateadotproductor innerproduct)is calleda tensorproduct(or outerproduct)
andresultsin a second-ranktensor: ~A ~B = A i B j (sometimesthis is calleda dyad;the tensor
productis sometimesdenotedby ~A 
 ~B .) Tensorsare� matrices:

~~T � ~A = Tij A j
~~T � ~~P = Tij Pj k

~A � ~~T = A j Tj i
~~T : ~~P = Tij Pij ( ~A ~B) : ( ~C ~D) = ~C � ~A ~B � ~D;

~~T : ~~P involvescontractionwith respectto two indicesandis calledacolonproduct(or a “dou-
ble dotproduct”). It is ageneralizationof ascalarinnerproductfrom vectorsto matrices.The

Frobeniusmatrixnormjj ~~Tjj =
� ~~T: ~~T

� 1=2

.

r  is avector=
@

@x i
 

r ~A is a tensor=
@

@x i
A j

r � ~~T is avector=
@

@x i
Tij

r � ( ~A � ~~T) =
@

@x j
(A i Tij ) = A i

@
@x j

Tij +
@A i

@x j
Tij = ~A �

�
r � ~~T t

�
+

�
r ~A

�
: ~~T

where ~~T t is thetransposeof ~~T. Theunit tensor~~1 = I = identity matrix= Kronecker delta

� ij =
�

1 if i = j
0 if i 6= j



8 CHAPTER2. MATHEMATICS

Levi-Civita symbol:

( ~A � ~B) i = " ij kA j Bk where

� ij k =

8
<

:

1 if i 6= j 6= k cyclic permutationof 1, 2, 3
� 1 if i 6= j 6= k cyclic permutationof 1, 3, 2

0 if i = j or j = k or i = k

(r � A) i = " ij k
@

@x j
Ak

� ij k � il m = � j l � km � � j m � kl is equivalentto

( ~A � ~B) � ( ~C � ~D) = ( ~A � ~C)( ~B � ~D) � ( ~A � ~D)( ~B � ~C)

Cylindrical, Spherical,and GeneralGeometry

x

y

z

z

f
r

Cylindrical geometry:d~r = r̂ dr + �̂r d� + ẑdz.

x

y

z

z

f
r

q

q

f̂

^

r̂

^

^

^

Sphericalgeometry:d~r = r̂ dr + �̂ r d� + �̂r sin� d� .
Add somethinghereaboutvectoroperatorsin generalcurvilinearcoordinates,Jacobians,

coordinatetransformations,etc??
d~S is avectorthatis “normal” to thesurface,jd~Sj measuresthearea.



2.1. BASIC EQUATIONS 9

Integration

Z
f dg = f g �

Z
gdf

Z
dx
x

= logjxj

Z 2�

0
sin2 � d� = �

GammaFunction: �( x) = (x � 1)! =
Z 1

0
tx� 1e� tdt

Stirling'sapprox.: n! �
p

2� n nne� n (1 +
1

12n
+ : : :)

uniformapprox.goodfor n = 0: n! �
p

2� n + 1nne� n

error� 1%for integern � 0, maxerror� 4%for n � 0:1

GeneralizedMaxwellianMomentsfor complex � , � ; Real� > 0:

Gn =
Z + 1

�1
xne� �x 2

e� � x dx

G0 =

r
�
�

e� 2=(4� ) G2n = (� 1)n @nG0

@� n
G2n+1 = (� 1)2n+1 @2n+1 G0

@� 2n+1

In particular, for aMaxwelliandistribution function:

f M =
�

1
p

2� vt

� 3

exp
�
� (v2

x + v2
y + v2

z)=(2v2
t )

�

v2
t =

T
m

hv2n
x i =

Z
d3v v2n

x f M = v2n
t (2n � 1)!!

