1pd-3a13000-1duzidusalauuwey /Aob - 1ddd-em//-d3ay e agqe|renesi (Jrey
u1pjoj pue papis-a|gnop 1 utid ‘sp's Jad saffed Z) UALINOOP S} JO UOISIOA 1B 00 PBP[04 Y

G6v72-€vz (609) auoyd
Alojeloge] saISAyd euise|d Uoledulid
AISIaAIUN U01BdULId ‘SaISAU BuSe]d Ul welbold
1pd 1dy/idymawwrey_/Aob1ddd emy/:dny npa‘uolzouLId@nawwey
nawweH Baio Aq pajidwo)

[-Buiyosyd-signop o
3IOM 310W PadU (¢ YIM payew Sadejd "Mojaq SSappe |1ews ayj ye suonsahibins Aue awoajam
| ‘8191dwo2 194 J0U SI JUBWNJ0P SIY1] “wexa BulAyienb *q-yd 418y sassed ays 10 ay awii sy}
Aq 813y SejnwiIo} 8y} JO || PanLIap aAey |[Im Juspnis ajenpelb saisAyd ewseld poof v )1 puels
-1apun 1,uop NOA }1 818y BJNWLIOY B 8SN J,UOP ‘SPIOM JaU1o U] "aInisgns abpajmou e jou ‘sple
Alowaw e se papusiul I SIY] "sIeak ay} JOAO pauies| aAey | YdIym sejnwiio} Juepoduw Jo uon
-23]109 Apuey e si SIyL “(300g $,%009 "€ B) rAde|nw.io4 ewse|d TN ay} 01 Juswsjddns v

9002 ‘7T J2quia)das pssinay

Areinw o4 sosAud v


http://w3.pppl.gov/~hammett/hpf/hpf.pdf
http://w3.pppl.gov/~hammett/hpf/hpf-booklet.pdf

Contents

REFERENCES 23

References

1J.D. Huba (original by David L. Book), NRL Plasma Formulary, revised 1998
(NRL/PU/6790-98-358). http://wwwppd.nrl.navy.mil/nriformulary/. An essential collec-
tion for the plasma physicist.

2H.J. and K.H. Fishbeck, Formulas, Facts, and Constants, (Springer-Verlag, 1987). An inter-
esting and comprehensive collection of useful formulas.

3Charles F. Stevens, The Six Core Theories of Modern Physics, (MIT Press, 1995). A nice
3 and brief summary of the essential concepts in mathematics, classical mechanics, E&M,
quantum mechanics, statistical physics, special relativity, and quantum field theory.

4
4 “T. Padmanabhan, Theoretical Astrophysics, Volume |: Astrophysical Processes (Cambridge
1 University Press, 2000). (This is a nice one-volume review of classical mechanics, E&M,
HM relativity, statistical physics, plasma physics, and a few other topics.)
11 5Alan C. Tribble, Princeton Guide to Advanced Physics, Princeton Univ. Press, 1996.
1 6J.D. Callen, Fundamentals of Plasma Physics, online draft text book (2003+),
1 http://www.cae.wisc.edu/~callen.
13 "R.J. Goldston, P.H. Rutherford Introduction to Plasma Physics (1995).
14 8“Fluid Models of Phase Mixing, Landau Damping, and Nonlinear Gyrokinetic Dynamics,”
14 G. W. Hammett, W. Dorland and F. W. Perkins, Physics of Fluids B, 4 (2052) 1992. “Fluid
15 Models for Landau Damping with Application to the lon-Temperature-Gradient Instabil-
17 ity,” G.W. Hammett and F.W. Perkins, Phys. Rev. Lett. 64, 3019 (1990).
19 9The values quoted here for the high Z; Lorentz plasma limit differ slightly from Braginskii’s
19 original paper, see Epperlein and Haines, Phys. Fluids 29, (1986).
20
20 10“A drift ordered short mean free path description for magnetized plasma allowing strong
20 spatial anisotropy”, P.J. Catto and A.N. Simakov, Phys. Plasmas 11, 90 (2004).
1A B. Mikhailovskii and V.S. Tsypin, Beitr. Plasmaphys. 24, 335 (1984).
21
21 1299 Should add brief annotated list of various plasma textbooks here: F. F. Chen, Hazel-
tine and Waelbroeck, R.O. Dendy, R. White. R. Kulsrud, J. Wesson Tokamaks, Lieberman
22 and Lichtenberg, Krall & Trivelpiece, Sturrock, Schmidt, Nicholson, Miyamoto, Ichimaru,
Boyd and Sanderson, Freidberg, Gurnett and Bhattacharjee, Spitzer, Rose and Clark, Stix,
23 Birdsall & Langdon, Goedbloed & Poedts, Helander and Sigmar, F.F. Chen and J. P. Chang,

