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Chapter 1

Intr oduction

Thebooksby Stevens; PadmanabhafiandTribble® areparticularlynice,concisesummaries
of advancedphysicsat thegraduatestudentevel.

For a brief review of complex analysis,try Tribble's book or Appendix C “Pedestriars
guideto Comple Variables, in Nicholsons Introductionto PlasmaTheory (If thatstartstoo
deepfor you, checkoutthereferencesesites.| like Sokolnikoff andRedhefer, Mathematics
of Physicsand ModernEngineering)

Summarie®f E&M andclassicamechanicarein K. Miyamoto, PlasmaPhysicsfor Nu-
clear Fusion(MIT, 1980).

Unlessotherwiseindicated mostof the formulasherearein cgs, notSIMK S.

Acknowledgements:Thanksto my mary physicsandmathematicseachersvertheyears,
including Prof. Tom Stix, Paul Bambeg, Geoge Carrier andmary others.Usefulcorrections
andsuggestion$or this documentiave beenmadeby Tim Stoltzfus-DueckNino Pereiraand



Chapter 2

Mathematics

2.1. BasicEquations

QuadraticEquation:

b » 4ac

2+ bx+ c= =
ax-+ bx+c=0 ) X A

Factorials:
nt=n(n 1)(n 2) ((3)(2)(1)

=1 o= 1
@n+ D= @2n+ )20 DEn 3) G)R)D) = %
@n!'=(2n)2n 2)2n 4) (4)(2) = ni2"

The numberof permutationdwhereorder matters)of k objectsselectedrom a setof n

objects,is |
(nni.k)!: nin 1)(n 2):::(n k+ 1)

Thenumberof combinationgwhereorderdoesnt matter)of k objectsselectedrom asetof n
objectsis (thisis sometimegalled“n choosek”):

n _ n!
k  ki(n k)
Thebinomialtheorem:
(X + y)n — E Xkyn k
k=0
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Geometry

EllipseArea= ah
Circle Area= r2, Circumference= 2 r.
Spherevolume= 3 r3 Area= 4 r2

. dS
SolidAngle: = S d =4
R? oY
y
' J r sinq
9 X
| r cogy
Trig identities:
siPx + cogx = 1
sinx 1
tanx = —— = —— sexx = —— CSCX = ——
COSX  cotx COSX sinx
1+ cosz2x . .
cogx = — cosf + y) = cosxcosy sinxsiny
. 5 1 cos2x , , ,
sin“x = — sin(x + y) = sinx cosy + cosx siny

Exponentiaidentities: _
€ = cos +isin

sin = u Cos = u
2 2
e e e +e
inh = h =
Sl 2 Ccos 2

coslfx sinPx=1
For anarbitrarytriangle:
a+ b 2abcos = ¢
sin sin sin
C b a
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Differ entiation
dg(u) = g{u)du
d(f g) = fdg+ gd
q f_ _ gd 2f dg
g g
dsinx = cosxdx dtanx = seé xdx
dcosx =  sinxdx dcotx =  cs@ xdx
dseox = tan x secxdx dcscx = cotx cscxdx
. dx dx
darcsinx = p—— darccox = p—
1 x2 1 x2
darctanx = dx darcsex = —piidx
L1+ x? Cx x2 1
dlogx = dx
Taylor Seriegwith remainder):
0 (n) (n+1)
f@)-f@»+f%® m+f%?%x a)? + +f'$®o< an e LX)

In nite Series:

(n+ 1)! (

L ogixe®e exe
1 x
n+l
11X =1+x+x*+ +X
X2 X3 n
e?<—1+x+§+§+ ot
3 5 . x2n+1
inx = + =+ 1
sinx=x o+ 4 + ( )(2n+1)l
X2 x4 X 2N
=1 —+ —+ +( 1" +
COSX TR ( )(2n)!
x? X3 X"
for 1<x< 1 log(l+x)=x —+ —+ + 1n+l_+
91+ x) >t 3 (s
x x2 x3
+x=1+ - —+ —
trx=1 2 8 16
1 - §+3x2 5x3
PTix - 278 16
forjxj > jyj: (x+y) =x +EX y + (2I )X 2y2 4

a)n+l
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Vector & TensorOperators

