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Chapter 2

Mathematics

2.1. BasicEquations

QuadraticEquation:
DXN+UX+OHO v XHE
2a

Factorials:
nt=n(n I)(n 2) E)A()
11=1 or=1
]
@n+ 1= 2n+ 1)2n 1)2n 3) (B)B)Q) = %
@n)'=(2n)2n 2)(2n 4) (@)(2) = n2"
The numberof permutationgwhereorder matters)of k objectsselectedrom a setof n
objectsjs
n!
I nin 1)(n 2):::(n k+1):
Thenumberof combinationgwhereorderdoesnt matter)of k objectsselectedrom asetof n
objectsis (this is sometimegalled“n choosek”):

n _ n!
k "~ ki(n k)
Thebinomialtheorem:
n x n ky,n k
cey)= Xy
k=0

Chapter 5

Quantum Mechanics

5.1. The essentialquantum mechanic

Schidingers Equation:

@ p* -
~ =H = ——+V = —r +V
: @ 2m NBﬂ
Planewaves(with momentunp = ~k andenegy E = ~! ):

/ m_?x ) — m_:ux Et)=~

Commutators[x; p] = xp px = i~

d ._ dA [
%g_l i + —HH;Ali

Heisenbey UncertaintyPrincipleh(  A)%4ih( B)%  jih j[A; B]j ijj 2

“Natural units” uses3 fundamentablnits: action (or angularmomentum)(~), velocity c,
andenegy eV. The 3 fundamentalinits of cgsarelength,mass,andtime, and“action” has
units of [momentum] [length]. . In naturalunits,~ = ¢ = 1, andall physicalunits are
reportedn “eV”.

?? Couldadd: Harmonicoscillator, VariationalmethodsBound-statenon-dgyenerateger
turbationtheory degenerateperturbationtheory time-dependenperturbation scatteringthe-
ory, Born approximationangulatTmomentumandspin, atomicenegy levels.

21
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Differ entiation

CHAPTER2. MATHEMATICS

dg(u) = g{u)du
d(f g) = fdg+ gd

g b
¢}

dsinx = cosxdx
dcosx =  sinxdx

dsexx = tan x secxxdx

. dx
darcsinx = p——
1 x2

fdg

QN
dtanx = seéxdx
deotx =  cséxdx

dcscx = cotx csexdx

dx

darccox = p——
1 x2

dx

dx
darctanx = darcsex = j

1+ x? X X2
dx
dlogx = —
9 X

Taylor Seriegwith remainder):

fqa) f %%a)
1! 2!

f HEAWV
n!

f (n+1) AXV
(n+ 1)!

n+l

f(x)=f(a)+ (x a)+ (x a2+ + (x a"+ (x a

In nite Series: 1

1 x
H X:+H
1 x

=1+ x+x2+  +x"+

=1+ x+ X%+ + x"

2 3 n
x* X X
=1+ X+ —+ —+ + —+
20 3! n!
3 5 2n+1
. X X X
sinx=x —+ =+ +( 1) — =+
! ( :m:+b_

XN Xb XN:
= —+ —+ + n
cosx =1 (1) @n)

2! 4
x2 X3 X"

for 1< x< 1 log(l+ x) = B () AR
or X og(l+ x) = x 5 3 (1 =

+

4.4. MHD/ONE-FLUID EQUATIONS 19

4.4. MHD/One-Fluid Equations

Thestandardrderingassumption$o derive simpleMHD are: slow time scalescompared
to the gyrofrequeng andlarge spatialscalescomparedo the gyroradius(similar to the drift
equations)) = i=L 1. me=m; 1 is usedand quasineutralityis assumed
(this ordersout high-frequeng electronplasmaoscillations),andva=c 1 is assumedthe
displacementurrentis ignoredto order out light waves). MHD allows ows u cE
B=B? v; and 1, Eoce:mccwa_mgam::@w@:Umamam_mﬁmﬁ Switchfrom two- uid

<m:mc_%m8 one- uid <m:mu_mm”3mwwamﬂmz< = n m , mass-weightedo w velocity
_ua = n m ¥, currentdensityj” = n qu , andde ne pressuraelative to 4, ~ =
mnhy o)y &) pi
) @ _
Conserationof Mass @ +r (w)=
d B
Momentumconseration,forcebalance a|_” =r p+ r c
. . ) d
Enegy conseration,adiabaticpressure Q\_W = prot
. # B T B
Generalizedhm'sLaw (FLRbutm. ! 0) E+ ——= T P T
c ne nec
. 4 .
Magnetostatidviaxwell's Egs: m = o E r = ﬂu.