Lecture Notes on Principles of Plasma Processing, 2003.



pue ‘elIa1ad OUIN ‘399n-Snjz1|01S Wil Ag spew usaq aAey JUSWNIOP SIy} Jo} suonssbibns pue
SUOI398.1109 |NJasM "SI8Y10 Auew pue ‘JaLue) ab10a9) ‘Biaquieg |ned ‘XIS wo] “jJoid Buipnjoul
‘s1eak 8y} JOA0 S1ayoea) solrewayew pue saisAyd Auew Aw 01 syuey ] :Sluswabpajmou oy

S M JA 1S 10U ‘s6 Ul are 313y SejnWIO) 3y} JO 1SOW ‘pajedlpul aSIMIBYI0 SSajun
(0867 ‘LIN) uosnd reajo
-NN 10} SOSAU- BwSB | ‘010WRAIIA “ Ul 318 SI1URYISW [BIISSeO pUR |N%®T JO SaleWwWNS
(‘Buisauibuz usspo pue sasAyd Jo
SOITeWBYIR N 1aaypay pueR JJOMIUI0YO0S 8)1] | "S8lIS 8y S8dualayal ayl INo %2ayd ‘noA 1oy daap
00} SUBIS 18U} §|) "AI0SYL BuSe|d 03 UO1ONPOJIU| S,UOS|OYIIN Ul ‘Sa|qelieA xajdwo) o1 spinb
S, Uel1sapad,, D Xipuaddy Jo 4ooq s,81qquL A1 ‘SisAfeue xa|dwod JO MaIAB) Jaliq B 104
‘[9A8] JuapnIs ajenpeld ayp Je so1sAyd pasueApe Jo
SalJeWIWINS 8S19U0d ‘801U Ajrenoriied aie «9|qqliL PUe 5 Ueygeuewlped « SUsAsls Ag sY00q ay L

UOI1ONPO.IIU |

T »1deyd

44

"*39]0Ad 81| Je[[31s ‘aInonils Jej|als
*‘yMed ‘WislsAs Jejos ay) Jo abe ‘uoijewloy o119eel ‘UonezZIuoIa) ‘SIels 1s11) ‘uon
-eUIqUI0Dal ‘UuoIsny Juswiald bl ‘saanulw € 1sa1y ‘Bueq Biq :101d A101S1y Bwin © ppe pjnod
¢ueygeuewped Jo T°T ‘B4 ax11 101d welbeip aseyd e ppy
*'SUOBJINU ‘SWOYe ‘S3INI3JOW 0} UMOP BulnuU0I pue ‘(a1aymasis 1o
T'T 9]qeL Ueygeuewped ax1]) 039 ‘yues ‘Janidnl ‘sieis uosnau ‘spremp ayym ‘siels ‘syuelb pal
‘s191SN|9 JeInqolB ‘HGIN/NODV ‘si81sn|o [edids pue [ean|Ia ‘sdnoJb ‘si81sn|o ‘asiaAlun (3]qISIA)
31 JO 8zIs 3y 1e 3[eas 1sabiel yum Buinels ‘101d 198[qo ajeds ssew,/yibus| e ppe pInod ¢
'S1eak uol||1q #T :8sI13A1UN 3y} J0 3by
‘Aamuao Jad Axeleb 1ad uoisojdxa eaousadns T xolddy
"8SJaAIUN B GISIA B} Ul SaIxe[ed (;;0T) uolf|iw ‘puesnoy) ‘paipuny e "xoiddy
‘Axe[eb Jad s1els (;;0T) uol||iw ‘puesnoy) ‘paipuny e "xoiddy