Q
b2
I
Q.
T
-

o

p~)

I

~

X

g

o

Re
g o, R|@
Rle Qo Rle- @e
"2 Qle

(Ax; Ay; A;)

Herel amusingthe notationthata row vectortimesa columnvectoris a dot product,while
a columnvectortimesa row vectoris a tensorproduct. l.e.,r A is atensorproduct,while
B r Aisavector(thegradientof A in thedirectionof B).

Einsteinsummationcorvention: thereis animplied sumover repeatedndices. This sim-
pli es workingwith tensorgepresentedstheirindexedmatrixelementsLetx; fori = 1;2;3
representhex,y,z coordinatesandA; thecomponenbf A in thei' th direction.

A B:AiBi

Tensor notation (for simple Cartesiangeometry ignoring contrazariantvs. covariantrepre-
sentationanduppervs. lower indices):Writing two vectorsnext to eachother(withouta dot
thatwouldindicatea dot productor innerproduct)is calledatensorproduct(or outerproduct)
andresultsin a second-rankensor:AB = A;B; (sometimeshis is calleda dyad;thetensor
productis sometimeslenotecby A B.) Tensorsare matrices:

:i; A= TijAj :|:
A ;F:AjTji T‘:

= Tij Pik

5
P=TP; (AB):(CD)= C AB D;

T : P involvescontractionwith respecto two indicesandis calleda colonproduct(or a“dou-

ble dotproduct”). It is ageneralizatiorof a scalarinner productfrom vectorsto matrices.The
1=2

~

FrobeniugmatrixnormjjTjj= T:T

, @
r isavector= —
@;
: @
r Alisatensor= —A,;
@i
r Tisavector= QTU-
i
= @ @ @\ = =~
r A T)=—AT)=A—Tij+—T; =A r Tt + rA T
( ) @j(llj) l@j ij @j ij
whereTt is thetransposef T. Theunittensorl = | = identity matrix= Kronecler delta
lifi=j

i T 0ifi 6|
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Levi-Civita symbol:

(A B)i = "jkAjBx where
8
< 1lifi 6] 6 kcyclic permutatiorof 1, 2, 3
ik = 1ifi 6 j 6 k cyclic permutatiorof 1, 3, 2
' Oifi=jorj=kori=Kk
@
r A . = L _A
( )l ij k @j k
ik ilm = j1 km im ki is equivalentto

(A B) (C D)=(~K C)B D) (A D)B C)

Cylindrical, Spherical,and General Geometry

Sphericalgeometrydr= fdr + “rd + T sin d .

Add somethinghereaboutvectoroperatorsn generalcurvilinearcoordinatesJacobians,
coordinategransformationsetc??

dS is avectorthatis “normal” to the surface jdSj measureshearea.
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Integration

GammaFunction: (x)= (x 1)= t* le 'dt
0

. P— 1
Stirling'sapprox.: n! 2 nn"e "(1+ o +100)

uniformapprox.goodforn = 0: n! P 2n+1n"e "
error 1%forintegern 0, maxerror 4%forn

GeneralizedMaxwellianMomentsfor complex , ; Real > O:
Z .,
Gh = x"e ‘e Xdx
1
" 2-(4 @GO 2 1@n+lGO
Go= —e ) Gan = ( 1)n@n Gana = ()7 @ 21

In particular for a Maxwelliandistribution function:

3

1
fm= pﬁ exp (v + V;%"' v3)=(2v{)
i

Z
T .
V2 = . i = dvv?fy = v@2n I

0:1

SothathEi = smhvZ + vZ+ vZi = 3T. |.e.,theaverageenegy perdegreeof freedomis 3 T.