SothathEi = 1
2mhv2

x + v2
y + v2

z i = 3
2T. I.e., theaverageenergy perdegreeof freedomis 1

2T.
“Normal” distribution function:

f (xj �x; � ) =
1

p
2� �

exp

"

�
1
2

�
x � �x

�

� 2
#

“Error” function:

�( y) =
2

p
�

Z y

0
e� t2

dt =
Z + y

p
2�

� y
p

2�
dxf (x; 0; � )

�(0) = 0 �( �1 ) = � 1 �(1 � =
p

2� ) = 0:68 �(2 � =
p

2� ) = 0:95
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2.2. ComplexAnalysis

f (z) is analytic in someregion if its derivative df =dz exists (i.e., is independentof the
directionof dz in thecomplex plane).Thetermsholomorphic, monogenic, andregular arealso
used.More formally, f is holomorphicif f satis�estheCauchy-Riemannequations(whereu
andv arereal-valuedfunctions):

f (z) = u(z) + iv (z) z = x + iy

@u
@x

=
@v
@y

@u
@y

= �
@v
@x

Equivalently, f is holomorphicif d(f dz) = 0 in moderndifferentialgeometrynotation.If f is
holomorphic,thenit satis�es

r 2f =
@2f
@x2

+
@2f
@y2

= 0

Cauchy's integral formula:For z 2 regionD, andf (z) holomorphiceverywherein D, then
the n' th derivative of f is relatedto the following integral aroundthe boundaryof D (going
counter-clockwisearoundthecontourD):

f (n)(z) =
n!

2� i

Z

@D

f (� )
(� � z)n+1

d�

Theleadsto theformulafor contourintegrals:
I

C
f (� )d� = 2� i � (sumof theresiduesinsidethecontourC)

If f (z) hasapoleof ordern at z = a, thenits residueis de�ned as

residue=
1

(n � 1)!
lim
z! a

dn� 1

dzn� 1
((z � a)n f (z))

FourierTransforms:

f (t) =
1

p
2�

Z 1

�1
e� i! t F (! )d!

F (! ) =
1

p
2�

Z 1

�1
ei! t f (t)dt

Convolution theorem:
Z 1

�1
e� i! t F (! )G(! )d! =

Z 1

�1
g(t � t0)f (t0)dt0

Fouriertransformof aGaussianis a Gaussian:f (t) = e� at2
! F (! ) =

1
p

2a
e� ! 2=(4a)

Commonformsof Dirac deltafunction: � (t) =
1

2�

Z 1

�1
d! e� i! t

� (t) = lim
L !1

sinLt
� t

� (t) = lim
� ! 0+

�
� (� 2 + x2)

lim
� ! 0+

1
x � a � i�

= P:V:
1

x � a
� i� � (x � a)
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2.3. Differ ential Equations

ODE's,WKB methods,PDE's. Green's functions.
Dirichlet boundaryconditionstake theform f (x = x0) = C.
Neumannboundaryconditionstake theform df =dxjx= x0 = C.
Threemainclassesof partialdifferentialequations:

� Hyperbolic(wave-likewith characteristics):ut = ux , or utt = uxx .

� Parabolic(diffusion-like): ut = uxx .

� Elliptic (Poisson-like): uxx + uyy = 0

GeneralizedLangevin equation,Green's functionsolution.
SpecialFunctions.

2.4. Linear Algebra and Matrices

2.5. Numerical Methods

ODE's: Firstorderexplicit andimplicit, SecondorderRunge-Kuttaor Predictor-Corrector
Schemes,Adams-Bashforth,Leapfrog, Backward differentiation formulas (BDF) for stiff
equations.Numericalstability, phaseerrorsof variousschemes
PDE's: Dif fusion equationsandimplicit methods.Convectionequationsandupwind differ-
encingandlimiter methods.Tri-diagonalmatrix solver

Finite Fourier Transforms,Convolution equations.Dealiasedpseudospectralmethodsby
the(2/3) rule.

Modernhigher-orderupwindalgorithmsfor hyperbolicconservationlaws: Total Variation
Diminishing�ux-limited algorithms,WENO.