§,0T X 9GT'¢ = sAep Gg'G9¢ = Jeak uelne 1
g 01 X 1976 = (A1) Jeak b 1
1K1 297°¢ = iy 0T x 980°¢ = (od) dasued T

sosAydolsy
9 ,R1deyd



Chapter 2

M athematics

2.1. Basic Equations

Quadratic Equation:

ar® +br+c=0 = &H‘I@H wwwlggm
Factorials:
nl=n(n—1)(n—2)---(3)(2)(1)
=1 0l=1
Cn+D=2n+1)2n—1)2n—3)---(5)(3)(1) = %

2n)l'=(2n)(2n—2)2n —4)---(4)(2) = nl2"
The number of permutations (where order matters) of % objects selected from a set of n
objects, is

}n:?]:A:|wv:.§|»+:‘

The number of combinations (where order doesn’t matter) of 4 objects selected from a set of n
objects is (this is sometimes called “n choose k”):

n n!

k El(n — k)!
The binomial theorem:

A.N,Lﬁw\vz M \» n—k

Il
8
<

Chapter 5

Quantum M echanics

5.1. Theessential quantum mechanic

Schrodinger’s Equation:
0 n?

2
. )4 2
h—V=HVV=(—+4V |U=(——V VIv
! ot w3+ 2m +

Plane waves (with momentum p = hk and energy £ = hw):

v-wt) _ gilpo—Et)/h

v

Commutators: [z, p] = zp — px = ih

d dA )
%EVH au +MAF~“\:V

Heisenberg Uncertainty Principle ((AA)?)((AB)?) > 1|[(¥[[A, B]

“Natural units” uses 3 fundamental units: action (or angular momentum) (%), velocity c,
and energy eV. The 3 fundamental units of cgs are length, mass, and time, and “action” has
units of [momentum]x[length]. . In natural units, h = ¢ = 1, and all physical units are
reported in “eV”.

?? Could add: Harmonic oscillator, Variational methods, Bound-state non-degenerate per-
turbation theory, degenerate perturbation theory, time-dependent perturbation, scattering the-
ory, Born approximation, angular momentum and spin, atomic energy levels.
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Differentiation

CHAPTER 2. MATHEMATICS

dg(u) = ¢'(u)du
d(fg) = fdg + gdf

J(Y _ gdf = fdg
g g2
dsinz = cos zdx dtanz = sec’ xdx
dcosx = —sinzdx dcotx = —csc? xdx
dsecx = tan x sec zdx dcscx = — cot x csc xdx
darcsi d —d
arcsinz = arccos & = ———
V1—a?
AN:
darctanz = o darcsecx =
1+a?
dlogx =
Taylor Series (with remainder):
\Q\ 1" a
VH.NAQV‘T\HA &.I@jw.xﬂ r—a)?+
Infinite Series: 1
=l+a+a’+-+a" +-
1—=x
1 —gntt .
=l+z+a+- +a"
1—a
. 2 "
e =lda+ ot o
2! ! n!
3
sine =z — eT
cosx =1—

4.4, MHD/ONE-FLUID EQUATIONS 19

4.4. MHD/One-Fluid Equations

The standard ordering assumptions to derive simple MHD are: slow time scales compared
to the gyrofrequency and large spatial scales compared to the gyroradius (similar to the drift
equations), w/Q. ~ p;/L ~ € < 1. m./m; < 1 is used and quasineutrality is assumed
(this orders out high-frequency electron plasma oscillations), and v4/c < 1 is assumed (the
displacement current is ignored to order out light waves). MHD allows flows u ~ cE x
m\mm ~ vy and 3 ~ 1, though subsidiary orderings can be made later. Switch from two-fluid
variables to one-fluid variables: mass density p = " nqm,, mass-weighted flow velocity

pU = >, NaMaTy, CUrTent density j = >~ Nagalia, and define pressure relative to o, IT =
3, Mana{(T — @) (T — @))a ~ pl

