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2.1.
B
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E

quations

Q
uadratic

E
quation:

a
x

2
+
bx

+
c

=
0

⇒
x

=
−
b±

√
b
2−

4a
c

2a

Factorials:
n
!
=
n
(n

−
1)(n

−
2)···(3)(2)(1)

1!
=

1
0!

=
1

(2n
+

1)!!
=

(2n
+

1)(2n
−

1)(2n
−

3)···(5)(3)(1)
=

(2n
+

1)!

2
nn

!

(2n
)!!

=
(2n

)(2n
−

2)(2n
−

4)···(4)(2)
=
n
!2

n

T
he

num
ber

of
perm

utations
(w

here
order

m
atters)

of
k

objects
selected

from
a

set
of
n

objects,is
n
!

(n
−
k
)!

=
n
(n

−
1)(n

−
2)
...(n

−
k

+
1).

T
he

num
ber

of
com

binations
(w

here
order

doesn’tm
atter)

of
k

objects
selected
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a

setof
n

objects
is

(this
is
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etim

es
called

“n
choose

k”):
(

nk

)

=
n
!

k
!(n

−
k
)!
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binom
ialtheorem

:
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)
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=
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he
essentialquantum

m
echanic

Schrödinger’s
E

quation:

i~
∂∂
t Ψ

=
H

Ψ
=

(

p
2

2m
+
V

)

Ψ
=

(−
~

2

2m
∇

2
+
V

)

Ψ

Plane
w

aves
(w

ith
m

om
entum

p
=

~
k

and
energy

E
=

~
ω

):

Ψ
∝
e

i(k
x−

ω
t)

=
e

i(p
x−

E
t)/

~

C
om

m
utators:

[x
,p]

=
x
p−

px
=
i~

dd
t 〈A〉

=

〈

d
Ad
t

〉

+
i~ 〈[H

,A
]〉

H
eisenberg

U
ncertainty

Principle〈(∆
A

)
2〉〈(∆

B
)
2〉≥

14 ||〈ψ|[A
,B

]|ψ〉|| 2.
“N

atural
units”

uses
3

fundam
ental

units:
action

(or
angular

m
om

entum
)

(~),
velocity

c,
and

energy
eV

.
T

he
3

fundam
ental

units
of

cgs
are

length,m
ass,

and
tim

e,and
“action”

has
units

of
[m

om
entum

]×
[length].

.
In

natural
units,

~
=
c

=
1,

and
all

physical
units

are
reported

in
“eV

”.
??

C
ould

add:
H

arm
onic

oscillator,V
ariationalm

ethods,B
ound-state

non-degenerate
per-

turbation
theory,

degenerate
perturbation

theory,
tim

e-dependent
perturbation,

scattering
the-

ory,B
orn

approxim
ation,angular

m
om

entum
and

spin,atom
ic

energy
levels.
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st
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it
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T

ur
bu
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nc
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an

d
T

ra
ns

po
rt

4.
7.

T
ok

am
ak

E
qu

ili
br

iu
m

4.
8.

C
om

m
on

P
la

sm
a

P
hy

si
cs

P
ar
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et

er
s

“S
af

et
y

fa
ct

or
”

(b
et

te
r,
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nv

er
se

ro
ta

ti
on

al
tr

an
sf

or
m

”
or

“w
in

di
ng

ra
ti

o”
):

q
=

2π ι
=

d
Ψ

to
r

d
Ψ
po
l
≈

r R

B
φ

B
θ

M
ag

ne
ti

c
sh

ea
r

ŝ
=
r q

d
q

d
r

R
an

do
m

w
al

k
di

ff
us

io
n

co
ef

fic
ie

nt

D
=

1 2

(∆
x
)2

∆
t

D
cl

a
ss

ic
a
l
=
ν e

iρ
2 e

T
ur

bu
le

nt
m

ix
in

g
le

ng
th

es
ti

m
at

e

D
m

l
=

γ k
2 ⊥

B
oh

m

D
B

o
h
m

=
1 16

cT
e

eB

G
yr

o-
re

du
ce

d
B

oh
m

(∆
x
∼

1/
k
∼
ρ

,∆
t
∼

1/
γ
∼

1/
ω
∗

ev
al

ua
te

d
at
k

⊥
ρ
∼

1)
:

D
g
B

=
cT

e

eB

ρ
s

L
n

=
c s
ρ

s
ρ

s

L
n

R
ea

ct
io

n
ra

te
s

ar
e

of
th

e
fo

rm
Γ

=
n

α
n

β
〈σ
v
〉/

(1
+
δ i

j
),

w
he

re
th

e
δ i

j
co

rr
ec

ts
fo

r
th

e
ca

se
of

se
lf

-c
ol

li
si

on
s.

??
T

he
fo

rm
of

1.
5D

tr
an

sp
or

te
qu

at
io

ns
in

ge
ne

ra
lg

eo
m

et
ry

.
??

0-
D

sc
al

in
g

re
la

ti
on

s
fo

r
re

ac
to

r
de

si
gn

st
ud

ie
s:

T
ro

yo
n

be
ta

li
m

it
β
∝
I
/(
a
B

),
gl

ob
al

en
er

gy
sc

al
in

g,
G

re
en

w
al

d
de

ns
it

y
li

m
it

,p
ed

es
ta

ls
ca

li
ng

s,
H

-m
od

e
po

w
er

th
re

sh
ol

ds
.s

ha
pi

ng
ef

fe
ct

s,
bo

ot
st

ra
p

fr
ac

ti
on

.T
ru

bn
ik

of
f’

s
E

C
E

cy
cl

ot
ro

n
po

w
er

lo
ss

es
.

2.
1.

B
A

SI
C

E
Q

U
A

T
IO

N
S

5

G
eo

m
et

ry

E
ll

ip
se

A
re

a
=
π
a
b.

C
ir

cl
e

A
re

a
=
π
r2

,C
ir

cu
m

fe
re

nc
e

=
2π
r.