2.6. The GreekAlphabet

Alpha A � Nu N �
Beta B � Xi � �
Gamma � 
 Omicron O o
Delta � � Pi � � , $
Epsilon E � , " Rho P � , %
Zeta Z � Sigma � � , &
Eta H � Tau T �
Theta � � , # Upsilon � �
Iota I � Phi � � , '
Kappa K � Chi X �
Lambda � � Psi 	  
Mu M � Omega 
 !



12 CHAPTER2. MATHEMATICS

MathandLaTeX dictionary
@ \aleph aleph
< \Re realpart
= \Im imaginarypart
1 \infty in�nity
8 \forall for all
9 \exists thereexists
R \mathbb R thesetof all realnumbers
C; Z; Q thesetof all complex numbers,integers,or rationals
f : : :g lists theelementsof aset
2 \in elementof
� \subset subset
\ \cap intersection
[ \cup union
(a;b] interval with openandclosedendsf x : a < x � bg
( ) or if f if andonly if

Examplesof mathematicalnotation:Let f (~x; t) bea functionthatmapsanm-dimensional
vector~x anda realvaluedt to a realnumber. Thenotationfor this is, f : Rm � R ! R.



Chapter 3

ClassicalMechanics

Classical(non-quantum,non-relativistic) Lorentzequationof motionfor a particlein anelec-
tric andmagnetic�eld:

d~x
dt

= ~v

m
d~v
dt

= ~F = m~a = e

 

~E(~x) +
~v � ~B(~x)

c

!

Lagrangianformulationfor generalizedcoordinatesqi :

d
dt

�
@L
@_qi

�
�

@L
@qi

= 0

L(qi ; _qi ) =
1
2

mv2 +
e
c
~v � ~A � e�

where _qi = dqi =dt. TheHamiltonianformulationusesthegeneralizedmomentum

pi =
@L
@_qi

To obtaintheHamiltonian
H (pi ; qi ) = � L +

X

i

pi _qi

=
1

2m

�
~p �

e
c

~A
� 2

+ e�

And theHamiltonianequationsof motionare:

_~q =
@H
@~p

; _~p = �
@H
@~q

Themeaningof all this?
K = KineticEnergy

U = PotentialEnergy

L = K � U; H = K + U

Note that L = L(~q; _~q) while H = H (~q; ~p), so that @=@qi in the two different approaches
(LagrangianandHamiltonian)holdsdifferentindependentvariables�x edbecause~p 6= _~q.

Thetimeevolutionof any functionde�ned on phasespace(andtime) f (~q; ~p;t) is

df
dt

=
@f
@t

+
@f
@qi

_qi +
@f
@pi

_pi =
@f
@t

+
@f
@qi

@H
@pi

�
@f
@pi

@H
@qi

�
@f
@t

+ f f ; H g

whichservesto de�ne thePoissonbracket f f ; H g.

13



Chapter 4

PlasmaPhysics

Fundamental phenomena: electronplasmaoscillations,Debyeshielding,gyroradius,gyro-
frequency, collisions,plasmaskindepth.

Debye shielding from Boltzmann response in thermodynamic equilibrium: f /
exp(� H=T) / exp(� (mv2=2 + q�) =T ! n / exp(� q� =T)

Plasma Parameter � = n� 3
D = # of particlesin a Debyesphere. � � 1 de�nes the

usualplasmastate. Nearestneighborinteractionsweak: (potentialenergy of nearestneigh-
bors)/(kinetic energy) � 1=� 2=3. Collective interactionsstrong (quasineutrality, Debye-
shieldinglength is short,2-streaminstability, frozen-in �eld lines, Alfv én andotherplasma
waves).

Fundamental length scales(evaluatedfor � � 106):

90� impact
parameter

:
average
interparticle
spacing

:
Debye
shielding
length

: meanfreepath

b : n� 1=3 : � D : � mf p

� � 1 : � � 1=3 : 1 : � =log�

10� 6 : 10� 2 : 1 : 105

bis the“distanceof closest-approach”for asingle90� collision(thoughit turnsout thatthenet
scatteringrateis enhancedby a factorof log� dueto many small-anglescatters.)� mf p � v=�
is themeanfreepathbetweencollisions.