“Normal” distributionfunction:

" #
. 1 1 x x ?
f(Xjx; )= p——exp =
2 2
“Error” function:
2 %y, E
(y)=p= eldt= dxf(x0 )
0 y 2
p p

0) =0 (1 )= 1 (1 = 2)= 068 (2 = 2)=0095
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2.2. ComplexAnalysis

f (z) is analytic in someregion if its derivative d =dz exists (i.e., is independenbf the
directionof dz in thecomple plane).Thetermsholomorphi¢ monaenic andregular arealso
used.More formally, f is holomorphicif f satis esthe Cauchy-Riemanequationgwhereu
andv arereal-\aluedfunctions):

f(z) = u(z) +iv(z) Z=X+ly
@_@g a@_ @
@ o Q@ @

Equwalently, f is holomorphicif d(f dz) = 0in moderndifferentialgeometrynotation.If f is
holomorphicthenit satis es
r2f = g + @ =0
@2 @2

Cauchysintegralformula: Forz 2 regionD, andf (z) holomorphiceverywheren D, then
then'th derwative of f is relatedto the following integral aroundthe boundaryof D (going
counterclock wisearoundthe contourD):

Z
n! f()

PO 5T

Theleadsto theformulafor contourintegrals:
I

f()d =21 (sumoftheresiduesnsidethecontourC)
C

d

If f (z) hasapoleof ordern atz = a, thenits residuels de ned as

residue= ! lim il (z a)"f(2)
(n Dlzradz" 1
Fourier Transforms: 1 Z,
f(t) = P5 e "TF()d!
1 Z, .
F(')= p— e 'f (t)dt
2 1
Z 1 Z 1
Corvolutiontheorem: e "'F()G()d! = gt tYf (tYdt°
1 1

. . . 1 _
Fouriertransformof a Gaussians a Gaussianf (t) = e at? F(')= p?e ! 2=(4a)
a

Z
: : 1t ;
Commonformsof Dirac deltafunction: (t) = 5 die !
1
sinLt :
©=lm = ©=10 T2
. 1 1 .
im ——— = P:V: I (x a)

ror X a | X a
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2.3. Differential Equations

ODE's, WKB methodsPDE's. Greens functions.

Dirichlet boundaryconditionstake theform f (x = Xxp) = C.
Neumanrboundaryconditionstake theform d =dxjx=x, = C.
Threemainclasse®f partialdifferentialequations:

Hyperbolic(wave-like with characteristics)u; = Uy, OF Ug = Uy .
Parabolic(diffusion-like): u; = Uy .
Elliptic (Poisson-lile): uyx + uyy = 0

Generalized.angesin equationGreens functionsolution.
SpecialFunctions.

2.4. Linear Algebra and Matrices
2.5. Numerical Methods

ODE's: Firstorderexplicit andimplicit, SecondrderRunge-Kuttaor PredictorCorrector
Schemes Adams-Bashforth Leapfrog, Backward differentiation formulas (BDF) for stiff
equationsNumericalstability, phaseerrorsof variousschemes
PDE's: Diffusion equationsandimplicit methods. Corvection equationsand upwind differ-
encingandlimiter methods Tri-diagonalmatrix solver

Finite Fourier Transforms Corvolution equations.Dealiasedpseudospectrahethodsby
the (2/3) rule.

Modernhigherorderupwindalgorithmsfor hyperbolicconserationlaws: Total Variation
Diminishing ux-limited algorithmsWENO.

2.6. The GreekAlphabet

Alpha A Nu N

Beta B Xi

Gamma Omicron O 0]
Delta Pi , $
Epsilon E " Rho P , %
Zeta Z Sigma , &
Eta H Tau T

Theta JH Upsilon

lota I Phi .
Kappa K Chi X

Lambda Psi

Mu M Omaga !
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MathandLaTeX dictionary

@ \aleph aleph
< \Re realpart
= \Im imaginarypart
1 \infty in nity
8 \forall for all
9 \exists thereexists
R \mathbb thesetof all realnumbers
C;Z;Q thesetof all complex numbersjntegers,or rationals
fi: liststhe elementof a set
2 \in elemenbf

\subset subset
\ \cap intersection
[ \cup union
(a;b] interval with openandclosedendsfx : a< x bg

() oriff

if andonly if

Examplesof mathematicahotation:Letf (%; t) beafunctionthatmapsanm-dimensional
vectorx andarealvaluedt to arealnumber Thenotationfor thisis,f : R™ R! R.