Sp
he

re
V

ol
um

e
=

4 3
π
r3

,A
re

a
=

4π
r2

.
b

a

So
li

d
A

ng
le

:
δΩ

=
δS R

2

∫

∂
V

d
Ω

=
4π

R
S

δ

x

y

r
r 

si
n

r 
co

s
θ

θ

θ

T
ri

g
id

en
ti

ti
es

:
si
n

2
x

+
co

s2
x

=
1

ta
n
x

=
si
n
x

co
s
x

=
1

co
t
x

se
c
x

=
1

co
s
x

cs
c
x

=
1

si
n
x

co
s2
x

=
1

+
co

s
2x

2
co

s(
x

+
y
)
=

co
s
x

co
s
y
−

si
n
x

si
n
y

si
n

2
x

=
1
−

co
s
2x

2
si
n
(x

+
y
)
=

si
n
x

co
s
y

+
co

s
x

si
n
y

E
xp

on
en

ti
al

id
en

ti
ti

es
:

ei
θ

=
co

s
θ

+
i
si
n
θ

si
n
θ

=
ei

θ
−
e−

iθ

2i
co

s
θ

=
ei

θ
+
e−

iθ

2i

si
n
h
θ

=
eθ

−
e−

θ

2
co

sh
θ

=
eθ

+
e−

θ

2

co
sh

2
x
−

si
n
h

2
x

=
1

Fo
r

an
ar

bi
tr

ar
y

tr
ia

ng
le

:

a
2
+
b2

−
2a
b
co

s
θ

=
c2

si
n
θ

c
=

si
n
φ

b
=

si
n
ξ

a

a

b

c
θ

ξ
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S

D
ifferentiation

d
g
(u

)
=
g
′(u

)d
u

d
(f
g
)
=
f
d
g

+
g
df

d

(

fg

)

=
g
df

−
f
d
g

g
2

d
sin

x
=

cos
x
d
x

d
tan

x
=

sec
2
x
d
x

d
cos

x
=

−
sin

x
d
x

d
cot

x
=

−
csc

2
x
d
x

d
sec

x
=

tan
x

sec
x
d
x

d
csc

x
=

−
cot

x
csc

x
d
x

d
arcsin

x
=

d
x

√
1−

x
2

d
arccos

x
=

−
d
x

√
1−

x
2

d
arctan

x
=

d
x

1
+
x

2
d

arcsec
x

=
d
x

x √
x

2−
1

d
log

x
=
d
xx

Taylor
Series

(w
ith

rem
ainder):

f
(x

)
=
f
(a

)
+
f
′(a

)

1!
(x−

a
)
+
f
′′(a

)

2!
(x−

a
)
2
+
···+

f
(n

)(a
)

n
!

(x−
a
)
n
+
f

(n
+

1
)(X

)

(n
+

1)!
(x−

a
)
n
+

1

Infinite
Series:

1

1−
x

=
1

+
x

+
x

2
+
···+

x
n

+
···

1−
x

n
+

1

1−
x

=
1

+
x

+
x

2
+
···+

x
n

e
x

=
1

+
x

+
x

2

2!
+
x

3

3!
+
···+

x
n

n
!

+
···

sin
x

=
x
−
x

3

3!
+
x

5

5!
+
···+

(−
1)

n
x

2
n
+

1

(2n
+

1)!
+
···

cos
x

=
1−

x
2

2!
+
x

4

4!
+
···+

(−
1)

n
x

2
n

(2n
)!

+
···

for−
1
<
x
<

1:
log

(1
+
x
)

=
x
−
x

22
+
x

33
+
···+

(−
1)

n
+

1 x
nn

+
···

√
1

+
x

=
1

+
x2
−
x

28
+
x

3

16
−
···

1
√

1
+
x

=
1−

x2
+

3x
2

8
−

5x
3

16
−

···

for|x|
>

|y|:
(x

+
y
)
α

=
x

α
+
α1! x

α−
1y

+
α
(α

−
1)

2!
x

α−
2y

2
+
···
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4.4.
M

H
D

/O
ne-F

luid
E

quations

T
he

standard
ordering

assum
ptions

to
derive

sim
ple

M
H

D
are:

slow
tim

e
scales

com
pared

to
the

gyrofrequency
and

large
spatial

scales
com

pared
to

the
gyroradius

(sim
ilar

to
the

drift
equations),

ω
/Ω

ci ∼
ρ

i /L
∼
ε
�

1.
m

e /m
i
�

1
is

used
and

quasineutrality
is

assum
ed

(this
orders

out
high-frequency

electron
plasm

a
oscillations),and

v
A
/c

�
1

is
assum

ed
(the

displacem
ent

current
is

ignored
to

order
out

light
w

aves).
M

H
D

allow
s

flow
s
u

∼
c
~E
×

~B
/B

2∼
v

ti and
β
∼

1,though
subsidiary

orderings
can

be
m

ade
later.

Sw
itch

from
tw

o-fluid
variables

to
one-fluid

variables:
m

ass
density

ρ
=
∑

α
n

α
m

α ,
m

ass-w
eighted

flow
velocity

ρ~u
=
∑

α
n

α m
α ~v

α ,
current

density
~j

=
∑

n
α
q
α
u

α ,
and

define
pressure

relative
to
~u

,
~~Π

=
∑

α
m

α
n

α 〈(~v−
~u
)(~v−

~u
)〉

α
≈
p ~~1

C
onservation

of
M

ass
∂
ρ∂
t

+
∇

·
(ρ~v

)
=

0

M
om

entum
conservation,force

balance
ρ
d~ud
t

=
−
∇
p

+
~j×

~B

c

E
nergy

conservation,adiabatic
pressure

d
pd
t

=
−

Γ
p∇

·~u

G
eneralized

O
hm

’s
L

aw
(FL

R
but

m
e →

0)
~E

+
~u
×
~B

c
=
η ~j−

∇
p

e

n
e

+
~j×

~B

n
ec

M
agnetostatic

M
axw

ell’s
E

qs:
∂
~B

∂
t

=
−
c∇

×
~E

∇
×
~B

=
4πc
~j

O
ther

M
axw

ell’s
equations:∇

·
~B

=
0

is
only

an
initialcondition,and

∇
·
~E

=
4π
σ

is
used

only
to

verify
quasineutrality

assum
ption.

T
he

last
term

of
the

generalzied
O

hm
’s

law
is

the
H

allterm
,and

the
lasttw

o
term

s
of

the
O

hm
’s

law
are

usually
ρ

i /L
sm

aller
than

the
first

tw
o

term
s

and
are

neglected
in

standard
M

H
D

.E
xtensions

of
sim

ple
M

H
D

are
som

etim
es

m
ade

to

keep
a

C
G

L
pressure

tensor
or

a
fullpressure

tensor,∇
p
→

∇
·
~~Π

,using
equations

of
state

or
B

raginskiitransportcoefficients
from

the
previous

section.

T
here

are
three

m
ain

w
aves

in
M

H
D

.
L

inearizing
the

M
H

D
equations

for
a

uniform
plasm

a
w

ith
a

straightm
agnetic

field
and

an
adiabatic

equation
of

state
δp

=
c
2s δρ,the

general
dispersion

relation
is

(ω
2−

k
2‖ v

2A
)(ω

4−
ω

2k
2(c

2s
+
v

2A
)
+
k

2k
2‖ c

2s v
2A
)

=
0

w
here

the
A

lfvén
speed

v
A

is
given

by
v

2A
=
B

2/(4π
ρ
),

and
the

sound
speed

c
s

is
given

by
c
2s

=
Γ
p/ρ

=
Γ
(T

i
+
T

e )/m
i .