Timescales:Collision frequency is weak:� =! pe � log� =� .

??Guidingcenterdrift equations(Lagrangianformulation).
Laser-plasmainteractions.Figure-8orbits.

4.1. FundamentalKinetic Theory

Classical(non-quantum)non-relativistic Lorentzequationof Motion for thei ' th particle:

d~x i

dt
= ~vi

mi
d~vi

dt
= ~Fi = mi~ai = ei

 

~E(~x i ) +
~vi � ~B(~x i )

c

!

14



4.2. FOKKER-PLANCKCOLLISION OPERATOR AND COULOMB SCATTERING 15

A trick for replacingthese2N ODE's with a singlePDE is to usethe Klimontovich-Dupree
equationfor f � (~x; ~v; t) =

P
i � (~x � ~x i (t)) � (~v � ~vi (t)) ,

@f �

@t
+ ~v �

@f �

@~x
+ ~a �

@f �

@~v
= 0

TheVlasov equation for f is identicalto this equationfor f � , exceptthat f is consideredto
be a smoothdensityof particlesin phase-space(andso hasbeencourse-grained,averaging
over a �nite volume,or f is consideredasa statisticalprobability function from anensemble
average).This smoothf (which producesa smoothelectric�eld) thusignoresthe effectsof
collisionsbetweendiscreteparticles(wherethe electric �eld blows up if any two particular
particlesget too close).Collisionsmustbereintroducedvia a collision operatoron theright-
handside(or will arisefrom next ordercorrectionsin thecoarse-graining/averagingprocedure
asin theBBGKY hierarchy),leadingto theBoltzmann equation:

@f
@t

+ ~v �
@f
@~x

+ ~a �
@f
@~v

= C(f )

Anotherapproach:MultidimensionalConservationLaws.
Let f (x1; x2; : : : ; xN ; t) be a distribution for an N -dimensionalphasespace,wherethe

equationsof motionaredxi =dt = _x i = ui . Thenparticleconservationcanbeexpressedas:

@f
@t

= �
X

i

@
@x i

( _x i f ) = �
X

i

@
@x i

(ui f ) = � ~r � (~uf )

Breakingup thephase-spacein to the canonicalpositions~q = (x1; x2; : : : ; xN=2) andthe
canonicalmomenta~p = (xN=2+1 ; : : : ; xN ), thenthephase-spaceconservation law for f (~p;~q)
canberewrittenas

@f
@t

+
@
@~q

�
�

_~qf
�

+
@
@~p

�
�

_~pf
�

= 0:

UsingtheHamiltonianequationsof motiononecanthenshow Liouville' s theorem

Df
Dt

=
@f
@t

+ _~q �
@f
@~q

+ _~p �
@f
@~p

= 0;

i.e., f is constantalongtrajectoriesin phasespace(conservationof phase-space).
Equilibrium solutions(if f a functiononly of constantsof themotion,Boltzmannthermo-

dynamicequilibrium...).
2-streaminstability, Landaudamping.

4.2. Fokker-Planck Collision Operator and Coulomb Scattering

Generalexpressionfor probabilistictransitions.Let f (~v; t) be thedensityof particles(or
the probability distribution for a single particle) at velocity ~v at time t. If P� t (~v; ~� ) is the
probabilityof aparticleinitially at~v takingastepto ~v + ~� , then

f (~v; t) =
Z

d3� f (~v � ~� ; t � � t)P� t (~v � ~� ; ~� )

This is alsoknown asaMarkov process.DoingaTaylor-seriesexpansionfor small�

f (~v � ~� ; t � � t)P� t (~v � ~� ; ~� ) � f (~v; t � � t)P� t (~v; ~� ) + � i
@

@vi
f (~v; t � � t)P� t (~v; ~� )

