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+

gdf

d
�

fg

�
=
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=
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=
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=
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=
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rem
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+
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=
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+
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+

1)!
+

���

cosx
=

1
�

x
2

2!
+

x
4

4!
+

���+
(�

1) n
x

2n

(2n
)!

+
���

for
�

1
<

x
<

1:
log(1

+
x)

=
x

�
x

22
+

x
33

+
���+

(�
1) n

+
1

x
nn

+
���

p
1

+
x

=
1

+
x2

�
x

28
+

x
3

16
�

���

1
p

1
+

x
=

1
�

x2
+

3x
2

8
�

5x
3

16
�

���

for
jxj>

jyj:(x
+

y)
�

=
x

�
+

�1! x
�

�
1y

+
�

(�
�

1)
2!

x
�

�
2y

2
+

���

4.4.
M

H
D

/O
N

E
-F

LU
ID

E
Q

U
A

T
IO

N
S

19

4.4.
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luid
E

quations

T
he

standardorderingassum
ptionsto

derive
sim

ple
M

H
D

are:slow
tim

e
scalescom

pared
to

the
gyrofrequency

and
large

spatialscalescom
paredto

the
gyroradius(sim

ilarto
the

drift
equations),!

=

ci

�
�

i =
L

�
�

�
1.

m
e =

m
i

�
1

is
usedand

quasineutralityis
assum

ed
(this

ordersouthigh-frequency
electronplasm

aoscillations),and
v

A =
c

�
1

is
assum

ed(the
displacem

entcurrentis
ignored

to
orderoutlight

w
aves).

M
H

D
allow

s
�o

w
s

u
�

c
~E

�
~B

=
B

2
�

v
ti

and
�

�
1,thoughsubsidiaryorderingscan

be
m

adelater.S
w

itch
from

tw
o-�uid

variablesto
one-�uid

variables:m
assdensity�

=
P

�
n

� m
� ,

m
ass-w

eighted�o
w

velocity

�~u
=

P
�

n
� m

� ~v
� ,

currentdensity ~j
=

P
n

� q
� u

� ,
and

de�ne
pressurerelative

to
~u,

~~�
=

P
�

m
� n

� h(~v
�

~u)(~v
�

~u)i
�

�
p ~~1

C
onservation

ofM
ass

@�@t
+

r
�(�~v)

=
0

M
om

entum
conservation,force

balance
�

d~udt
=

�r
p

+
~j

�
~B

c

E
nergy

conservation,adiabaticpressure
dpdt

=
�

�
pr

�~u

G
eneralizedO

hm
's

Law
(F

LR
butm

e
!

0)
~E

+
~u

�
~B

c
=

� ~j
�

r
p

e

ne
+

~j
�

~B
nec

M
agnetostaticM

axw
ell's

E
qs:

@
~B@t

=
�

cr
�

~E
r

�
~B

=
4�c

~j

O
therM

axw
ell's

equations:r
�

~B
=

0
is

only
an

initialcondition,and
r

�
~E

=
4�

�
is

used
only

to
verify

quasineutralityassum
ption.T

he
lastterm

of
the

generalziedO
hm

's
law

is
the

H
allterm

,and
the

lasttw
o

term
softhe

O
hm

's
law

are
usually�

i =
L

sm
allerthan

the
�rst

tw
o

term
sand

are
neglectedin

standardM
H

D
.E

xtensionsofsim
ple

M
H

D
aresom

etim
esm

adeto

keepa
C

G
L

pressuretensorora
full

pressuretensor,r
p

!
r

�
~~�

,using
equationsofstateor

B
raginskiitransportcoef�cients

from
the

previous
section.

T
here

are
three

m
ain

w
aves

in
M

H
D

.
Linearizing

the
M

H
D

equationsfor
a

uniform
plasm

aw
ith

a
straightm

agnetic�eld
and

an
adiabaticequationofstate�p

=
c

2s ��,the
general

dispersionrelation
is

(!
2

�
k

2k v
2A )(!

4
�

!
2k

2(c
2s

+
v

2A )
+

k
2k

2k c
2s v

2A )
=

0

w
here

the
A

lfv
én

speedv
A

is
given

by
v

2A
=

B
2=(4�

�),
and

the
soundspeedc

s
is

given
by

c
2s

=
�

p=
�

=
�(

T
i +

T
e )=

m
i .