A
pproxim

ate
form

ulas
that

interpolate
for

arbitary
β

are:
the

shear
A

lfvén
w

ave
ω

2
=
k

2‖ v
2A

,
the

fast
m

agnetosonic
(com

pressional
A

lfvén)
w

ave
ω

2
=

k
2(v

2A
+
c
2s ),and

the
slow

m
agnetosonic

w
ave,a.k.a.the

slow
m

ode
(athigh

beta
som

etim
es

called
the

pseudo-A
lfvén

w
ave,

and
at

low
beta

it
becom

es
an

ion
acoustic

w
ave)

ω
2

=
k

2z v
2A
c
2s /(v

2A
+
c
2s ).

(T
here

is
also

the
lesser

know
n

entropy
m

ode,
but

this
is

elim
inated

by
using

an
adiabatic

equation
of

state
instead

of
the

tim
e-dependentpressure

equation.
In

ideal
M

H
D

the
entropy

m
ode

is
zero

frequency
and

has
δρ

6=
0

but
δp

=
0

(i.e.,
force

balance
is

m
aintained

by
opposite

density
and

tem
perature

gradients).)
??
δW

E
nergy

principle,G
rad-Shafranov

E
quation,M

H
D

equilibria
in

generalgeom
etry.

4.5.
W

aves

cold-plasm
a

dielectric
tensor?

quasilinear
theory?
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st
ro

ng
B

li
m

it
(ω
/Ω

c
�

1,
ρ
/L

�
1)

th
e

ra
pi

d
gy

ra
ti

on
of

pa
rt

ic
le

s
m

ea
ns

th
at
f
(~v

)
to

lo
w

es
t

or
de

r
m

us
t

be
is

ot
ro

pi
c

pe
rp

en
di

cu
la

r
to
~ B

,s
o

th
e

pr
es

su
re

te
ns

or
m

us
t

be
di

ag
on

al
,y

ie
ld

in
g

th
e

C
G

L
(C

he
w

-G
ol

db
er

ge
r-

L
ow

)
pr

es
su

re
te

ns
or
~ ~ Π

=
p ‖
b̂b̂

+
p ⊥

(~ ~ 1
−
b̂b̂

).
T

he
C

G
L

“d
ou

bl
e

ad
ia

ba
ti

c”
eq

ua
ti

on
s

of
st

at
e

(n
eg

le
ct

in
g

he
at

flo
w

s
an

d
co

ll
is

io
ns

):

d d
t

(

p ⊥ n
B

)

=
0

(f
ro

m
µ

co
ns

er
va

ti
on

)

d d
t

(

T
‖

(

B n

)

2
)

=
0

(i
f

th
e

m
ag

ne
ti

c
fie

ld
an

d
pl

as
m

a
m

ov
e

to
ge

th
er

,
T

‖

ch
an

ge
s

on
ly

du
e

to
co

m
pr

es
si

on
pa

ra
ll

el
to
~ B

)

T
he

flu
id

eq
ua

ti
on

s
ar

e
of

te
n

si
m

pl
ifi

ed
fu

rt
he

r
(s

uc
h

as
in

si
m

pl
e

M
H

D
)

by
as

su
m

in
g

is
ot

ro
pi

c
pr

es
su

re
an

d
ne

gl
ec

ti
ng

he
at

flo
w

s
an

d
co

ll
is

io
na

le
ne

rg
y

ex
ch

an
ge

be
tw

ee
n

sp
ec

ie
s:

∂
p ∂
t

+
~v
·∇

p
=

−
Γ
p∇

·~v
or

d d
t

(

p n
Γ

)

=
0

i.e
.,

an
ad

ia
ba

ti
c

eq
ua

ti
on

of
st

at
e

w
he

re
a

flu
id

el
em

en
t

co
m

pr
es

se
s

or
de

co
m

pr
es

se
s

as
an

id
ea

l
ga

s
w

it
h
p

=
C
n

Γ
(C

is
co

ns
ta

nt
as

th
e

flu
id

el
em

en
t

m
ov

es
,

bu
t

m
ay

di
ff

er
be

tw
ee

n
flu

id
el

em
en

ts
be

ca
us

e
of

th
e

sp
at

ia
l

va
ri

at
io

n
of

th
e

in
it

ia
l

te
m

pe
ra

tu
re

,
so

th
e

ab
ov

e
fo

rm
d
/d
t(
p/
n

Γ
)

=
0

is
m

or
e

ge
ne

ra
l)

.
Γ

=
5/

3
in

3-
D

,o
r
Γ

=
(2

+
d
)/
d

w
it

h
d

=
#

of
de

gr
ee

s
of

fr
ee

do
m

in
ge

ne
ra

l.
W

hi
le

th
is

eq
ua

ti
on

of
st

at
e

co
rr

es
po

nd
s

to
ze

ro
he

at
flu

x
(w

hi
ch

m
ay

be
ap

pr
op

ri
at

e
fo

r
w

av
es

th
at

pr
op

ag
at

e
fa

st
er

th
an

pa
rt

ic
le

s,
ω
/k

�
v

t)
,c

ho
os

in
g

Γ
=

1
al

lo
w

s
on

e
to

co
ns

id
er

th
e

op
po

si
te

li
m

it
of

a
he

at
flu

x
so

ra
pi

d
th

at
th

e
te

m
pe

ra
tu

re
is

un
if

or
m

(t
hi

s
is

ot
he

rm
al

cl
os

ur
e

m
ay

be
ap

pr
op

ri
at

e
fo

r
ph

en
om

en
a

w
it

h
ω
/k

�
v

t)
.

Fo
r

so
m

e
ph

en
om

en
a,

an
ev

en
si

m
pl

er
cl

os
ur

e
of
p

=
0

(t
he

co
ld

-p
la

sm
a

ap
pr

ox
im

at
io

n)
is

m
ad

e.
In

te
rm

ed
ia

te
ca

se
s

w
he

re
ω
/k

∼
v t

gi
ve

s
ri

se
to

L
an

da
u

da
m

pi
ng

.A
pp

ro
xi

m
at

e
flu

id
m

od
el

s
of

L
an

da
u

da
m

pi
ng

us
e

cl
os

ur
es

fo
r

hi
gh

er
m

om
en

ts
th

at
co

rr
es

po
nd

to
ch

ar
ac

te
ri

st
ic

da
m

pi
ng

ra
te

s
of

or
de

r
v

t|k
|,

th
e

ph
as

e-
m

ix
in

g
ra

te
.8

E
qu

at
io

ns
of

st
at

e
su

m
m

ar
y:

ad
ia

ba
ti

c
p

∝
n

5
/
3
,

is
ot

he
rm

al
p

∝
n

,
co

ld
-p

la
sm

a
p

=
0. B
ra

gi
ns

ki
i’

s
eq

ua
ti

on
s

ar
e

de
ri

ve
d

fo
r

a
sp

ec
ifi

c
or

de
ri

ng
an

d
th

er
e

ar
e

co
rr

ec
ti

on
s

th
at

ca
n

be
co

m
e

im
po

rt
an

t
in

so
m

e
re

gi
m

es
.