Chapter 3

ClassicalMechanics

Classicallnon-quantumnon-relatvistic) Lorentzequationof motionfor a particlein anelec-
tric andmagneticeld:

dt |
m%:F’:ma:e E‘(X)+V78‘(X)
dt c
Lagrangiarformulationfor generalizedoordinatesy :
E @ @ =0
d @ @

1 e
L(g:q)= =mv?+ =¥ A e
@)= c
whereq = dg=dt. TheHamiltonianformulationuseshe generalizednomentum

pi = %_
To obtainthe Hamiltonian X
H(pig)= L+ paq
i

1 e 2

=—p -KA +e
2m C
And the Hamiltonianequationof motionare:
@ @
&= — B= =
@ G

Themeaningof all this?
K = KineticEnergy

U = PotertialEnergy
L=K U, H=K+U

NotethatL = L(e;¢) while H = H(§;p), sothat @@ in the two differentapproaches
(LagrangiarandHamiltonian)holdsdifferentindependentariablesx edbecause 6 &.

Thetime evolution of ary functionde ned on phasespacgandtime)f (¢; p;t) is
d_@ @ @ @ o o O
—_— = — —_— —PL= = —_ —_ — ff ; H
i @ @ e @ a® ea@ @ @9

which senesto de ne thePoissorbracletff;Hg.

13



Chapter 4

PlasmaPhysics

Fundamental phenomena electronplasmaoscillations,Debyeshielding,gyroradius,gyro-
frequeng, collisions,plasmaskin depth.

Debye shielding from Boltzmann responsein thermodynamic equilibrium: f /
exp( H=T)/ exp( (mv?=2+q) =T! n/ exp( q =T)

PlasmaParameter = n 3 = # of particlesin a Debye sphere. 1 de nes the
usualplasmastate. Nearestmeighborinteractionsweak: (potentialenegy of nearesheigh-
bors)/(kinetic enegy) 1= 23, Collective interactionsstrong (quasineutrality Debye-
shieldinglengthis short, 2-streaminstability, frozen-in eld lines, Alfv én and other plasma
waves).

Fundamentallength scaleqevaluatedor 100):
90 impact altzrfigftide ; Erﬁgzjeing : meanfreepath
parameter spacing length
b : n 13 : D : mf p
1 : 1=3 ; 1 ; =log
10 ° ; 10 2 ; 1 ; 10°

bis the“distanceof closest-approachor asingle90 collision (thoughit turnsoutthatthenet
scatteringateis enhancedby afactorof log dueto mary small-anglescatters.) nip V=
is the meanfree pathbetweercollisions.

Time scales:Collisionfrequeny isweak: =!,. log = .

?? Guidingcenterdrift equationgLagrangiarformulation).
LaserplasmainteractionsFigure-8orbits.

4.1. Fundamental Kinetic Theory

Classicalnon-quantumpon-relatvistic Lorentzequationof Motion for thei'th particle:

ai _
dt
!
dw, v, B
mid—t':r:i:miﬁize‘n E() + ——— &)

14
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A trick for repIacingthquZN ODE's with a single PDE is to usethe Klimontovich-Dupree
equatiorfor f (x;w;t) =, (¢ %(t)) (v w(t)),
@ @ @