A
pproxim

ateform
ulasthatinterpolatefor

arbitary
�

are:the
shearA

lfv
én

w
ave

!
2

=
k

2k v
2A ,the

fastm
agnetosonic(com

pressionalA
lfv

én)w
ave

!
2

=
k

2(v
2A

+
c

2s ),andthe
slow

m
agnetosonicw

ave,a.k.a.the
slow

m
ode

(athigh
beta

som
etim

es
called

the
pseudo-A

lfvén
w

ave,and
at

low
beta

it
becom

esan
ion

acoustic
w

ave)!
2

=
k

2z v
2A c

2s =(v
2A

+
c

2s ).
(T

here
is

also
the

lesserknow
n

entropy
m

ode,butthis
is

elim
inatedby

using
an

adiabaticequationofstateinsteadofthe
tim

e-dependentpressureequation.In
ideal

M
H

D
the

entropy
m

ode
is

zero
frequency

and
has��

6=
0

but�p
=

0
(i.e.,force

balanceis
m

aintainedby
oppositedensityand

tem
peraturegradients).)

??
�W

E
nergy

principle,G
rad-S

hafranov
E

quation,M
H

D
equilibria

in
generalgeom

etry.

4.5.
W

aves

cold-plasm
adielectrictensor?quasilineartheory?
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;A

z
)

H
er

e
I

am
us

in
g

th
e

no
ta

tio
nt

ha
ta

ro
w

ve
ct

or
tim

es
a

co
lu

m
n

ve
ct

or
is

a
do

tp
ro

du
ct

,w
hi

le
a

co
lu

m
n

ve
ct

or
tim

es
a

ro
w

ve
ct

or
is

a
te

ns
or

pr
od

uc
t.

I.e
.,

r
~ A

is
a

te
ns

or
pr

od
uc

t,
w

hi
le

~ B
�r

~ A
is

a
ve

ct
or

(t
he

gr
ad

ie
nt

of
~ A

in
th

e
di

re
ct

io
no

f
~ B

).
E

in
st

ei
ns

um
m

at
io

nc
on

ve
nt

io
n:

th
er

ei
s

an
im

pl
ie

d
su

m
ov

er
re

pe
at

ed
in

di
ce

s.
T

hi
s

si
m

-
pl

i�e
s

w
or

ki
ng

w
ith

te
ns

or
sr

ep
re

se
nt

ed
as

th
ei

ri
nd

ex
ed

m
at

rix
el

em
en

ts
.L

et
x

i
fo

ri
=

1;
2;

3
re

pr
es

en
tth

e
x,

y,
z

co
or

di
na

te
s,a

nd
A

i
th

e
co

m
po

ne
nto

f
~ A

in
th

e
i'

th
di

re
ct

io
n.

~ A
�

~ B
=

A
iB

i

(~ B
�r

~ A
) i

=
B

j
@A

i

@x
j

Te
ns

or
no

ta
tio

n
(f

or
si

m
pl

e
C

ar
te

si
an

ge
om

et
ry,

ig
no

rin
g

co
nt

ra
va

ria
nt

vs
.c

ov
ar

ia
nt

re
pr

e-
se

nt
at

io
ns

an
d

up
pe

rv
s.

lo
w

er
in

di
ce

s)
:W

rit
in

g
tw

o
ve

ct
or

sn
ex

tt
o

ea
ch

ot
he

r(
w

ith
ou

ta
do

t
th

at
w

ou
ld

in
di

ca
te

a
do

tp
ro

du
ct

or
in

ne
rp

ro
du

ct
)is

ca
lle

da
te

ns
or

pr
od

uc
t(o

ro
ut

er
pr

od
uc

t)
an

d
re

su
lts

in
a

se
co

nd
-r

an
kte

ns
or

:~ A
~ B

=
A

iB
j

(s
om

et
im

es
th

is
is

ca
lle

d
a

dy
ad

;t
he

te
ns

or
pr

od
uc

tis
so

m
et

im
es

de
no

te
db

y
~ A



~ B

.)
Te

ns
or

sa
re

�
m

at
ric

es
:

~ ~ T
�

~ A
=

T i
j
A

j
~ ~ T

�~ ~ P
=

T i
j
P

jk

~ A
�~ ~ T

=
A

jT
ji

~ ~ T
:~ ~ P

=
T i

j
P

ij
(~ A

~ B
):

(~ C
~ D

)
=

~ C
�

~ A
~ B

�
~ D

;

~ ~ T
:~ ~ P

in
vo

lv
es

co
nt

ra
ct

io
nw

ith
re

sp
ec

tto
tw

o
in

di
ce

sa
nd

is
ca

lle
d

a
co

lo
n

pr
od

uc
t(o

ra
“d

ou
-

bl
e

do
tp

ro
du

ct
”)

.I
t

is
a

ge
ne

ra
liz

at
io

no
fa

sc
al

ar
in

ne
rp

ro
du

ct
fr

om
ve

ct
or

st
o

m
at

ric
es

.T
he

F
ro

be
ni

us
m

at
rix

no
rm

jj
~ ~ T

jj
=

�
~ ~ T

:~ ~ T
�

1=
2

.

r
 

is
a

ve
ct

or
=

@ @x
i
 

r
~ A

is
a

te
ns

or
=

@ @x
i
A

j

r
�~ ~ T

is
a

ve
ct

or
=

@ @x
i
T i

j

r
�(

~ A
�~ ~ T

)
=

@ @x
j

(A
iT

ij
)

=
A

i
@ @x

j
T i

j
+

@A
i

@x
j
T i

j
=

~ A
��

r
�

~ ~ T
t�

+
�

r
~ A
�

:~ ~ T

w
he

re
~ ~ T

t
is

th
e

tr
an

sp
os

eo
f~ ~ T

.T
he

un
it

te
ns

or
~ ~ 1

=
I

=
id

en
tit

y
m

at
rix

=
K

ro
ne

ck
er

de
lta

� i
j

=
�

1
if

i
=

j
0

if
i

6=
j
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Levi-C
ivita

sym
bol:

( ~A
�

~B
)i =

"
ij

k A
j B

k
w

here

�
ij

k
=

8<:

1
if

i
6=

j
6=

k
cyclic

perm
utationof1,2,3

�
1

if
i

6=
j

6=
k

cyclic
perm

utationof1,3,2
0

if
i

=
j

orj
=

k
ori

=
k

(r
�

A
)i =

"
ij

k
@@x

j A
k

�
ij

k �
ilm

=
�

jl �
k

m
�

�
jm

�
k

l
is

equivalentto

( ~A
�

~B
)

�( ~C
�

~D
)

=
( ~A

�
~C

)(
~B

�
~D

)
�

( ~A
�

~D
)(

~B
�

~C
)

C
ylindrical,

S
pherical,and

G
eneralG

eom
etry

x

y

z

z

f
r

C
ylindricalgeom

etry:d~r
=

r̂dr
+

�̂r
d�

+
ẑdz.

x

y

z

z

f
r

q

q f̂^

r̂

^

^

^

S
phericalgeom

etry:d~r
=

r̂dr
+

�̂rd�
+

�̂r
sin

�d�.
A

dd
som

ethinghere
aboutvectoroperatorsin

generalcurvilinearcoordinates,Jacobians,
coordinatetransform

ations,etc??
d

~S
is

a
vectorthatis

“norm
al”

to
the

surface,jd
~Sjm

easuresthe
area.

4.3.
B

R
A

G
IN

S
K

II
F

LU
ID

E
Q

U
A

T
IO

N
S
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4.3.
B

raginskiiF
luid

E
quations

T
he

sum
m

aryofB
raginskiiin

the
N

R
L

is
supplem

entedhere.B
raginskiiusesthe

Landau
collision

operatorfor
C

oulom
bcollisionsbetw

eenionizedparticles(thusignoring
atom

icpro-
cesses,collisions

w
ith

neutrals,externalsourcesor
sinks

of
particlesor

energy).
(N

ote,the

N
R

L
reversesthe

de�nition
of

~~�
and

~~P
relative

to
B

raginskii's
originalnotation.)

n
�

=
Z

d
3vf

�
n

� ~u
�

=
n

� h~vi
�

=
Z

d
3vf

� ~v

P
ressuretensor

~~�
�

=
p

� ~~1+
~~P

�
=

n
� m

� h�~v�~vi
�

=
n

� m
� h(~v�h

~vi
� )(~v�h

~vi
� )i

�

H
eat�ux

~q
�

=
n

�
12

m
� hj�~vj 2�~vi

�

F
riction

/C
ollisionaldrag

rate
~R

�
=

Z
d

3v
m

� �~v
C

�
&

heating
Q

=
Z

d
3v

12
m

� j�~vj 2
C

�

D
e�ning

p
=

nT
giveshm

j�~vj 2=2i
=

(3=2)T
,i.e.