OtherMaxwell'sequationsr B = 0is only aninitial condition,andr E = 4 isused
only to verify quasineutralityassumption.The lastterm of the generalzieddhm's law is the
Hall term,andthelasttwo termsof the Ohm's law areusually ;=L smallerthanthe rst two
termsandareneglectedin standardViHD. Extensionf simpleMHD aresometimesnadeto

keepa CGL pressurgensoror afull pressurgensorr p! r =, usingequationsf stateor
Braginskiitransportcoefcients from the previoussection.

There are three main wavesin MHD . Linearizing the MHD equationsfor a uniform
plasmawith a straightmagneticeld andanadiabaticequationof state p= ¢ , thegeneral
dispersiorrelationis

(7 KV ARG+ Q) + KK(GVR) = 0

wherethe Alfv én speedv, is givenby v2 = B?=(4 ), andthe soundspeedcs is given by
= p= = (T;+ Te)=m. Approximateformulasthatinterpolatefor arbitary are: the
shearAlfvénwave ! 2 = k2vZ, the fast magnetosonic(compressionalAlfv én) wave ! 2 =
k?(v2 + ¢2), andtheslow magnetosoniovave, a.k.a. the slow mode (at high betasometimes
called the pseudo-Alfven wave, and at low beta it becomesan ion acousticwave) ! 2 =
k2vZc2=(vZ + c2). (Thereis alsothe lesserknown entrofy mode,but this is eliminatedby
usingan adiabaticequationof stateinsteadof the time-dependenpressuresquation.In ideal
MHD the entrofy modeis zerofrequeny andhas 6 Obut p = 0 (i.e., force balanceis
maintainedy oppositedensityandtemperaturgradients).)

?? W Enegy principle,Grad-ShafranoEquation MHD equilibriain generageometry

4.5. Waves

cold-plasmalielectrictensorjuasilineatheory?
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8 CHAPTER2. MATHEMATICS

Levi-Civita symbol:

Ah Wv_ = ::. _A>_. Bk where

8

< 1ifi 6 j 6 kcyclic permutatiorof 1,2, 3
k= 1ifi 8 j 6 k cyclic permutatiorof 1, 3,2

Oifi=jorj =kori=k

(r

kilm = jI km

(K B) (C D)=(K C)B D) (A D)B C)

is equialentto

Cylindrical, Spherical,and General Geometry

N

Cylindricalgeometry:dr= fdr+ T d + 2dz.

Tsind.

Sphericalgeometry:dr = fdr + “rd +

Add somethinghereaboutvectoroperatorsn generalcurvilinearcoordinates,Jacobians,
coordinateransformationsetc??

dS is avectorthatis “normal” to the surface jdSj measureghearea.

4.3. BRAGINSKII FLUID EQUATIONS 17

4.3. Braginskii Fluid Equations

The summaryof Braginskiiin the NRL is supplementetiere.Braginskiiusesthe Landau
collision operatorfor Coulombcollisionsbetweerionizedparticles(thusignoringatomicpro-
cessescollisionswith neutrals,externalsourcesor sinksof particlesor enegy). (Note, the
NRL reverseshede nition of ~ andP relative to Braginskii's original notation.)