+
1
2

� i � j
@

@vi

@
@vj

f (~v; t � � t)P� t (~v; ~� )
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integratingoverall ~� andtakingthelimit � t ! 0 givesthegenericFokker-Planck equation:
�

@f
@t

�

Coll

= C(f ) = �
@

@vi

�
f (~v; t)

h� vi i
� t

�
+

@
@vi

@
@vj

�
f (~v; t)

h� vi � vj i
2� t

�

= �
@

@vi

h
f (~v; t) _~vi

i
+

@
@vi

@
@vj

[f (~v; t)D ij ] = �
@Ji

@vi

Whereh� vi i =
R

d3� P� t (~v; ~� )� i , andsimilarly for h� vi � vj i . For �nite sizetime steps,the
diffusiontensorshouldbegivenby

D ij =
h(� vi � h� vi i )(� vj � h� vj i )i

(2� t)

(assumingI did themulti-dimensionalgeneralizationof this right??). ~J =
P

�
~J �� is givenin

theNRL formularyandis the�ux in velocityspaceof species� dueto collisionswith species
� . Becauseof theanalogywith electrostaticsnotedby Rosenbluth,theRosenbluthpotentials
in theNRL canalsobewrittenas

r 2
vH = � (1 +

m�

m�
)4� f � r 2

vG =
2

1 + (m� =m� )
H

If f � is Maxwellian,thenthecollision operatorsimpli�es to theform at thetop of NRL p. 36
(this ignorestheback-reactionof f � dueto collisionswith thenon-Maxwellianf � ). A useful
I.D.:

@
@~v

�
�

1
2v3

(v2~~1 � ~v~v)
�

= �
~v
v3

Qualitati vecollision rates:

� ei : � ee : � ii : � ie

Zef f : 1 :
p

me=mi : me=mi

Electron-ioncollisionscausepitch angle-scatteringonly, giving rise to resistivity (electrons
losemomentumto ions), andelectron-electroncollisionscausef e to approacha Mawellian
(preservingtheelectronenergy, in theion restframe). Ion-ion collisionscausef i to approach
a Maxwellian(preservingtheion energy). Ti andTe equilibrateonly at thevery slow � ie rate.
� � 1=v3 soenergeticparticlesarelesscollisional.
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4.3. Braginskii Fluid Equations

Thesummaryof Braginskii in theNRL is supplementedhere.BraginskiiusestheLandau
collisionoperatorfor Coulombcollisionsbetweenionizedparticles(thusignoringatomicpro-
cesses,collisionswith neutrals,externalsourcesor sinksof particlesor energy). (Note, the

NRL reversesthede�nition of ~~� and~~P relative to Braginskii'soriginalnotation.)

n� =
Z

d3vf � n� ~u� = n� h~vi � =
Z

d3vf � ~v

Pressuretensor ~~� � = p�
~~1+ ~~P � = n� m� h�~v�~vi � = n� m� h(~v�h ~vi � )(~v�h ~vi � )i �

Heat�ux ~q� = n�
1
2

m� hj�~vj2�~vi �

Friction / Collisionaldragrate ~R� =
Z

d3v m� �~v C� & heating Q =
Z

d3v
1
2

m� j�~vj2 C�

De�ning p = nT giveshmj�~vj2=2i = (3=2)T, i.e. T=2 of energy perdegreeof freedom(di-
mensionsor modesamongwhich energy canbeshared).p is theisotropicpartof thepressure

tensor, so ~~P mustbe traceless.Braginskii useda Chapman-Enskog-like approachto calcu-
late theclosuresin thecollisional limit. TheNRL hassummariesof Braginskii for 
 c� � 1
or � 1, thoughBraginskii hasmore generalexpressions.The NRL expressionsare for a
hydrogen-electronplasma,while Braginskiigivesexpressionsfor a plasmawith arbitraryion
charge Z i andfor multiple ion species,ne =

P
i ni Z i . To generalizethe NRL formulasfor

arbitraryZ i , the electronandion collision timesandvariouscoef�cients aremodi�ed in the
following way:

� e =
3
p

me T3=2
e

4
p

2� ni Z 2
i e4�

� i =
3
p

mi T3=2
i

4
p

� ni Z 4
i e4�

Z i dependenceof varioustransportcoef�cients (Braginskii,Table1)

First termof
Z i � k

~RT and~qe
u � e

k � e
?