T
=2

ofenergy
perdegreeoffreedom

(di-
m

ensionsorm
odesam

ongw
hich

energy
can

be
shared).p

is
the

isotropicpartofthe
pressure

tensor,so
~~P

m
ustbe

traceless.B
raginskiiuseda

C
hapm

an-E
nskog-like

approachto
calcu-

late
the

closuresin
the

collisionallim
it.

T
he

N
R

L
hassum

m
ariesofB

raginskiifor



c �
�

1
or

�
1,

though
B

raginskiihas
m

ore
generalexpressions.T

he
N

R
L

expressionsare
for

a
hydrogen-electronplasm

a,w
hile

B
raginskiigivesexpressionsfor

a
plasm

aw
ith

arbitraryion
charge

Z
i

and
for

m
ultiple

ion
species,n

e
=

P
i n

i Z
i .

To
generalizethe

N
R

L
form

ulasfor
arbitrary

Z
i ,

the
electronand

ion
collision

tim
es

and
variouscoef�cients

are
m

odi�ed
in

the
follo

w
ing

w
ay:

�
e

=
3 p

m
e T

3=2
e

4 p
2�

n
i Z

2i e
4�

�
i =

3 p
m

i T
3=2
i

4 p
�

n
i Z

4i e
4�

Z
i dependenceofvarioustransportcoef�cients

(B
raginskii,Table

1)

F
irstterm

of
Z

i
�

k
~R

T
and~q

eu
�

ek
�

e?

1
1.96

0.71
3.16

4.66
2

2.27
0.9

4.9
4.0

3
2.50

1.0
6.1

3.7
4

2.63
1.1

6.9
3.6

1
3.40

9
1.5

13.6
9

3.2

I.e.,the
equationfor

�
k

is
�

k
=

1:96�
?

for
Z

i
=

1,
and

�
k

=
2:63�

?
for

Z
i

=
4.

S
pitzer's

resultforresistivity
is

identicalto
B

raginskii's.S
pitzer's

resultforthe
energy

equilibrationrate
reducesto

B
raginskii's

resultfor
m

� =
m

�
�

1.

T
he

N
R

L/B
raginskiide�nitions

for
~~W

arevalid
forarbitrary,non-straight, ~B

�elds,aslong

asone
identi�es

ẑ
w

ith
b̂

=
~B

=
B

.Forexam
ple,W

zz
=

b̂
�

~~W
�b̂

=
2̂b

�(r
~v)

�b̂
�

(2=3)r
�~v.

N
ote

that ~~P
and

~~W
are

traceless(W
xx

+
W

yy
+

W
zz

=
0)

and
sym

m
etric.In

the
strong

B
lim

it
(


c �
�

1,
w

here
�

is
the

collision
tim

e),B
raginskii's

stresstensorbecom
esdiagonal

to
low

estorder,
~~P

=
�

�
0 [W

zz b̂̂b
�

(W
zz =2)( ~~1

�
b̂̂b)].

E
ven

w
ithoutstrongcollisions,in

the
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M
A

P
H
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IC
S

in
te

gr
at

in
go

ve
ra

ll
~ �

an
d

ta
ki

ng
th

e
lim

it
�

t
!

0
gi

ve
st

he
ge

ne
ric

F
ok

ke
r-

P
la

nc
k

eq
ua

tio
n:

�
@f @t

�

C
ol

l

=
C

(f
)

=
�

@ @v
i

� f
(~v

;t
)h�

v i
i

�
t

�
+

@ @v
i

@ @v
j

� f
(~v

;t
)h�

v i
�

v j
i

2�
t

�

=
�

@ @v
i

h f
(~v

;t
)

_ ~v i
i

+
@ @v

i

@ @v
j

[f
(~v

;t
)D

ij
]=

�
@J

i

@v
i

W
he

re
h�

v i
i

=
R

d3
�P

�
t(

~v;
~ �)

� i
,a

nd
si

m
ila

rly
fo

r
h�

v i
�

v j
i.