z z
n = df nea =nhvi = dF ¥

Pressurgensor = = p3+F =nmhvvi =nm hvhwi )(vhvi)i

n mB hjvj2 i

2
z z 1
Friction/ Collisionaldragrate R = d»m « C & heating Q = %<m3 jvj?C

Heat ux

@
1

De ning p = nT giveshmj vj?=2i = (3=2)T, i.e. T=2 of enegy perdegreeof freedom(di-

mensionor modesamongwhich enegy canbe shared) p is theisotropicpartof the pressure
tensor so P mustbe traceless.Braginskii useda Chapman-Engig-like approachto calcu-
late the closuresn the collisionallimit. The NRL hassummarief Braginskiifor . 1

or 1, though Braginskii has more generalexpressions. The NRL expressionsare for a

hydrogen-electroplasmawhile Braginskii @_«mwmvﬁqmwm_o:woq aplasmawith arbitraryion

chage Z; andfor multiple ion speciesn. =  ; n;Z;. To generalizethe NRL formulasfor

arbitrary Z;, the electronandion collision timesandvariouscoefcients aremodi ed in the
following way:

w_uB‘m 32 w_uﬂ_._._wum
= p— i = P
¢ 4 2z 4 Tnzie

Z; dependencef varioustransportcoefcients (Braginskii, Table1)

Firsttermof
Zi « Ry andg® N ¢
1 1.96 0.71 3.16 4.66
2 2.27 0.9 4.9 4.0
3 2.50 1.0 6.1 3.7
4 2.63 1.1 6.9 3.6
1 3.409 15 13.6% 3.2

l.e.,theequationfor ,is , = 1.96 , for Z; = 1, and , = 2:63 , for Z; = 4. Spitzers
resultfor resistvity is identicalto Braginskii's. Spitzersresultfor theenegy equilibrationrate
reducego Braginskii'sresultfor m =m 1

TheNRL/Braginskiide nitions for W arevalid for arbitrary non-straightB elds, aslong
asoneidenti es 2 with D= B=B. ForexampleW,, = b W B=2b (rv) b (@=3r w

Notethat P andW aretracelesgW,y + Wyy + W,, = 0) andsymmetric. In the strongB
limit ( 1, where is the collision time), Braginskii's stresstensorbecomeddiagonal

to lowestorder P = oW,,B0 (W,,=2)@ ®)]. Evenwithout strongcollisions,in the
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10 CHAPTER2. MATHEMATICS

2.2. ComplexAnalysis

f (z) is analyticin someregion if its derivative d =dz exists (i.e., is independenbf the
directionof dz in thecomplex plane).Thetermsholomorphi¢ monaenic andregular arealso
used.More formally, f is holomorphicif f satis esthe Cauchy-Riemanequationgwhereu
andv arereal-valuedfunctions):

f(z) = u(z) +iv(2) zZ=X+1iy

Equivalently, f is holomorphicif d(f dz) = 0in moderndifferentialgeometrynotation.If f is
holomorphicthenit satis es
o @@
@N @N
Cauchysintegralformula: For z 2 regionD, andf (z) holomorphiceverywherein D, then
the n'th derivative of f is relatedto the following integral aroundthe boundaryof D (going
counterclock wisearoundthe contourD):

fO)

Nv3+u Q

Theleadsto theformulafor contourintegrals:
|

f()d =21 (sumoftheresiduesnsidethecontourC)
C

If f (z) hasapoleof ordern atz = a, thenits residues de ned as

. 1 . d!?
residue= CR] Hv__N_NBm a1

(z 3" (2)

Fourier Transforms: z,
f(t) = mw” e "tF()a!
1 Z, ;
F(')= p= el tf (t)dt
2 1
z 1 z 1
Corvolutiontheorem: e "IF()G()d! = gt tOf (t9dt°
1 1

. L . 1 |22
Fouriertransformof a Gaussiarns a Gaussianf (t) = e a F()= me ! 2=(42)
a

z
. . 17t it
Commonformsof Dirac deltafunction: (t) = 5 de™t
1
. sinLt o
= fm = W=1 e
1 1
lim ——— = P:V: i (x a
ot x a i X a