Fo
r

ex
am

pl
e,

se
e

pa
pe

rs
by

C
at

to
an

d
Si

m
ak

ov
1
0

ci
rc

a
20

02
-2

00
5.

M
ik

ha
il

ov
sk

ii
an

d
T

sy
pi

n1
1

ha
ve

te
rm

s
li

ke

∇
·~ Π

∼
c 1
∇
~u

+
c 2
∇
~q

w
he

re
c 1

is
B

ra
gi

ns
ki

i-
ty

pe
te

rm
s

an
d
c 2

ar
e

M
ik

ha
il

ov
sk

ii
’s

ne
w

he
at

flu
x

te
rm

s?

Sp
it

ze
r’

s
re

so
lu

ti
on

of
th

e
Fl

ui
d-

Pa
rt

ic
le

pa
ra

do
x:

T
he

flu
id

flo
w

ve
lo

ci
ty

is
th

e
su

m
of

th
e

pa
rt

ic
le

gu
id

in
g

ce
nt

er
dr

if
ts

pl
us

a
di

am
ag

ne
ti

c
ve

lo
ci

ty
(a

.k
.a

.
m

ag
ne

ti
za

ti
on

cu
rr

en
t)

.
I.

e.
,

th
e

cu
rr

en
tf

ro
m

a
pa

rt
ic

ul
ar

sp
ec

ie
s

is

~ j
=
~ j E

×
B

+
~ j ∇

B
+
~ j c

u
r
v
+
~ j p

o
l
+
..
.+

~ j M

w
he

re
th

e
m

ag
ne

ti
za

ti
on

cu
rr

en
t

is
gi

ve
n

by
~ j M

=
∇

×
~ M

=
−
∇

×
(c
n

s
〈µ

s
〉b̂

)
=

−
∇

×
((
c/
B

)p
⊥
b̂)

,a
nd

〈µ
s
〉i

s
th

e
m

ea
n

m
ag

ne
ti

c
m

om
en

tf
or

sp
ec

ie
s
s.
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V
ec

to
r

&
T

en
so

r
O

pe
ra

to
rs ∇

=

(

∂ ∂
x
,
∂ ∂
y
,
∂ ∂
z

)

d
~ A

=
d~
r
·∇

~ A

d
~ A

=
(d
x
,d
y
,d
x
)

         

∂ ∂
x ∂ ∂
y ∂ ∂
z

         

(A
x
,A

y
,A

z
)

H
er

e
I

am
us

in
g

th
e

no
ta

ti
on

th
at

a
ro

w
ve

ct
or

ti
m

es
a

co
lu

m
n

ve
ct

or
is

a
do

t
pr

od
uc

t,
w

hi
le

a
co

lu
m

n
ve

ct
or

ti
m

es
a

ro
w

ve
ct

or
is

a
te

ns
or

pr
od

uc
t.

I.
e.

,
∇
~ A

is
a

te
ns

or
pr

od
uc

t,
w

hi
le

~ B
·∇

~ A
is

a
ve

ct
or

(t
he

gr
ad

ie
nt

of
~ A

in
th

e
di

re
ct

io
n

of
~ B

).
E

in
st

ei
n

su
m

m
at

io
n

co
nv

en
ti

on
:

th
er

e
is

an
im

pl
ie

d
su

m
ov

er
re

pe
at

ed
in

di
ce

s.
T

hi
s

si
m

-
pl

ifi
es

w
or

ki
ng

w
it

h
te

ns
or

s
re

pr
es

en
te

d
as

th
ei

r
in

de
xe

d
m

at
ri

x
el

em
en

ts
.L

et
x

i
fo

r
i
=

1,
2,

3
re

pr
es

en
tt

he
x,

y,
z

co
or

di
na

te
s,

an
d
A

i
th

e
co

m
po

ne
nt

of
~ A

in
th

e
i’

th
di

re
ct

io
n.

~ A
·~ B

=
A

iB
i

(
~ B
·∇

~ A
) i

=
B

j
∂
A

i

∂
x

j

Te
ns

or
no

ta
ti

on
(f

or
si

m
pl

e
C

ar
te

si
an

ge
om

et
ry

,
ig

no
ri

ng
co

nt
ra

va
ri

an
t

vs
.

co
va

ri
an

t
re

pr
e-

se
nt

at
io

ns
an

d
up

pe
r

vs
.

lo
w

er
in

di
ce

s)
:

W
ri

ti
ng

tw
o

ve
ct

or
s

ne
xt

to
ea

ch
ot

he
r

(w
it

ho
ut

a
do

t
th

at
w

ou
ld

in
di

ca
te

a
do

tp
ro

du
ct

or
in

ne
r

pr
od

uc
t)

is
ca

ll
ed

a
te

ns
or

pr
od

uc
t(

or
ou

te
r

pr
od

uc
t)

an
d

re
su

lt
s

in
a

se
co

nd
-r

an
k

te
ns

or
:
~ A
~ B

=
A

iB
j

(s
om

et
im

es
th

is
is

ca
ll

ed
a

dy
ad

;
th

e
te

ns
or

pr
od

uc
ti

s
so

m
et

im
es

de
no

te
d

by
~ A
⊗
~ B

.)
Te

ns
or

s
ar

e
≈

m
at

ri
ce

s:

~ ~ T
·~ A

=
T

ij
A

j
~ ~ T
·~ ~ P

=
T

ij
P

jk

~ A
·~ ~ T

=
A

j
T

ji
~ ~ T

:
~ ~ P

=
T

ij
P

ij
(
~ A
~ B
)
:(
~ C
~ D

)
=
~ C
·~ A

~ B
·~ D

,

~ ~ T
:
~ ~ P

in
vo

lv
es

co
nt

ra
ct

io
n

w
it

h
re

sp
ec

tt
o

tw
o

in
di

ce
s

an
d

is
ca

ll
ed

a
co

lo
n

pr
od

uc
t(

or
a

“d
ou

-
bl

e
do

tp
ro

du
ct

”)
.

It
is

a
ge

ne
ra

li
za

ti
on

of
a

sc
al

ar
in

ne
r

pr
od

uc
tf

ro
m

ve
ct

or
s

to
m

at
ri

ce
s.