Fo
r�

ni
te

si
ze

tim
e

st
ep

s,
th

e
di

ff
us

io
n

te
ns

or
sh

ou
ld

be
gi

ve
n

by

D
ij

=
h(

�
v i

�
h�

v i
i)

(�
v j

�
h�

v j
i)

i
(2

�
t)

(a
ss

um
in

gI
di

d
th

e
m

ul
ti-

di
m

en
si

on
al

ge
ne

ra
liz

at
io

no
ft

hi
s

rig
ht

??
).

~ J
=

P
�

~ J
��

is
gi

ve
n

in
th

e
N

R
L

fo
rm

ul
ar

ya
nd

is
th

e
�u

x
in

ve
lo

ci
ty

sp
ac

eo
fs

pe
ci

es
�

du
e

to
co

lli
si

on
sw

ith
sp

ec
ie

s
�

.
B

ec
au

se
of

th
e

an
al

og
yw

ith
el

ec
tr

os
ta

tic
sn

ot
ed

by
R

os
en

bl
ut

h,
th

e
R

os
en

bl
ut

hp
ot

en
tia

ls
in

th
e

N
R

L
ca

na
ls

o
be

w
rit

te
n

as

r
2 v
H

=
�

(1
+

m
�

m
�

)4
�

f �
r

2 v
G

=
2

1
+

(m
�
=

m
�
)H

If
f �

is
M

ax
w

el
lia

n,
th

en
th

e
co

lli
si

on
op

er
at

or
si

m
pl

i�e
s

to
th

e
fo

rm
at

th
e

to
p

of
N

R
L

p.
36

(t
hi

s
ig

no
re

st
he

ba
ck

-r
ea

ct
io

no
ff

�
du

e
to

co
lli

si
on

sw
ith

th
e

no
n-

M
ax

w
el

lia
nf

�
).

A
us

ef
ul

I.D
.:

@ @~v
��

1 2v
3
(v

2~ ~ 1
�

~v~v
)�

=
�

~v v3

Q
ua

lit
at

iv
e

co
lli

si
on

ra
te

s:

� e
i

:
� e

e
:

� i
i

:
� i

e

Z
ef

f
:

1
:

p
m

e=
m

i
:

m
e=

m
i

E
le

ct
ro

n-
io

nc
ol

lis
io

ns
ca

us
ep

itc
h

an
gl

e-
sc

at
te

rin
go

nl
y,

gi
vi

ng
ris

e
to

re
si

st
ivi

ty
(e

le
ct

ro
ns

lo
se

m
om

en
tu

m
to

io
ns

),
an

d
el

ec
tr

on
-e

le
ct

ro
nc

ol
lis

io
ns

ca
us

ef
e

to
ap

pr
oa

ch
a

M
aw

el
lia

n
(p

re
se

rv
in

gt
he

el
ec

tr
on

en
er

gy
,i

n
th

e
io

n
re

st
fr

am
e)

.I
on

-io
n

co
lli

si
on

sc
au

se
f i

to
ap

pr
oa

ch
a

M
ax

w
el

lia
n

(p
re

se
rv

in
gt

he
io

n
en

er
gy

).
T

i
an

d
T e

eq
ui

lib
ra

te
on

ly
at

th
e

ve
ry

sl
ow

� i
e

ra
te

.
�

�
1=

v3
so

en
er

ge
tic

pa
rt

ic
le

sa
re

le
ss

co
lli

si
on

al
.

2.
1.