Conservation of Mass % + V- (p0) =0
di jx B
Momentum conservation, force balance m% =—-Vp+ el
18 C
. L d,
Energy conservation, adiabatic pressure &\w =-I'pV-u
. L ixB . . jxB
Generalized Ohm’s Law (FLR but m, — 0) E+ UxZz nj — Vp + i
c ne nec
) 0B - o Are
Magnetostatic Maxwell’s Eqgs: i —cV x E VxB= |ﬁ.
c

Other Maxwell’s equations: V - B=0is only an initial condition, and V - E = 4no is used
only to verify quasineutrality assumption. The last term of the generalzied Ohm’s law is the
Hall term, and the last two terms of the Ohm’s law are usually p;/L smaller than the first two
terms and are neglected in standard MHD. Extensions of simple MHD are sometimes made to

keep a CGL pressure tensor or a full pressure tensor, Vp — V - II, using equations of state or
Braginskii transport coefficients from the previous section.

There are three main waves in MHD. Linearizing the MHD equations for a uniform
plasma with a straight magnetic field and an adiabatic equation of state dp = c2dp, the general
dispersion relation is

(W* = Ev}) (" — WK +v7) + Kk chy) =0

where the Alfvén speed v, is given by v3 = B%/(4wp), and the sound speed c; is given by
¢z =Tp/p = (T, + T.)/m,. Approximate formulas that interpolate for arbitary 3 are: the
shear Alfvén wave w?® = kjv3, the fast magnetosonic (compressional Alfvén) wave w® =
k*(v? +¢?), and the slow magnetosonic wave, a.k.a. the slow mode (at high beta sometimes
called the pseudo-Alfvén wave, and at low beta it becomes an ion acoustic wave) w? =
k2v3c?/ (v} + ¢2). (There is also the lesser known entropy mode, but this is eliminated by
using an adiabatic equation of state instead of the time-dependent pressure equation. In ideal
MHD the entropy mode is zero frequency and has dp # 0 but p = 0 (i.e., force balance is
maintained by opposite density and temperature gradients).)
?? 0W Energy principle, Grad-Shafranov Equation, MHD equilibria in general geometry.

45, Waves

cold-plasma dielectric tensor? quasilinear theory?
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8 CHAPTER 2. MATHEMATICS

Levi-Civita symbol:
(A x B); = ei;u4; By where

1ifi # j # k cyclic permutation of 1, 2, 3

€ije = —1ifi# j # kcyclic permutation of 1, 3, 2
Oifi=jorj=Fkori=%

0

mw.&m.

= 010km — OjmOut is equivalent to

(V x A); =ciji

Ak

Spherical geometry: di" = #dr + Ordf + ¢r sin 6do.

Add something here about vector operators in general curvilinear coordinates, Jacobians,
coordinate transformations, etc??

dS is a vector that is “normal” to the surface,

S| measures the area.

4.3. BRAGINSKII FLUID EQUATIONS 17

4.3. Braginskii Fluid Equations

The summary of Braginskii in the NRL is supplemented here. Braginskii uses the Landau
collision operator for Coulomb collisions between ionized particles (thus ignoring atomic pro-
cesses, collisions with neutrals, external sources or sinks of particles or energy). (Note, the

NRL reverses the definition of Ii and P relative to Braginskii’s original notation.)

no = \ of. Meily = 1o ()0 = \ dof,i

Pressure tensor  1j, — p, 14 P, = noama (0560) 0 = nama{(5—(8)a)(T—(D)a))a

1
Heat flux o = ::mE:AEm_w%mv;

. . — p . 1 .
Friction / Collisional drag rate R, = \%e mao0 C, & heating Q = \%cmsgam_w Cy