4.2. FOKKER-PLANCK COLLISION OPERATORAND COULOMB SCATTERING 15

A trick for ac_mn_:m::mmﬂwmz ODE's with a singlePDE is to usethe Klimontovich-Dupree
equatiorfor f (%%, t) =, (¥ xi(t)) (v w(1)),
@ @ @
—+v —+a —=0
@ @ @
The Vlasov equation for f is identicalto this equationfor f , exceptthatf is consideredo
be a smoothdensityof particlesin phase-spacénd so hasbeencourse-grainedaveraging
overa nite volume,or f is consideredasa statisticalprobability functionfrom anensemble
average). This smoothf (which producesa smoothelectric eld) thusignoresthe effectsof
collisions betweendiscreteparticles(wherethe electric eld blows up if ary two particular
particlesgettoo close). Collisionsmustbe reintroducedvia a collision operatoron the right-
handside(or will arisefrom next ordercorrectionsn thecoarse-grainingkeeragingprocedure
asin theBBGKY hierarchy)Jeadingto the Boltzmann equation:
@ @ @
—+v —+a — = C(f
eV e e 0
AnotherapproachMultidimensionalConseration Laws.
Let f (X1;X2;::1;Xn; t) be a distribution for an N -dimensionalphasespace,wherethe
equationf motionaredx;=dt = x; = u;. Thenparticleconserationcanbeexpresseds:
@_ X @ X @ -
— = —(xif ) = —(uf)= r (uof
a- @b o uf) (uf)

canberewrittenas

@, 6 @ @ -0
a'a e ¥ 7°

Usingthe Hamiltonianequationof motiononecanthenshaw Liouville' stheorem
Df _ @ @ @

ot- @ + g @ + @ =0
i.e.,f is constantalongtrajectoriesn phasespaceconserationof phase-space).
Equilibrium solutions(if f afunctiononly of constant®f the motion, Boltzmannthermo-
dynamicequilibrium...).
2-streaninstability, Landaudamping.

4.2. Fokker-Planck Collision Operator and Coulomb Scattering

Generalexpressiorfor probabilistictransitions.Let f (¥; t) be the densityof particles(or
the probability distribution for a single particle) at velocity ¥ at time t. If P ((¥; ") is the

probability of a particleinitially atv takingasteptov + ~, then
Zz

fvity= B fiw =t P (v )

Thisis alsoknown asa Markov processDoing a Taylor-seriesexpansiorfor small

fv it HP (v ) f(wt P (v, 7)) + _@:,i P (v, ")

@ @

“_. . .
+ 5 _Qq_g (wt P «(v;7)
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12 CHAPTER2. MATHEMATICS

Math andLaTeX dictionary

@ \aleph aleph
< \Re realpart
= \Im imaginarypart
1 \infty in nity
8 \forall for all
9 \exists thereexists
R \mathbb R thesetof all realnumbers
C;Z;Q the setof all complex numbersijntegers,or rationals
foo: liststheelementf aset
2 \in elemenbf

\subset subset
\ \cap intersection
[ \cup union
(a;b interval with openandclosedendsfx : a< x by
() oriff if andonly if

Examplesof mathematicahotation:Let f (x; t) beafunctionthatmapsanm-dimensional
vectorx andarealvaluedt to arealnumber Thenotationfor thisis,f : R™ R! R.

Chapter 3

ClassicalMechanics

Classical(non-quantumpon-relatvistic) Lorentzequationof motionfor a particlein anelec-
tric andmagneticeld:

dt ~ |
BQ‘QHﬂHBQHm mAXv+E
dt c

Lagrangiarformulationfor generalizeatoordinatesy :

m @ @ =0
a @@ o
1 e
L(g;q) = =mv2+ -v A
(g;a) N_,3< o< e
whereqg = dg=dt. The Hamiltonianformulationusesthe generalizednomentum
@
U_ = —
@
To obtainthe Hamiltonian X

H(p;g)= L+ pa
=1 g &7
T P oG
And the Hamiltonianequationof motionare:

_ @l _
4= & B

9®?

Themeaningof all this?
K = KineticEnergy

U = PotertialEnergy
L=K U, H=K+U
NotethatL = L(g; &) while H = H(g;p), sothat @@ in the two differentapproaches

(LagrangiarandHamiltonian)holdsdifferentindependentariablesx edbecause 6 &.
Thetime evolution of any functionde ned on phasespacgandtime)f (g; p;t) is

i_0,0 ,0 06,08 06 @, .

— = = ‘@u+‘—w_.l‘ - = - =
a @ @~ @ @ @ @@ O

which senesto de ne thePoissorbracletff;Hg.
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