T
he

Fr
ob

en
iu

s
m

at
ri

x
no

rm
||~ ~ T

||
=
(

~ ~ T
:~
~ T
)

1
/
2

.

∇
ψ

is
a

ve
ct

or
=

∂ ∂
x

i
ψ

∇
~ A

is
a

te
ns

or
=

∂ ∂
x

i
A

j

∇
·~ ~ T

is
a

ve
ct

or
=

∂ ∂
x

i

T
ij

∇
·(
~ A
·~ ~ T

)
=

∂ ∂
x

j
(A

iT
ij
)

=
A

i
∂ ∂
x

j
T

ij
+
∂
A

i

∂
x

j
T

ij
=
~ A
·(

∇
·~ ~ T

t)

+
(

∇
~ A
)

:~
~ T

w
he

re
~ ~ T

t
is

th
e

tr
an

sp
os

e
of
~ ~ T

.
T

he
un

it
te

ns
or
~ ~ 1

=
I

=
id

en
ti

ty
m

at
ri

x
=

K
ro

ne
ck

er
de

lt
a

δ i
j
=

{

1
if
i
=
j

0
if
i
6=
j
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M
A

T
H

E
M

A
T

IC
S

L
evi-C

ivita
sym

bol:

(
~A
×
~B
)
i
=
ε

ijk A
j B

k
w

here

ε
ijk

=



1
if
i6=

j6=
k

cyclic
perm

utation
of

1,2,3
−

1
if
i6=

j6=
k

cyclic
perm

utation
of

1,3,2
0

if
i
=
j

or
j

=
k

or
i
=
k

(∇
×
A

)
i
=
ε

ijk
∂∂
x

j A
k

ε
ijk ε

ilm
=
δ
jl δ

k
m
−
δ
jm
δ
k
l

is
equivalentto

(
~A
×
~B
)·

(
~C
×
~D

)
=

(
~A
·
~C
)(
~B
·
~D

)−
(
~A
·
~D

)(
~B
·
~C
)

C
ylindrical,Spherical,and

G
eneralG

eom
etry

x

y

z

z

φ
r

C
ylindricalgeom

etry:
d~r

=
r̂d
r

+
φ̂
rd
φ

+
ẑ
d
z.

x

y

z

z

φ
r

θ

θ φ̂^

r̂

^

^

^

Sphericalgeom
etry:

d~r
=
r̂d
r

+
θ̂rd

θ
+
φ̂
r
sin

θd
φ

.
A

dd
som

ething
here

about
vector

operators
in

general
curvilinear

coordinates,
Jacobians,

coordinate
transform

ations,etc??
d
~S

is
a

vector
thatis

“norm
al”

to
the

surface,|d
~S|m

easures
the

area.

4.3.
B

R
A

G
IN

SK
II

FL
U

ID
E

Q
U

A
T

IO
N

S
17

4.3.
B

raginskiiF
luid

E
quations

T
he

sum
m

ary
of

B
raginskiiin

the
N

R
L

is
supplem

ented
here.

B
raginskiiuses

the
L

andau
collision

operator
for

C
oulom

b
collisions

betw
een

ionized
particles

(thus
ignoring

atom
ic

pro-
cesses,

collisions
w

ith
neutrals,

external
sources

or
sinks

of
particles

or
energy).

(N
ote,

the

N
R

L
reverses

the
definition

of
~~Π

and
~~P

relative
to

B
raginskii’s

originalnotation.)

n
α

=

∫

d
3v
f

α
n

α ~u
α

=
n

α 〈~v〉
α

=

∫

d
3v
f

α ~v

Pressure
tensor

~~Π
α

=
p

α ~~1+
~~P

α
=
n

α
m

α 〈δ~v
δ~v〉

α
=
n

α
m

α 〈(~v−
〈~v〉

α
)(~v−

〈~v〉
α )〉

α

H
eatflux

~q
α

=
n

α
12
m

α 〈|δ~v| 2δ~v〉
α

Friction
/C

ollisionaldrag
rate

~R
α

=

∫

d
3v
m

α
δ~v

C
α

&
heating

Q
=

∫

d
3v

12
m

α |δ~v| 2
C

α

D
efining

p
=
n
T

gives〈m
|δ~v| 2/2〉

=
(3/2)T

,i.e.
T
/2

of
energy

per
degree

of
freedom

(di-
m

ensions
or

m
odes

am
ong

w
hich

energy
can

be
shared).

p
is

the
isotropic

partof
the

pressure

tensor,
so

~~P
m

ust
be

traceless.
B

raginskii
used

a
C

hapm
an-E

nskog-like
approach

to
calcu-

late
the

closures
in

the
collisionallim

it.
T

he
N

R
L

has
sum

m
aries

of
B

raginskii
for

Ω
c τ

�
1

or�
1,

though
B

raginskii
has

m
ore

general
expressions.

T
he

N
R

L
expressions

are
for

a
hydrogen-electron

plasm
a,w

hile
B

raginskii
gives

expressions
for

a
plasm

a
w

ith
arbitrary

ion
charge

Z
i

and
for

m
ultiple

ion
species,

n
e

=
∑

i n
i Z

i .
To

generalize
the

N
R

L
form

ulas
for

arbitrary
Z

i ,
the

electron
and

ion
collision

tim
es

and
various

coefficients
are

m
odified

in
the

follow
ing

w
ay:

τ
e

=
3 √

m
e
T

3
/
2

e

4 √
2π
n

i Z
2i e

4Λ
τ
i
=

3 √
m

i T
3
/
2

i

4 √
π
n

i Z
4i e

4Λ

Z
i dependence

of
various

transportcoefficients
(B

raginskii,Table
1)

Firstterm
of

Z
i

σ
‖

~R
T

and
~q

eu
κ

e‖
κ

e⊥

1
1.96

0.71
3.16

4.66
2

2.27
0.9

4.9
4.0

3
2.50

1.0
6.1

3.7
4

2.63
1.1

6.9
3.6

∞
3.40

9
1.5

13.6
9

3.2

I.e.,
the

equation
for

σ
‖

is
σ

‖
=

1.96σ
⊥

for
Z

i
=

1,
and

σ
‖

=
2.63σ

⊥
for

Z
i

=
4.

Spitzer’s
resultforresistivity

is
identicalto

B
raginskii’s.Spitzer’s

resultforthe
energy

equilibration
rate

reduces
to

B
raginskii’s

resultfor
m

α
/m

β
�

1.

T
he

N
R

L
/B

raginskiidefinitions
for

~~W
are

valid
forarbitrary,non-straight,

~B
fields,as

long

as
one

identifies
ẑ

w
ith

b̂
=
~B
/B

.For
exam

ple,W
z
z

=
b̂·

~~W
·
b̂

=
2b̂·

(∇
~v
)·
b̂−

(2/3)∇
·~v.