Defining p = nT gives (m|6d]%/2) = (3/2)T, i.e. T/2 of energy per degree of freedom (di-
mensions or modes among which energy can be shared). p is the isotropic part of the pressure
tensor, so P must be traceless. Braginskii used a Chapman-Enskog-like approach to calcu-
late the closures in the collisional limit. The NRL has summaries of Braginskii for Q.7 > 1
or < 1, though Braginskii has more general expressions. The NRL expressions are for a
hydrogen-electron plasma, while Braginskii gives expressions for a plasma with arbitrary ion
charge Z; and for multiple ion species, n. = »_.n;Z;. To generalize the NRL formulas for
arbitrary Z;, the electron and ion collision times and various coefficients are modified in the
following way:

3y/me Hw\m 3/m; ﬁ.&w
Te= ——————— =t
4V2mn; Z2e* A dy/Tn; Z}et A

Z; dependence of various transport coefficients (Braginskii, Table 1)

First term of
Z | o Ry and g° ¢ K
1 1.96 0.71 3.16 4.66
2 2.27 0.9 4.9 4.0
3 2.50 1.0 6.1 3.7
4 2.63 11 6.9 3.6
00 3.404 15 13.69 3.2

l.e., the equation for oy is oy = 1.960, for Z; = 1, and oy = 2.630, for Z; = 4. Spitzer’s
result for resistivity is identical to Braginskii’s. Spitzer’s result for the energy equilibration rate
reduces to Braginskii’s result for m, /ms < 1.

The NRL/Braginskii definitions for 11 are valid for arbitrary, non-straight, 3 fields, as long
as one identifies 2 with b = 5/B. For example, W., = b- W - b = 2b- (V@) - b— (2/3)V - @.
Note that P and W are traceless (Wae + Wy + W.. = 0) and symmetric. In the strong B
limit (2.7 > 1, where 7 is the collision time), Braginskii’s stress tensor becomes diagonal
to lowest order, P = —no[W..bb — (W../2)(T — bb)]. Even without strong collisions, in the
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10 CHAPTER 2. MATHEMATICS

2.2. Complex Analysis

f(2) is analytic in some region if its derivative df /dz exists (i.e., is independent of the
direction of dz in the complex plane). The terms holomorphic, monogenic, and regular are also
used. More formally, f is holomorphic if f satisfies the Cauchy-Riemann equations (where «
and v are real-valued functions):

f(z) = u(z) +iv(z) z=x+1y
u_o o o
dr Oy dy Oz

Equivalently, f is holomorphic if d( fdz) = 0 in modern differential geometry notation. If f is
holomorphic, then it satisfies

Cauchy’s integral formula: For z € region D, and f(z) holomorphic everywhere in D, then
the n’th derivative of f is related to the following integral around the boundary of D (going
counter-clock wise around the contour D):

! £(©)

2mi Jop (£ — 2)"*

F(z) = dg

The leads to the formula for contour integrals:

X f(¢)d¢ = 2mi x (sum of the residues inside the contour C)

If f(z) has a pole of order n at z = a, then its residue is defined as

. 1 !
residue = jwmwm — ((z —a)"f(2))
Fourier Transforms:
ft) = ,\m \ e P (w)dw
Nﬂ . ?&,
@)= V2r \ 1)

Convolution theorem: \ mLEESQAEKEH\ gt =) f(t")d

oo

. L . 1 g
Fourier transform of a Gaussian is a Gaussian: f(t) = e — F(w) = —e /(1)
V2a
H_r o0
Common forms of Dirac delta function ot) = o \ dwe™ ™!
T J -
. sinLt . €
A )
1 1
lim ———— = PV.—— +ind(z — a)
e—0T T —a F e L — Q