1 1.96 0.71 3.16 4.66
2 2.27 0.9 4.9 4.0
3 2.50 1.0 6.1 3.7
4 2.63 1.1 6.9 3.6
1 3.409 1.5 13.69 3.2

I.e., the equationfor � k is � k = 1:96� ? for Z i = 1, and� k = 2:63� ? for Z i = 4. Spitzer's
resultfor resistivity is identicalto Braginskii's. Spitzer'sresultfor theenergy equilibrationrate
reducesto Braginskii's resultfor m� =m� � 1.

TheNRL/Braginskiide�nitions for ~~W arevalid for arbitrary, non-straight,~B �elds, aslong

asoneidenti�es ẑ with b̂= ~B=B. For example,Wzz = b̂� ~~W � b̂= 2̂b� (r ~v) � b̂� (2=3)r � ~v.

Note that ~~P and ~~W aretraceless(Wxx + Wyy + Wzz = 0) andsymmetric. In the strongB
limit (
 c� � 1, where� is the collision time), Braginskii's stresstensorbecomesdiagonal

to lowestorder, ~~P = � � 0[Wzz b̂̂b � (Wzz=2)(~~1 � b̂̂b)]. Evenwithout strongcollisions,in the
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strongB limit (! =
 c � 1, �=L � 1) therapidgyrationof particlesmeansthatf (~v) to lowest
ordermustbe isotropicperpendicularto ~B, sothepressuretensormustbediagonal,yielding

theCGL (Chew-Goldberger-Low) pressuretensor~~� = pk b̂̂b+ p? (~~1 � b̂̂b). TheCGL “double
adiabatic”equationsof state(neglectingheat�o ws andcollisions):

d
dt

� p?

nB

�
= 0 (from � conservation)

d
dt

 

Tk

�
B
n

� 2
!

= 0
(if the magnetic �eld and plasmamove together, Tk

changesonly dueto compressionparallelto ~B)

The �uid equationsare often simpli�ed further (suchas in simple MHD) by assuming
isotropicpressureandneglectingheat�o wsandcollisionalenergy exchangebetweenspecies:

@p
@t

+ ~v � r p = � � pr � ~v or
d
dt

� p
n�

�
= 0

i.e., an adiabaticequationof statewherea �uid elementcompressesor decompressesasan
ideal gaswith p = Cn� (C is constantas the �uid elementmoves,but may differ between
�uid elementsbecauseof the spatialvariationof the initial temperature,so the above form
d=dt(p=n� ) = 0 is moregeneral).� = 5=3 in 3-D, or � = (2 + d)=dwith d = # of degreesof
freedomin general.While this equationof statecorrespondsto zeroheat�ux (which maybe
appropriatefor wavesthatpropagatefasterthanparticles,! =k � vt ), choosing� = 1 allows
oneto considertheoppositelimit of a heat�ux sorapid that the temperatureis uniform (this
isothermalclosuremaybeappropriatefor phenomenawith ! =k � vt ). For somephenomena,
anevensimplerclosureof p = 0 (thecold-plasmaapproximation)is made.Intermediatecases
where! =k � vt givesriseto Landaudamping.Approximate�uid modelsof Landaudamping
useclosuresfor highermomentsthatcorrespondto characteristicdampingratesof ordervt jkj,
thephase-mixingrate.8

Equations of state summary: adiabatic p / n5=3, isothermal p / n, cold-plasma
p = 0.

Braginskii'sequationsarederivedfor aspeci�c orderingandtherearecorrectionsthatcan
becomeimportantin someregimes. For example,seepapersby CattoandSimakov10 circa
2002-2005.Mikhailovskii andTsypin11 have termslike

r � ~� � c1r ~u + c2r ~q

wherec1 is Braginskii-typetermsandc2 areMikhailovskii'snew heat�ux terms?