N
ote

that
~~P

and
~~W

are
traceless

(W
x
x

+
W

y
y

+
W

z
z

=
0)

and
sym

m
etric.

In
the

strong
B

lim
it

(Ω
c τ

�
1,

w
here

τ
is

the
collision

tim
e),

B
raginskii’s

stress
tensor

becom
es

diagonal

to
low

est
order,

~~P
=

−
η

0 [W
z
z b̂b̂−

(W
z
z /2)( ~~1−

b̂b̂)].
E

ven
w

ithout
strong

collisions,in
the
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in
te

gr
at

in
g

ov
er

al
l~ ξ

an
d

ta
ki

ng
th

e
li

m
it

∆
t
→

0
gi

ve
s

th
e

ge
ne

ri
c

F
ok

ke
r-

P
la

nc
k

eq
ua

ti
on

:
(

∂
f ∂
t

)

C
o
ll

=
C

(f
)

=
−
∂ ∂
v i

[

f
(~v
,t

)〈
∆
v i
〉

∆
t

]

+
∂ ∂
v i

∂ ∂
v j

[

f
(~v
,t

)〈
∆
v i

∆
v j
〉

2∆
t

]

=
−
∂ ∂
v i

[

f
(~v
,t

)~̇v
i]

+
∂ ∂
v i

∂ ∂
v j

[f
(~v
,t

)D
ij
]
=

−
∂
J

i

∂
v i

W
he

re
〈∆
v i
〉

=
∫

d
3
ξP

∆
t(
~v
,~ ξ

)ξ
i,

an
d

si
m

il
ar

ly
fo

r
〈∆
v i

∆
v j
〉.

Fo
r

fin
it

e
si

ze
ti

m
e

st
ep

s,
th

e
di

ff
us

io
n

te
ns

or
sh

ou
ld

be
gi

ve
n

by

D
ij

=
〈(

∆
v i
−

〈∆
v i
〉)

(∆
v j

−
〈∆
v j
〉)
〉

(2
∆
t)

(a
ss

um
in

g
I

di
d

th
e

m
ul

ti
-d

im
en

si
on

al
ge

ne
ra

li
za

ti
on

of
th

is
ri

gh
t?

?)
.
~ J

=
∑

β
~ J

α
β

is
gi

ve
n

in
th

e
N

R
L

fo
rm

ul
ar

y
an

d
is

th
e

flu
x

in
ve

lo
ci

ty
sp

ac
e

of
sp

ec
ie

s
α

du
e

to
co

ll
is

io
ns

w
it

h
sp

ec
ie

s
β

.
B

ec
au

se
of

th
e

an
al

og
y

w
it

h
el

ec
tr

os
ta

ti
cs

no
te

d
by

R
os

en
bl

ut
h,

th
e

R
os

en
bl

ut
h

po
te

nt
ia

ls
in

th
e

N
R

L
ca

n
al

so
be

w
ri

tt
en

as

∇
2 v
H

=
−

(1
+
m

α

m
β

)4
π
f β

∇
2 v
G

=
2

1
+

(m
α
/m

β
)H

If
f β

is
M

ax
w

el
li

an
,t

he
n

th
e

co
ll

is
io

n
op

er
at

or
si

m
pl

ifi
es

to
th

e
fo

rm
at

th
e

to
p

of
N

R
L

p.
36

(t
hi

s
ig

no
re

s
th

e
ba

ck
-r

ea
ct

io
n

of
f β

du
e

to
co

ll
is

io
ns

w
it

h
th

e
no

n-
M

ax
w

el
li

an
f

α
).

A
us

ef
ul

I.
D

.:
∂ ∂
~v
·[

1 2v
3
(v

2~ ~ 1
−
~v
~v
)]

=
−
~v v
3

Q
ua

lit
at

iv
e

co
lli

si
on

ra
te

s:

ν e
i

:
ν e

e
:

ν i
i

:
ν i

e

Z
ef

f
:

1
:
√

m
e
/m

i
:

m
e
/m

i

E
le

ct
ro

n-
io

n
co

ll
is

io
ns

ca
us

e
pi

tc
h

an
gl

e-
sc

at
te

ri
ng

on
ly

,
gi

vi
ng

ri
se

to
re

si
st

iv
it

y
(e

le
ct

ro
ns

lo
se

m
om

en
tu

m
to

io
ns

),
an

d
el

ec
tr

on
-e

le
ct

ro
n

co
ll

is
io

ns
ca

us
e
f

e
to

ap
pr

oa
ch

a
M

aw
el

li
an

(p
re

se
rv

in
g

th
e

el
ec

tr
on

en
er

gy
,i

n
th

e
io

n
re

st
fr

am
e)

.
Io

n-
io

n
co

ll
is

io
ns

ca
us

e
f

i
to

ap
pr

oa
ch

a
M

ax
w

el
li

an
(p

re
se

rv
in

g
th

e
io

n
en

er
gy

).
T

i
an

d
T

e
eq

ui
li

br
at

e
on

ly
at

th
e

ve
ry

sl
ow

ν i
e

ra
te

.
ν
∼

1/
v

3
so

en
er

ge
ti

c
pa

rt
ic

le
s

ar
e

le
ss

co
ll

is
io

na
l.
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In
te

gr
at

io
n

∫

f
d
g

=
f
g
−
∫

g
df

∫

d
x x

=
lo

g
|x
|

∫

2
π

0

si
n

2
θ
d
θ

=
π

G
am

m
a

Fu
nc

ti
on

:
Γ
(x

)
=

(x
−

1)
!
=

∫

∞

0

tx
−

1
e−

t d
t

St
ir

li
ng

’s
ap

pr
ox

.:
n
!
∼

√
2π
n
n

n
e−

n
(1

+
1

12
n

+
..
.)

un
if

or
m

ap
pr

ox
.g

oo
d

fo
r
n

=
0:

n
!
∼

√
2π
n

+
1
n

n
e−

n

er
ro

r
≤

1%
fo

r
in

te
ge

r
n
≥

0,
m

ax
er

ro
r
≤

4%
fo

r
n
∼

0.
1

G
en

er
al

iz
ed

M
ax

w
el

li
an

M
om

en
ts

fo
r

co
m

pl
ex
α

,β
;R

ea
lα

>
0:

G
n

=

∫

+
∞

−
∞

x
n
e−

α
x
2

e−
β
x
d
x

G
0

=

√

π α
eβ

2
/
(4

α
)

G
2
n

=
(−

1)
n
∂

n
G

0

∂
α

n
G

2
n
+

1
=

(−
1)

2
n
+

1
∂

2
n
+

1
G

0

∂
β

2
n
+

1

In
pa

rt
ic

ul
ar

,f
or

a
M

ax
w

el
li

an
di

st
ri

bu
ti

on
fu

nc
ti

on
:

f M
=

(

1
√

2π
v t

)

3

ex
p
[

−
(v

2 x
+
v

2 y
+
v

2 z
)/

(2
v

2 t
)]

v
2 t

=
T m

〈v
2
n

x
〉=

∫

d
3
v
v

2
n

x
f M

=
v

2
n

t
(2
n
−

1)
!!