——+¥% —+a —=0

@ (@ 4

The Vlasov equation for f is identicalto this equationfor f , exceptthatf is consideredo
be a smoothdensityof particlesin phase-spacéndso hasbeencourse-grainedaveraging
overa nite volume,or f is consideredasa statisticalprobability functionfrom anensemble
average). This smoothf (which producesa smoothelectric eld) thusignoresthe effectsof
collisions betweendiscreteparticles(wherethe electric eld blows up if any two particular
particlesgettoo close). Collisionsmustbe reintroducedvia a collision operatoron the right-
handside(or will arisefrom next ordercorrectionsn thecoarse-grainingkeeragingprocedure
asin theBBGKY hierarchy)eadingto the Boltzmann equation:
@ @ @

—+v —+a — = C(f)

@ © 4

AnotherapproachMultidimensionalConserationLaws.

equationof motionaredx;=dt = x; = u;. Thenparticleconserationcanbeexpresseas:

X X
Q: _@(X_Lf): Q(uif): r (uf)
@ : i : i
Breakingup the phase-spacm to the canonicalpositionsg = (X1;X5;:::;Xn=2) andthe
canonicalmomentap = (Xn=2+1;:::; XN ), thenthe phase-spaceonserationlaw for f (p; )
canberewrittenas @ @ @
—+ = + = =0
e’a ¥ e ”

Usingthe Hamiltonianequationof motiononecanthenshaow Liouville' stheorem

z = @ + ¢ @ + Q = 0'
Dt @ G @
i.e.,f is constantlongtrajectoriedn phasespaceg(conserationof phase-space).
Equilibrium solutions(if f afunctiononly of constant®f the motion, Boltzmannthermo-
dynamicequilibrium...).
2-streaninstability, Landaudamping.

4.2. Fokker-Planck Collision Operator and Coulomb Scattering

Generalexpressionfor probabilistictransitions.Let f (¥; t) be the densityof particles(or
the probability distribution for a single particle) at velocity v attime t. If P ((v; ") is the
probability of a particleinitially atv takingasteptov + ~, then

Z

f(wt)= B f@ =t P (¥ D)

Thisis alsoknown asa Markov processDoing a Taylor-seriesexpansionfor small

f(v Tt P (v 7)) f(wt P (v, 7)) + i@@f(v;t P (v, ")
1 @@ . .
+ é i J@I@Jf (V,t t)P t(V,~)
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integratingover all ~andtakingthelimit t! O givesthegenericFokker-Planck equation:

a - _ @ whvi @@ hovovi
@ co ) i ) v i @ ) 2 t
@h | @ @ @i

= & f(wt)w + —i@j[f (v;)Dj] = @

R
Whereh vii = d® P (v ") i, andsimilarly for h v; v;i. For nite sizetime steps;the
diffusiontensorshouldbe givenby
D. = r( Vi h Vii)( Vi h VJI)I
' 2t

(assuming did the multi-dimensionabeneralizatiorof thisright??).J = P J isgivenin
theNRL formularyandis the ux in velocity spaceof species dueto collisionswith species

. Becauseof the analogywith electrostaticsiotedby Rosenbluththe Rosenbluthpotentials
in theNRL canalsobewrittenas

m 2
H= 1+ —)4f ‘G= ——————
fv ( m) fv 1+ (m =m)

If f is Maxwellian,thenthe collision operatorsimpli es to theform atthetop of NRL p. 36
(thisignoresthe back-reactiorof f dueto collisionswith the non-Maxwellianf ). A useful

[.D.:
@ 1
@ 28

Quialitati ve collision rates:

(VI wy) =

ei . ee . ii . ie

P
yART, : 1 : Me=m; : Me=Mm;

Electron-ioncollisions causepitch angle-scatteringnly, giving rise to resistvity (electrons

lose momentumto ions), and electron-electroreollisions causef ¢ to approacha Mawellian

(preservinghe electronenepy, in theion restframe). lon-ion collisionscause ; to approach

a Maxwellian (preservingheion enegy). T; andT, equilibrateonly atthevery slow . rate.
1=V soenepeticparticlesarelesscollisional.
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4.3. Braginskii Fluid Equations

The summaryof Braginskiiin the NRL is supplementetiere.Braginskiiusesthe Landau
collision operatorfor Coulombcollisionsbetweenonizedparticles(thusignoringatomicpro-
cessescollisionswith neutrals,external sourcesor sinksof particlesor enegy). (Note, the

NRL reverseghede nition of ~ andP relative to Braginskii's original notation.)