Spitzer's resolutionof theFluid-Particleparadox:The�uid �o w velocity is thesumof the
particleguidingcenterdrifts plus a diamagneticvelocity (a.k.a. magnetizationcurrent). I.e.,
thecurrentfrom aparticularspeciesis

~j = ~j E � B + ~j r B + ~j cur v + ~j pol + : : : + ~j M

wherethe magnetizationcurrentis given by ~j M = r � ~M = �r � (cnsh� si b̂) = �r �
((c=B)p? b̂), andh� si is themeanmagneticmomentfor speciess.
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4.4. MHD/One-Fluid Equations

Thestandardorderingassumptionsto derivesimpleMHD are:slow time scalescompared
to the gyrofrequency andlarge spatialscalescomparedto thegyroradius(similar to thedrift
equations),! =
 ci � � i =L � � � 1. me=mi � 1 is usedandquasineutralityis assumed
(this ordersout high-frequency electronplasmaoscillations),andvA =c � 1 is assumed(the
displacementcurrent is ignoredto order out light waves). MHD allows �o ws u � c~E �
~B=B2 � vti and� � 1, thoughsubsidiaryorderingscanbemadelater. Switchfrom two-�uid
variablesto one-�uid variables:massdensity� =

P
� n� m� , mass-weighted�o w velocity

� ~u =
P

� n� m� ~v� , currentdensity~j =
P

n� q� u� , andde�ne pressurerelative to ~u, ~~� =
P

� m� n� h(~v � ~u)(~v � ~u)i � � p~~1

Conservationof Mass
@�
@t

+ r � (� ~v) = 0

Momentumconservation,forcebalance �
d~u
dt

= �r p +
~j � ~B

c

Energy conservation,adiabaticpressure
dp
dt

= � � pr � ~u

GeneralizedOhm'sLaw (FLR but me ! 0) ~E +
~u � ~B

c
= � ~j �

r pe

ne
+

~j � ~B
nec

MagnetostaticMaxwell'sEqs:
@~B
@t

= � cr � ~E r � ~B =
4�
c

~j

OtherMaxwell's equations:r � ~B = 0 is only aninitial condition,andr � ~E = 4� � is used
only to verify quasineutralityassumption.The last term of the generalziedOhm's law is the
Hall term,andthelast two termsof theOhm's law areusually� i =L smallerthanthe�rst two
termsandareneglectedin standardMHD. Extensionsof simpleMHD aresometimesmadeto

keepa CGL pressuretensoror a full pressuretensor, r p ! r � ~~� , usingequationsof stateor
Braginskiitransportcoef�cients from theprevioussection.

Thereare three main waves in MHD . Linearizing the MHD equationsfor a uniform
plasmawith astraightmagnetic�eld andanadiabaticequationof state� p = c2

s� � , thegeneral
dispersionrelationis

(! 2 � k2
k v2

A )( ! 4 � ! 2k2(c2
s + v2

A ) + k2k2
k c2

sv
2
A ) = 0

wherethe Alfv én speedvA is givenby v2
A = B 2=(4� � ), andthe soundspeedcs is givenby

c2
s = � p=� = �( Ti + Te)=mi . Approximateformulasthat interpolatefor arbitary� are: the

shearAlfv én wave ! 2 = k2
k v2

A , the fast magnetosonic(compressionalAlfv én) wave ! 2 =
k2(v2

A + c2
s), andtheslow magnetosonicwave,a.k.a. the slow mode(at high betasometimes

called the pseudo-Alfvén wave, and at low beta it becomesan ion acousticwave) ! 2 =
k2

zv2
A c2

s=(v2
A + c2

s). (Thereis also the lesserknown entropy mode,but this is eliminatedby
usinganadiabaticequationof stateinsteadof the time-dependentpressureequation.In ideal
MHD the entropy modeis zerofrequency andhas� � 6= 0 but � p = 0 (i.e., force balanceis
maintainedby oppositedensityandtemperaturegradients).)