B
A

S
IC

E
Q

U
A

T
IO

N
S

9

In
te

gr
at

io
n

Z
f

dg
=

f
g

�
Z

g
df

Z
dx x

=
lo

g
jx

j

Z
2�

0
si

n2
�

d�
=

�

G
am

m
aF

un
ct

io
n:

�(
x)

=
(x

�
1)

!=
Z

1

0
tx

�
1
e�

t dt

S
tir

lin
g'

s
ap

pr
ox

.:
n

!�
p

2�
n

n
n
e�

n
(1

+
1 12
n

+
::

:)

un
ifo

rm
ap

pr
ox

.g
oo

d
fo

r
n

=
0:

n
!�

p
2�

n
+

1
n

n
e�

n

er
ro

r�
1%

fo
r

in
te

ge
rn

�
0,

m
ax

er
ro

r�
4%

fo
r

n
�

0:
1

G
en

er
al

iz
ed

M
ax

w
el

lia
n

M
om

en
ts

fo
r

co
m

pl
ex

�
,�

;R
ea

l�
>

0:

G
n

=
Z

+
1

�1
xn

e�
�x

2
e�

�
x

dx

G
0

=

r
� �

e�
2
=(

4
�

)
G

2n
=

(�
1)

n
@n

G
0

@�
n

G
2n

+
1

=
(�

1)
2n

+
1

@2n
+

1
G

0

@�
2n

+
1

In
pa

rt
ic

ul
ar,

fo
r

a
M

ax
w

el
lia

n
di

st
rib

ut
io

n
fu

nc
tio

n:

f M
=

�
1

p
2�

v t

�
3

ex
p

� �
(v

2 x
+

v2 y
+

v2 z
)=

(2
v2 t

)�

v2 t
=

T m
hv

2n x
i

=
Z

d3
v

v2n x
f M

=
v2n t

(2
n

�
1)

!!

S
o

th
at

hE
i

=
1 2
m

hv
2 x

+
v2 y

+
v2 z

i
=

3 2
T

.I
.e

.,
th

e
av

er
ag

ee
ne

rg
y

pe
rd

eg
re

eo
ff

re
ed

om
is

1 2
T

.
“N

or
m

al
”

di
st

rib
ut

io
n

fu
nc

tio
n:

f
(x

j�x
;�

)
=

1
p

2�
�

ex
p

"

�
1 2

�
x

�
�x

�

�
2
#

“E
rr

or
”

fu
nc

tio
n:

�(
y)

=
2 p
�

Z
y

0
e�

t2
dt

=
Z

+
yp

2�

�
yp

2�
dx

f
(x

;0
;�

)

�(
0)

=
0

�(
�1

)
=

�
1

�(
1

�
=p

2�
)

=
0:

68
�(

2
�

=p
2�

)
=

0:
95
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C

om
plex

A
nalysis

f
(z)

is
analytic

in
som

eregion
if

its
derivative

df
=

dz
exists

(i.e.,is
independentof

the
directionofdz

in
the

com
plex

plane).T
he

term
sholom

orphic,m
onogenic,andregulararealso

used.M
ore

form
ally,f

is
holom

orphicif
f

satis�esthe
C

auchy-R
iem

annequations(w
hereu

and
v

are
real-valuedfunctions):

f
(z)

=
u(z)

+
iv

(z)
z

=
x

+
iy

@u@x
=

@v@y
@u@y

=
�

@v
@x

E
quivalently,f

is
holom

orphicif
d(f

dz)
=

0
in

m
oderndifferentialgeom

etrynotation.If
f

is
holom

orphic,thenit
satis�es

r
2f

=
@

2f
@x

2
+

@
2f

@y
2

=
0

C
auchy'sintegralform

ula:Forz
2

region
D

,andf
(z)

holom
orphiceveryw

herein
D

,then
the

n
'th

derivative
of

f
is

relatedto
the

follo
w

ing
integralaroundthe

boundaryof
D

(going
counter-clock

w
ise

aroundthe
contourD

):

f
(n

)(z)
=

n
!

2�
i

Z

@
D

f
(�)

(�
�

z) n
+

1
d�

T
he

leadsto
the

form
ula

for
contourintegrals:

I

C
f

(�)d�
=

2�
i�

(sum
ofthe

residuesinside
the

contourC
)

If
f

(z)
hasa

pole
ofordern

atz
=

a,thenits
residueis

de�ned
as

residue=
1

(n
�

1)! limz!
a

d
n

�
1

dz
n

�
1

((z
�

a) nf
(z))

FourierT
ransform

s:

f
(t)

=
1

p
2�

Z
1

�1
e

�
i!

tF
(!

)d!

F
(!