4.2. FOKKER-PLANCK COLLISION OPERATOR AND COULOMB SCATTERING 15

A trick for replacing these 2N ODE’s with a single PDE is to use the Klimontovich-Dupree
equation for f,(Z,7,t) = >, 6(Z — £i(t))0(T — ;(t)),
Ofc . 0fc | . Of

ot oT ta ov

The Vlasov equation for f is identical to this equation for f,, except that f is considered to
be a smooth density of particles in phase-space (and so has been course-grained, averaging
over a finite volume, or f is considered as a statistical probability function from an ensemble
average). This smooth f (which produces a smooth electric field) thus ignores the effects of
collisions between discrete particles (where the electric field blows up if any two particular
particles get too close). Collisions must be reintroduced via a collision operator on the right-
hand side (or will arise from next order corrections in the coarse-graining/averaging procedure
as in the BBGKY hierarchy), leading to the Boltzmann equation:
af of _ of .
o U ar T g~ V)
Another approach: Multidimensional Conservation Laws.
Let f(zy,29,...,2N,t) be a distribution for an N-dimensional phase space, where the
equations of motion are dz; /dt = #; = u;. Then particle conservation can be expressed as:

=0

of 0 0 _
MHlMUm‘ M%A:stll (af)
Breaking up the phase-space in to the canonical positions ¢ = (1,23, ..., zy/2) and the
canonical momenta p’ = (xny2+1. - .., ), then the phase-space conservation law for f (7’ q)

can be rewritten as

ot (01) + g () =0

Using the Hamiltonian equations of motion one can 5% show Liouville’s theorem

Dy _of of of
Dt ot * Q @Q +% Qﬁ
i.e., f is constant along trajectories in phase space (conservation of phase-space).
Equilibrium solutions (if f a function only of constants of the motion, Boltzmann thermo-
dynamic equilibrium...).
2-stream instability, Landau damping.

=0,

4.2. Fokker-Planck Collision Operator and Coulomb Scattering

General expression for probabilistic transitions. Let f(v,t) be the density of particles (or
the probability Q_m:_g:_o: for a single particle) at <®_oo_Q v at time ¢. If Pa(7, &) is the
probability of a particle initially at ¢ taking a step to v + m then

160 = [ et -anPala- €8
This is also known as a Markov process. Doing a Taylor-series expansion for small £
. 2 Lo o = 0 ., I
FW0=&t—At)Pa(U—&,&) = f(U,t— D&ﬁ??& &+ &— £ (U, t — At)Pay (0, €)

0
o, QS (U, t — At) Pay(7, mv

+ m@
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12 CHAPTER 2. MATHEMATICS

Math and LaTeX dictionary

N \aleph aleph

R \Re real part

N3 \Im imaginary part

9 \infty infinity

v \forall for all

3 \exists there exists

R \mathbb R the set of all real numbers

C,7,Q the set of all complex numbers, integers, or rationals
{.. lists the elements of a set

€ \in element of

C \subset subset

n \cap intersection

u \cup union

(a,b] interval with open and closed ends {z : @ < 2 < b}
< oriff if and only if

Examples of mathematical notation: Let f(Z,¢) be a function that maps an m-dimensional
vector 7 and a real valued ¢ to a real number. The notation for thisis, f : R™ x R — R.

Chapter 3

Classical M echanics

Classical (non-quantum, non-relativistic) Lorentz equation of motion for a particle in an elec-
tric and magnetic field:

i
dt =v
i = o i x B(&
S&‘M =F=md=c|E@)+ ﬁ
Lagrangian formulation for generalized coordinates ¢;:
d (0L JL 0
dt \9g:) 0q;
1 .
L(g;, ;) = mﬁ:cw + S5 A—ep
c
where ¢; = dg;/dt. The Hamiltonian formulation uses the generalized momentum
0L
" A

To obtain the Hamiltonian

H(pi, ¢:)
_ b A
T 2m
And the Hamiltonian equations of motion are:
L OH L OH
q= o p= o7

The meaning of all this?
K = KineticEnergy
U = PotentialEnergy
L=K-U, H=K+U
Note that L = L(7,q) while H = H(, ), so that 3/dq; in the two different approaches
(Lagrangian and Hamiltonian) holds different independent variables fixed because p' # ¢.
The time evolution of any function defined on phase space (and time) f(q, p, ) is
dr_Of Of . Of. O 0[0H 0fOH _

dt ot ' g Op; ot 0qiOp;  Ipi g

which serves to define the Poisson bracket { f, H}.

af
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