So
th

at
〈E

〉=
1 2
m
〈v

2 x
+
v

2 y
+
v

2 z
〉=

3 2
T

.
I.

e.
,t

he
av

er
ag

e
en

er
gy

pe
r

de
gr

ee
of

fr
ee

do
m

is
1 2
T

.
“N

or
m

al
”

di
st

ri
bu

ti
on

fu
nc

ti
on

:

f
(x
|x̄
,σ

)
=

1
√

2π
σ

ex
p

[

−
1 2

(

x
−
x̄

σ

)

2
]

“E
rr

or
”

fu
nc

ti
on

:

Φ
(y

)
=

2 √
π

∫

y

0

e−
t2
d
t
=

∫

+
y
√

2
σ

−
y
√

2
σ

d
x
f
(x
,0
,σ

)

Φ
(0

)
=

0
Φ

(±
∞

)
=

±
1

Φ
(1
σ
/
√

2σ
)
=

0.
68

Φ
(2
σ
/√

2σ
)

=
0.

95
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C

H
A

PT
E

R
2.

M
A

T
H

E
M

A
T

IC
S

2.2.
C

om
plex

A
nalysis

f
(z)

is
analytic

in
som

e
region

if
its

derivative
df
/d
z

exists
(i.e.,

is
independent

of
the

direction
of
d
z

in
the

com
plex

plane).T
he

term
s

holom
orphic,m

onogenic,and
regular

are
also

used.
M

ore
form

ally,
f

is
holom

orphic
if
f

satisfies
the

C
auchy-R

iem
ann

equations
(w

here
u

and
v

are
real-valued

functions):

f
(z)

=
u
(z)

+
iv

(z)
z

=
x

+
iy

∂
u

∂
x

=
∂
v

∂
y

∂
u

∂
y

=
−
∂
v

∂
x

E
quivalently,f

is
holom

orphic
if
d
(f
d
z)

=
0

in
m

odern
differentialgeom

etry
notation.If

f
is

holom
orphic,then

itsatisfies

∇
2f

=
∂

2f

∂
x

2
+
∂

2f

∂
y

2
=

0

C
auchy’s

integralform
ula:

For
z
∈

region
D

,and
f
(z)

holom
orphic

everyw
here

in
D

,then
the

n
’th

derivative
of
f

is
related

to
the

follow
ing

integral
around

the
boundary

of
D

(going
counter-clock

w
ise

around
the

contour
D

):

f
(n

)(z)
=

n
!

2π
i

∫

∂
D

f
(ξ)

(ξ−
z)

n
+

1
d
ξ

T
he

leads
to

the
form

ula
for

contour
integrals:

∮

C

f
(ζ

)d
ζ

=
2π
i×

(sum
of

the
residues

inside
the

contour
C

)

If
f
(z)

has
a

pole
of

order
n

at
z

=
a,then

its
residue

is
defined

as

residue
=

1

(n
−

1)!
lim
z→

a

d
n−

1

d
z

n−
1

((z−
a
)
nf

(z))

Fourier
T

ransform
s:

f
(t)

=
1

√
2π

∫

∞−
∞
e −

iω
tF

(ω
)d
ω

F
(ω

)
=

1
√

2π

∫

∞−
∞
e

iω
tf

(t)d
t

C
onvolution

theorem
:
∫

∞−
∞
e −

iω
tF

(ω
)G

(ω
)d
ω

=

∫

∞−
∞
g
(t−

t ′)f
(t ′)d

t ′

Fourier
transform

of
a

G
aussian

is
a

G
aussian:

f
(t)

=
e −

a
t
2→

F
(ω

)
=

1
√

2a
e −

ω
2
/
(4

a
)

C
om

m
on

form
s

of
D

irac
delta

function:
δ(t)

=
12π

∫

∞−
∞
d
ω
e −

iω
t

δ(t)
=

lim
L
→

∞

sin
L
t

π
t

δ(t)
=

lim
ε→

0
+

ε

π
(ε

2
+
x

2)

lim
ε→

0
+

1

x
−
a∓

iε
=
P
.V
.

1

x
−
a
±
iπ
δ(x

−
a
)

4.2.
FO

K
K

E
R

-PL
A

N
C

K
C

O
L

L
ISIO

N
O

PE
R

A
T

O
R

A
N

D
C

O
U

L
O

M
B

SC
A

T
T

E
R
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G
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A
trick

for
replacing

these
2N

O
D

E
’s

w
ith

a
single

PD
E

is
to

use
the

K
lim

ontovich-D
upree

equation
for

f
∗ (~x

,~v
,t)

=
∑

i δ(~x
−
~x

i (t))δ(~v−
~v

i (t)),

∂
f
∗

∂
t

+
~v·

∂
f
∗

∂
~x

+
~a·

∂
f
∗

∂
~v

=
0

T
he

V
lasov

equation
for

f
is

identical
to

this
equation

for
f
∗ ,

except
that

f
is

considered
to

be
a

sm
ooth

density
of

particles
in

phase-space
(and

so
has

been
course-grained,

averaging
over

a
finite

volum
e,or

f
is

considered
as

a
statisticalprobability

function
from

an
ensem

ble
average).

T
his

sm
ooth

f
(w

hich
produces

a
sm

ooth
electric

field)
thus

ignores
the

effects
of

collisions
betw

een
discrete

particles
(w

here
the

electric
field

blow
s

up
if

any
tw

o
particular

particles
get

too
close).

C
ollisions

m
ust

be
reintroduced

via
a

collision
operator

on
the

right-
hand

side
(or

w
illarise

from
nextorder

corrections
in

the
coarse-graining/averaging

procedure
as

in
the

B
B

G
K

Y
hierarchy),leading

to
the

B
oltzm

ann
equation:

∂
f∂
t

+
~v·

∂
f

∂
~x

+
~a·

∂
f

∂
~v

=
C

(f
)

A
nother

approach:
M

ultidim
ensionalC

onservation
L

aw
s.