)
=

1
p

2�

Z
1

�1
e

i!
tf

(t)dt

C
onvolution

theorem
:

Z
1

�1
e

�
i!

tF
(!

)G
(!

)d!
=

Z
1

�1
g(t�

t 0)f
(t 0)dt 0

Fouriertransform
ofa

G
aussianis

a
G

aussian: f
(t)

=
e

�
at 2

!
F

(!
)

=
1

p
2a

e
�

!
2=(4

a)

C
om

m
onform

sofD
irac

deltafunction:
�(t)

=
12�

Z
1

�1
d!

e
�

i!
t

�(t)
=

lim
L

!1

sin
Lt

�
t

�(t)
=

lim
�!

0
+

�
�

(�
2

+
x

2)

lim
�!

0
+

1
x

�
a

�
i�

=
P

:V
:

1
x

�
a

�
i�

�(x
�

a)
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A
trick

for
replacingthese2N

O
D

E
's

w
ith

a
single

P
D

E
is

to
use

the
K

lim
ontovich-D

upree
equationfor

f
� (~x;~v;t)

=
P

i �(~x
�

~x
i (t))�(~v

�
~v

i (t)),

@f
�

@t
+

~v
�

@f
�

@~x
+

~a
�

@f
�

@~v
=

0

T
he

V
lasov

equation
for

f
is

identicalto
this

equationfor
f

� ,exceptthatf
is

consideredto
be

a
sm

oothdensityof
particlesin

phase-space(and
so

hasbeencourse-grained,averaging
overa

�nite
volum

e,orf
is

consideredasa
statisticalprobability

function
from

an
ensem

ble
average).T

his
sm

oothf
(w

hich
producesa

sm
oothelectric

�eld)
thus

ignoresthe
effects

of
collisions

betw
eendiscreteparticles(w

here
the

electric
�eld

blow
s

up
if

any
tw

o
particular

particlesgettoo
close).C

ollisionsm
ustbe

reintroducedvia
a

collision
operatoron

the
right-

handside(orw
ill

arisefrom
nextordercorrectionsin

the
coarse-graining/averagingprocedure

asin
the

B
B

G
K

Y
hierarchy),leadingto

the
B

oltzm
ann

equation:

@f@t
+

~v
�

@f@~x
+

~a
�

@f@~v
=

C
(f

)

A
notherapproach:M

ultidim
ensionalC

onservation
Law

s.
Let

f
(x

1 ;x
2 ;:::;x

N
;t)

be
a

distribution
for

an
N

-dim
ensionalphasespace,w

here
the

equationsofm
otion

aredx
i =

dt=
_xi =

u
i .T

hen
particleconservation

canbe
expressedas:

@f@t
=

�
X

i

@@x
i (

_xi f
)

=
�

X

i

@@x
i (u

i f
)

=
�

~r
�(~uf

)

B
reaking

up
the

phase-spacein
to

the
canonicalpositions~q

=
(x

1 ;x
2 ;:::;x

N
=2 )

and
the

canonicalm
om

enta~p
=

(x
N

=2+
1 ;:::;x

N
),then

the
phase-spaceconservation

law
for

f
(~p;~q)

canbe
rew

ritten
as

@f@t
+

@@~q
� �

_~qf
�

+
@@~p

� �
_~pf

�
=

0:

U
sing

the
H

am
iltonianequationsofm

otion
onecanthen

show
Liouville's

theorem

D
f

D
t

=
@f@t

+
_~q

�
@f@~q

+
_~p

�
@f@~p

=
0;

i.e.,f
is

constantalong
trajectoriesin

phasespace(conservation
ofphase-space).

E
quilibrium

solutions(if
f

a
function

only
ofconstantsofthe

m
otion,B

oltzm
anntherm

o-
dynam

icequilibrium
...).

2-stream
instability,Landaudam

ping.

4.2.
F

okker-P
lanck

C
ollision

O
perator

and
C

oulom
b

S
cattering

G
eneralexpressionfor

probabilistictransitions.Letf
(~v;t)

be
the

densityofparticles(or
the

probability
distribution

for
a

single
particle)atvelocity

~v
attim

e
t.