Z Z
n = dvf nag =ntvi = dvf v
Pressuréensor = = p3+PF =nmhvvi =n m hvhwv )vhvi)i
1
Heat ux g =n ém hj vj“ i
Z Z 1
Friction/ Collisionaldragrate R = d®*vm ¥ C & heatingQ = d3v§m jvj’C

De ning p = nT giveshmj vj?=2i = (3=2)T, i.e. T=2 of enegy perdegreeof freedom(di-
mensionor modesamongwhich enegy canbeshared) p is theisotropicpartof the pressure

tensor so P mustbe traceless.Braginskii useda Chapman-Ensig-like approachto calcu-
late the closuresn the collisionallimit. The NRL hassummarief Braginskiifor . 1
or 1, thoughBraginskii hasmore generalexpressions. The NRL expressionsare for a
hydrogen-electroplasmawhile Braginskiigi\gesexpressionéor a plasmawith arbitraryion
chage Z; andfor multiple ion speciesne = ; njZ;. To generalizehe NRL formulasfor
arbitrary Z;, the electronandion collision timesandvariouscoefcients aremodi ed in the
following way:

3p m—e-l-e3=2 3p WTi3=2
= —p—_ = —p—_
4 2 nzze T 4 Tnizie

Z; dependencef varioustransporicoefcients (Braginskii, Table1)

Firsttermof
Z; K Ry andg? N S
1 1.96 0.71 3.16 4.66
2 2.27 0.9 4.9 4.0
3 2.50 1.0 6.1 3.7
4 2.63 1.1 6.9 3.6
1 3.40” 15 13.6% 3.2

l.e., theequationfor ,is = 196 , forZ; = 1, and , = 263 , for Z; = 4. Spitzers
resultfor resistvity is identicalto Braginskii's. Spitzersresultfor theenegy equilibrationrate
reducedo Braginskii'sresultfor m =m 1

TheNRL/Braginskiide nitions for W arevalid for arbitrary non-straightB elds, aslong
asoneidenti es 2 with b= B=B. ForexampleW,, =B W B=26 (rv) b (©@=3)r w

Note that P and W aretracelesyW,x + Wy, + W,, = 0) andsymmetric. In the strongB
limit ( . 1, where is the collision time), Braginskii's stresstensorbecomegdiagonal

to lowestorder P = o[W,,B0 (W,,=2)@ 0)]. Evenwithout strongcollisions,in the
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strongB limit (' = . 1, =L 1) therapidgyrationof particlesmeanghatf (¥) to lowest
ordermustbe isotropicperpendiculato B, sothe pressurdensormustbe diagonal,yielding

the CGL (Chev-GoldbegerLow) pressurgensor~ = pH+ p, (3 ). The CGL “double
adiabatic’equationf state(neglectingheat o ws andcollisions):

a4 p =0 (from conseration)
dt nB
!
d B 2 (if the magnetic eld and plasmamove together T,
— T, — =0 .
dt n change®nly dueto compressiomparallelto B)

The uid equationsare often simpli ed further (suchasin simple MHD) by assuming
isotropicpressurendneglectingheat o ws andcollisionalenegy exchangebetweerspecies:

@ d p

@ +¥ rp pro v or

i.e., an adiabaticequationof statewherea uid elementcompressesr decompressesasan
idealgaswith p = Cn (C is constantasthe uid elementmoves,but may differ between
uid elementshecauseof the spatialvariation of the initial temperatureso the above form
d=di(p=n ) = Oismoregeneral). = 5=3in3-D,or = (2+ d)=dwith d = # of degreesof
freedomin general.While this equationof statecorrespondso zeroheat ux (which maybe
appropriatdor wavesthatpropagatdasterthanparticles,! =k v;), choosing = 1 allows
oneto considerthe oppositelimit of a heat ux sorapidthatthe temperatures uniform (this
isothermaklosuremaybe appropriatdor phenomenavith ! =k v;). For somephenomena,
anevensimplerclosureof p = 0 (thecold-plasmapproximationjs made.Intermediatecases
where! =k v; givesriseto Landaudamping.Approximate uid modelsof Landaudamping
useclosuredor highermomentghatcorrespondo characteristicddampingratesof orderv,jkj,
the phase-mixingate®

Equations of state summary: adiabatic p / n°%3, isothermal p / n, cold-plasma
p=0.

Braginskii's equationsarederivedfor aspeci c orderingandtherearecorrectionghatcan
becomemportantin someregimes. For example,seepapershy Cattoand Simakov*” circa
2002-2005Mikhailovskii and Tsypir*! have termslik e

dt n

r = Gr g+ cr g
wherec; is Braginskii-typetermsandc, areMikhailovskii'snew heat ux terms?

Spitzers resolutionof the Fluid-Particle paradox:The uid o w velocityis the sumof the
particle guiding centerdrifts plus a diamagnetiozelocity (a.k.a. magnetizatiorcurrent). l.e.,
the currentfrom a particularspeciess

F=Te B+TrB+Tcurv+Tpol+:::+TM

wherethe magnetizatiorcurrentis givenby jy = r M= (cnsh &iB) = r
((c=B)p, f)), andh i isthemeanmagnetianomentfor speciess.
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4.4. MHD/One-Fluid Equations

The standardrderingassumptionso derive simpleMHD are: slow time scalescompared
to the gyrofrequeng andlarge spatialscalescomparedo the gyroradius(similar to the drift
equations)) = i=L 1. me=my 1 is usedand quasineutralityis assumed
(this ordersout high-frequeng electronplasmaoscillations),andva=c 1 is assumedthe
displacementurrentis ignoredto order out light waves). MHD allows ows u cE
B=B2 v; and 1, thoughsubsidiaryorderingsganbemadelater Switchfrom two- uid
variablléasto one- uid variables: massdensity = n m , mass-weightedo w velocity

H = n m ¥ , currentdensityj = n g u , andde ne pressureelatve to &, ~ =

mn hv u)(v )i pl

Conserationof Mass % +r (wvw=0
. d T B
Momentumconseration,force balance d_? =r p+ I S
. . . d
Enegy conseration,adiabatiqoressure d—f = pr
. B o r T B
Generalizeddhm'sLaw (FLR butmg ! 0) E + d =7 Pe I
c ne nec

. 4
Magnetostatidvlaxwell's EQs: % = o E r = ?]“

OtherMaxwell's equationsr B = 0is only aninitial condition,andr E = 4 isused
only to verify quasineutralityassumption.The lastterm of the generalzieddhm's law is the
Hall term,andthe lasttwo termsof the Ohm'slaw areusually ;=L smallerthanthe rst two
termsandarenegglectedin standardViHD. Extensionf simpleMHD aresometimesnadeto

keepa CGL pressurgensoror afull pressurdensorr p! r =, usingequationf stateor
Braginskiitransporicoefcients from the previous section.

There are three main wavesin MHD . Linearizing the MHD equationsfor a uniform
plasmawith astraightmagneticeld andanadiabaticequationof state p= ¢ , thegeneral
dispersiorrelationis

(17 KR (S + VE) + KPKECEE) = O

wherethe Alfv énspeedv, is givenby vi = B2=(4 ), andthe soundspeedc is givenby
¢z = p= = (T + Te)=m. Approximateformulasthatinterpolatefor arbitary are: the
shearAlfvénwave ! 2 = k?vZ, the fast magnetosonic(compressionalAlfv én) wave ! 2 =

k?(vZ + ¢2), andtheslow magnetosoniavave, a.k.a. the slow mode(at high betasometimes
called the pseudo-Alfven wave, and at low beta it becomesan ion acousticwave) ! 2 =

k2vici=(vi + ¢2). (Thereis alsothe lesserknown entroy mode,but this is eliminatedby
usingan adiabaticequationof stateinsteadof the time-dependernpressuresquation.in ideal
MHD the entrofy modeis zerofrequeny andhas 6 Obut p = O (i.e., force balanceis
maintainedoy oppositedensityandtemperaturgradients).)