L
et
f
(x

1 ,x
2 ,...,x

N
,t)

be
a

distribution
for

an
N

-dim
ensional

phase
space,

w
here

the
equations

of
m

otion
are

d
x

i /d
t
=
ẋ

i
=
u

i .
T

hen
particle

conservation
can

be
expressed

as:

∂
f∂
t

=
−
∑

i

∂∂
x

i (ẋ
i f

)
=

−
∑

i

∂∂
x

i (u
i f

)
=

−
~∇
·
(~u
f
)

B
reaking

up
the

phase-space
in

to
the

canonical
positions

~q
=

(x
1 ,x

2 ,...,x
N

/
2 )

and
the

canonical
m

om
enta

~p
=

(x
N

/
2
+

1 ,...,x
N

),then
the

phase-space
conservation

law
for

f
(~p,~q)

can
be

rew
ritten

as
∂
f∂
t

+
∂∂
~q
·
(

~̇qf
)

+
∂∂
~p
·
(

~̇pf
)

=
0.

U
sing

the
H

am
iltonian

equations
of

m
otion

one
can

then
show

L
iouville’s

theorem

D
f

D
t

=
∂
f∂
t

+
~̇q·

∂
f

∂
~q

+
~̇p·

∂
f

∂
~p

=
0,

i.e.,
f

is
constantalong

trajectories
in

phase
space

(conservation
of

phase-space).
E

quilibrium
solutions

(if
f

a
function

only
of

constants
of

the
m

otion,B
oltzm

ann
therm

o-
dynam

ic
equilibrium

...).
2-stream

instability,L
andau

dam
ping.

4.2.
F

okker-P
lanck

C
ollision

O
perator

and
C

oulom
b

Scattering

G
eneral

expression
for

probabilistic
transitions.

L
et
f
(~v
,t)

be
the

density
of

particles
(or

the
probability

distribution
for

a
single

particle)
at

velocity
~v

at
tim

e
t.

If
P

∆
t (~v
, ~ξ)

is
the

probability
of

a
particle

initially
at~v

taking
a

step
to
~v

+
~ξ,then

f
(~v
,t)

=

∫

d
3ξf

(~v−
~ξ,t−

∆
t)P

∆
t (~v−

~ξ, ~ξ)

T
his

is
also

know
n

as
a

M
arkov

process.
D

oing
a

Taylor-series
expansion

for
sm

all
ξ

f
(~v−

~ξ,t−
∆
t)P

∆
t (~v−

~ξ, ~ξ)≈
f
(~v
,t−

∆
t)P

∆
t (~v
, ~ξ)

+
ξ
i
∂∂
v

i f
(~v
,t−

∆
t)P

∆
t (~v
, ~ξ)

+
12
ξ
i ξ

j
∂∂
v

i

∂∂
v

j f
(~v
,t−

∆
t)P

∆
t (~v
, ~ξ)
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nd
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e
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rm
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=
x

0
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=
C

.
N

eu
m
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ry
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nd
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th
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df
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| x=
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:
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ke

w
it

h
ch

ar
ac

te
ri

st
ic

s)
:
u

t
=
u

x
,o

r
u

tt
=
u

x
x
.
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.
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u
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.
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E
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H
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T
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T
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Θ
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ϑ

U
ps
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Υ
υ

Io
ta

I
ι

Ph
i

Φ
φ

,ϕ
K

ap
pa

K
κ

C
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X
χ

L
am

bd
a

Λ
λ

Ps
i

Ψ
ψ

M
u

M
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O
m
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a

Ω
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C

H
A

PT
E

R
2.

M
A

T
H

E
M

A
T

IC
S

M
ath

and
L

aTeX
dictionary

ℵ
\
a
l
e
p
h

aleph
<

\
R
e

realpart
=

\
I
m

im
aginary

part
∞

\
i
n
f
t
y

infinity
∀

\
f
o
r
a
l
l

for
all

∃
\
e
x
i
s
t
s

there
exists

R
\
m
a
t
h
b
b
R

the
setof

allrealnum
bers

C
,
Z
,
Q

the
setof

allcom
plex

num
bers,integers,or

rationals
{
...}

lists
the

elem
ents

of
a

set
∈

\
i
n

elem
entof

⊂
\
s
u
b
s
e
t

subset
∩

\
c
a
p

intersection
∪

\
c
u
p

union
(a
,b]

intervalw
ith

open
and

closed
ends{

x
:
a
<
x
≤
b}

⇐
⇒

or
iff

if
and

only
if

E
xam

ples
of

m
athem

aticalnotation:
L

et
f
(~x
,t)

be
a

function
thatm

aps
an

m
-dim

ensional
vector

~x
and

a
realvalued

t
to

a
realnum

ber.T
he

notation
for

this
is,f

:
R

m
×

R
→

R
.

C
hapter

3

C
lassicalM

echanics

C
lassical(non-quantum

,non-relativistic)
L

orentz
equation

of
m

otion
for

a
particle

in
an

elec-
tric

and
m

agnetic
field:

d~xd
t

=
~v

m
d~vd
t

=
~F

=
m
~a

=
e

(

~E
(~x

)
+
~v×

~B
(~x

)

c

)

L
agrangian

form
ulation

for
generalized

coordinates
q

i :

dd
t

(

∂
L

∂
q̇
i

)

−
∂
L

∂
q
i

=
0

L
(q

i ,q̇
i )

=
12
m
v

2
+
ec
~v·

~A
−
eφ

w
here

q̇
i
=
d
q
i /d

t.
T

he
H

am
iltonian

form
ulation

uses
the

generalized
m

om
entum

p
i
=
∂
L

∂
q̇
i

To
obtain

the
H

am
iltonian

H
(p

i ,q
i )

=
−
L

+
∑

i

p
i q̇

i

=
12m

(

~p−
ec
~A
)

2

+
eφ

A
nd

the
H

am
iltonian

equations
of

m
otion

are:

~̇q
=
∂
H∂
~p
,

~̇p
=

−
∂
H∂
~q

T
he

m
eaning

of
allthis?

K
=

K
in

eticE
n
ergy

U
=

P
oten

tialE
n
ergy

L
=
K

−
U
,

H
=
K

+
U

N
ote

that
L

=
L

(~q,~̇q)
w

hile
H

=
H

(~q,~p),
so

that
∂
/∂
q

i
in

the
tw

o
different

approaches
(L

agrangian
and

H
am

iltonian)
holds

differentindependentvariables
fixed

because
~p
6=
~̇q.

T
he

tim
e

evolution
of

any
function

defined
on

phase
space

(and
tim

e)
f
(~q,~p,t)

is

dfd
t

=
∂
f∂
t

+
∂
f

∂
q
i q̇

i
+
∂
f

∂
p

i ṗ
i
=
∂
f∂
t

+
∂
f

∂
q
i ∂
H

∂
p

i −
∂
f

∂
p

i ∂
H∂
q
i

≡
∂
f∂
t

+
{
f
,H

}

w
hich

serves
to

define
the

Poisson
bracket{

f
,H

}.
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