If
P

�
t (~v; ~�)

is
the

probabilityofa
particle

initially
at~v

taking
a

stepto
~v

+
~�,then

f
(~v;t)

=
Z

d
3�f

(~v
�

~�;t�
�

t)P
�

t (~v
�

~�; ~�)

T
his

is
also

know
n

asa
M

arkov
process.D

oing
a

Taylor-seriesexpansionfor
sm

all�

f
(~v

�
~�;t�

�
t)P

�
t (~v

�
~�; ~�)

�
f

(~v;t�
�

t)P
�

t (~v; ~�)
+

�
i

@@v
i f

(~v;t�
�

t)P
�

t (~v; ~�)

+
12

�
i �

j
@@v

i

@@v
j f

(~v;t�
�

t)P
�

t (~v; ~�)
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=
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=
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=
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=

C
.

T
hr

ee
m

ai
n

cl
as

se
so

fp
ar

tia
ld

iff
er

en
tia

le
qu

at
io

ns
:

�
H

yp
er

bo
lic

(w
av

e-
lik

e
w

ith
ch

ar
ac

te
ris

tic
s)

:u
t

=
u x

,o
ru

tt
=
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.

�
Pa

ra
bo

lic
(d

iff
us

io
n-

lik
e)

:u
t

=
u x

x
.

�
E

lli
pt

ic
(P

oi
ss

on
-li

ke
):

u x
x

+
u y

y
=
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H
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E
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2.
M

A
T

H
E

M
A

T
IC

S

M
ath

and
LaTeX

dictionary
@

\aleph
aleph

<
\R

e
realpart

=
\Im

im
aginarypart

1
\infty

in�nity
8

\forall
for

all
9

\exists
thereexists

R
\m

athbb
R

the
setofallrealnum

bers
C

;Z
;Q

the
setofallcom

plex
num

bers,integers,orrationals
f:::g

lists
the

elem
entsofa

set
2

\in
elem

entof
�

\subset
subset

\
\cap

intersection
[

\cup
union

(a;b]
intervalw

ith
openand

closedendsfx
:a

<
x

�
bg

(
)

oriff
if

and
only

if

E
xam

plesofm
athem

aticalnotation:Letf
(~x;t)

be
a

function
thatm

apsan
m

-dim
ensional

vector~x
anda

realvaluedt
to

a
realnum

ber.T
he

notationfor
this

is,f
:R

m
�

R
!

R
.

C
hapter3

C
lassicalM

echanics

C
lassical(non-quantum

,non-relativistic)Lorentzequationofm
otion

for
a

particle
in

an
elec-

tric
andm

agnetic�eld:
d~xdt

=
~v

m
d~vdt

=
~F

=
m

~a
=

e

 

~E
(~x)

+
~v

�
~B

(~x)
c

!

Lagrangianform
ulationfor

generalizedcoordinatesq
i :

ddt

�
@L
@

_qi �
�

@L
@q

i
=

0

L
(q

i ;
_qi )

=
12

m
v

2
+

ec ~v
�

~A
�

e�

w
here

_qi =
dq

i =
dt.T

he
H

am
iltonianform

ulation
usesthe

generalizedm
om

entum

p
i =

@L
@

_qi

To
obtain

the
H

am
iltonian

H
(p

i ;q
i )

=
�

L
+

X

i

p
i _qi

=
12m

�
~p

�
ec

~A �
2

+
e�

A
nd

the
H

am
iltonianequationsofm

otion
are:

_~q
=

@H@~p
;

_~p
=

�
@H@~q

T
he

m
eaningofallthis?

K
=

K
ineticE

nergy

U
=

P
otentialE

nergy

L
=

K
�

U
;

H
=

K
+

U

N
ote

thatL
=

L
(~q; _~q)

w
hile

H
=

H
(~q;~p),

so
that@=

@q
i

in
the

tw
o

differentapproaches
(Lagrangianand

H
am

iltonian)holdsdifferentindependentvariables�x
ed

because~p
6=

_~q.
T

he
tim

e
evolution

ofany
function

de�ned
on

phasespace(and
tim

e)f
(~q;~p;t)

is

dfdt
=

@f@t
+

@f
@q

i
_qi +

@f
@p

i
_pi =

@f@t
+

@f
@q

i @H@p
i

�
@f
@p

i @H@q
i

�
@f@t

+
ff;H

g

w
hich

servesto
de�ne

the
P

oissonbracketff;H
g.
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