??� W Energy principle,Grad-Shafranov Equation,MHD equilibriain generalgeometry.

4.5. Waves

cold-plasmadielectrictensor?quasilineartheory?
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4.6. Stochasticity, Turbulence,and Transport

4.7. Tokamak Equilibrium

4.8. CommonPlasmaPhysicsParameters

“Safetyfactor” (better, “inverserotationaltransform”or “winding ratio”):

q =
2�
�

=
d	 tor

d	 pol
�

r
R

B �

B �

Magneticshear

ŝ =
r
q

dq
dr

Randomwalk diffusioncoef�cient

D =
1
2

(� x)2

� t

Dclassical = � ei � 2
e

Turbulentmixing lengthestimate

Dml =


k2

?

Bohm

DB ohm =
1
16

cTe

eB

Gyro-reducedBohm(� x � 1=k � � , � t � 1=
 � 1=! � evaluatedat k? � � 1):

DgB =
cTe

eB
� s

Ln
= cs� s

� s

Ln

Reactionratesareof theform � = n� n� h� vi =(1 + � ij ), wherethe� ij correctsfor thecase
of self-collisions.

??Theform of 1.5Dtransportequationsin generalgeometry.
?? 0-D scalingrelationsfor reactordesignstudies:Troyon betalimit � / I =(aB), global

energy scaling,Greenwalddensitylimit, pedestalscalings,H-modepower thresholds.shaping
effects,bootstrapfraction.Trubnikoff 'sECEcyclotronpower losses.



Chapter 5

Quantum Mechanics

5.1. The essentialquantum mechanic

Schr̈odinger's Equation:

i~
@
@t

	 = H 	 =
�

p2

2m
+ V

�
	 =

�
�

~2

2m
r 2 + V

�
	

Planewaves(with momentump = ~k andenergy E = ~! ):

	 / ei (kx� ! t ) = ei (px� E t)=~

Commutators:[x; p] = xp � px = i~

d
dt

hAi =
�

dA
dt

�
+

i
~

h[H; A]i

Heisenberg UncertaintyPrincipleh(� A)2ih(� B )2i � 1
4 jjh j[A; B ]j ijj 2.

“Natural units” uses3 fundamentalunits: action(or angularmomentum)(~), velocity c,
andenergy eV. The3 fundamentalunitsof cgsarelength,mass,andtime, and“action” has
units of [momentum]� [length]. . In naturalunits, ~ = c = 1, and all physicalunits are
reportedin “eV”.

?? Couldadd:Harmonicoscillator, Variationalmethods,Bound-statenon-degenerateper-
turbationtheory, degenerateperturbationtheory, time-dependentperturbation,scatteringthe-
ory, Bornapproximation,angularmomentumandspin,atomicenergy levels.
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Chapter 6

Astrophysics

1 parsec(pc) = 3:086� 1016m = 3:262lyr

1 light year(ly) = 9:461� 1015m

1 Julianyear= 365:25days= 3:156� 107s

Approx. ahundred,thousand,million (1011) starspergalaxy.
Approx. ahundred,thousand,million (1011) galaxiesin thevisible universe.
Approx. 1 supernovaexplosionpergalaxypercentury.
Ageof theuniverse:14billion years.

?? Couldadda length/massscaleobjectplot, startingwith largestscaleat thesizeof the
(visible) universe,clusters,groups,elllitical andspiralclusters,AGN/MBH, globular clusters,
redgiants,stars,white dwarfs,neutronstars,jupiter, earth,etc. (like PadmanabhanTable1.1
or elsewhere),andcontinuingdown to molecules,atoms,nucleons...

Add aphasediagramplot likeFig. 1.1of Padmanabhan?
Couldadda time historyplot: big bang,�rst 3 minutes,light elementfusion,recombina-

tion, �rst stars,reionization,galacticformation,ageof thesolarsystem,earth,...
Stellarstructure,stellarlife cycle...

22
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