?? W Enegy principle,Grad-Shaframne Equation MHD equilibriain generalgeometry

4.5. Waves

cold-plasmalielectrictensorquasilineatheory?
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4.6. Stochasticity Turbulence,and Transport
4.7. Tokamak Equilibrium
4.8. Common PlasmaPhysicsParameters

“Safetyfactor” (better “inverserotationaltransform”or “winding ratio”):

9 — "3 po RB
Magneticshear
rdg
qdr
Randomwalk diffusioncoefcient
1( x)?
D=
2t
Dclassical = ei g
Turbulentmixing lengthestimate
DmI - @
Bohm
D.., = LCle
B ohm 16eB
Gyro-reduceohm( x 1=k , t 1= 1=! evaluatedatk, 1):
_ CTe s _ s
® = eBL, °=°L,
Reactiorratesareof theform = n n h vi5(1+ ), wherethe j correctsfor thecase

of self-collisions.

??Theform of 1.5Dtransporiequationsn generageometry

?? 0-D scalingrelationsfor reactordesignstudies:Troyon betalimit / |=(aB), global
enepy scaling,Greenvald densitylimit, pedestascalingsH-modepowerthresholdsshaping
effects,bootstragfraction. Trubnikoff's ECE cyclotronpower losses.



Chapter 5

Quantum Mechanics

5.1. The essentialguantum mechanic

Schibdingers Equation:

. @ p2 2 ,

~— =H = —+V = N +V

! @ 2m 2mr
Planewaves(with momentunp = ~k andenegy E = ~! ):

/ ei(kx ') — ei(px Et)=—

Commutators[x; p] = xp px =i~

d .. dA [ .
OlthAl = u + —hH; Ali
Heisenbey UncertaintyPrincipleh( A)%4h( B)%  ijih j[A; B ijj 2

“Natural units” uses3 fundamentalnits: action(or angularmomentum)(~), velocity c,
andenegy eV. The 3 fundamentalinits of cgsarelength, mass,andtime, and“action” has
units of [momentum] [length]. . In naturalunits,~ = ¢ = 1, andall physicalunits are
reportedn “eV”.

?7? Couldadd: Harmonicoscillator, VariationalmethodsBound-statenon-degyenerateer
turbationtheory degeneratgerturbationtheory time-dependenperturbation scatteringthe-
ory, Born approximationangularmomentumandspin,atomicenengy levels.
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Chapter 6
Astrophysics

1 parsedpc)= 3:086 10°m = 3:262lyr
1light year(ly) = 9:461 10"m
1 Julianyear= 36525days= 3:156 10's

Approx. ahundredthousandmillion (10'!) starspergalaxy

Approx. ahundredthousandmillion (10'!) galaxiesin thevisible universe.
Approx. 1 supern@aexplosionpergalaxypercentury

Age of theuniverse:14 billion years.

?? Could adda length/masscaleobjectplot, startingwith largestscaleat the size of the
(visible) universe clustersgroups elllitical andspiral clusters AGN/MBH, globular clusters,
red giants,stars,white dwarfs, neutronstars jupiter, earth,etc. (like Padmanabhaifable1.1
or elsavhere),andcontinuingdown to moleculesatoms,nucleons...

Add a phasediagramplot like Fig. 1.1 of Padmanabhan?

Couldaddatime history plot: big bang, rst 3 minutes light elementfusion,recombina-
tion, rst starsreionizationgalacticformation,ageof thesolarsystemegeatrth,...

Stellarstructure stellarlife cycle...
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