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A closed set of fluid moment equations is developed which represents kinetic Landau dampiing physics
and which takes a simple form in wave-number space. The linear-response function corresponds to a
three-pole (or four-pole) approximation to the plasma dispersion function Z. Alternatively, the response
is exact for a distribution function which is close to Maxwellian, but which decreases asymptotically as
I/l,4 (or I/v 6). Among other applications, these equations should be useful for nonlinear studies of tur­
bulence driven by the ion-temperature-gradient instability or other drift-wave microinstabilities.

PACS numbers: 52.35.Qz, 02.60.+y, 52.25.Kn

Because of their relative simplicity, fluid moment
equations have been used in a number of recent non­
linear studies of turbulence driven by the ion-tempera­
ture-gradient (ITG) instability 1-3 and other microinsta­
bilities. This turbulence is of interest because it can
cause transport in tokamaks and other plasmas. Mo­
ment equations must be closed by an approximation
scheme. The classic method of Braginskii4 is rigorous in
the short-mean-free-path regime, but inapplicable to
collisionless plasmas. This Letter proposes a closure
method which (I) ensures particle, momentum, and en­
ergy conservation, (2) takes on a simple form in wave­
number space, and (3) has a linear-response function
very close to that of a collisionless, Maxwellian plasma.
This closure method successfully models kinetic reso­
nances (such as Landau damping) not only in one di­
mension but also in slab geometry where it reproduces
the correct marginal stability behavior of the ITG mode.

Several authors have suggested that the effects of ki­
netic Landau damping may be modeled in fluid moment
equations by adding dissipative terms. Lee and Dia­
mond 1 set the parallel momentum viscosity to Jill = val
Iwi, where ((J' is the mode frequency, and
l'ti """ (Ti!mi) 1/2 is the thermal ion speed. Hamaguchi
and Horton 2 suggest modifying both Jill and the parallel
heat conductivity XII, although their simulations use·
values which are constant for all modes independent of
wave frequency and wavelength. Waltz3 has proposed
setting JIII ....XII .... min(21/2VtilkIl1,2vt1llwrl>, where Wr
is the real part of an instantaneous estimate of the mode
frequency. However, no comparison of any of these
models with exact kinetic Landau damping has been
published. We shall show that any model with a nonzero
JIn faces difficulties of interpretation and yields inaccu­
rate thresholds and growth rates for the ITG instability.

It has been suggested 1 that Landau damping for ITG
modes can be ignored well above marginal stability so
that Braginskii-based fluid equations can be used. How­
ever, kinetic effects cannot be ignored for higher radial
eigenmodes which appear to cause more transport. 2,5

Furthermore, most experiments6-8 find that the observed
ion temperature gradient is usually within a factor of 2
or less of marginal stability, so that kinetic effects are al­
ways important. Recent experimental counterexamples9

to ITG marginal stability cast some doubt on the accura­
cy of present ITG theories.

We first discuss the simplest possible case of linear
one-dimensional electrostatic wave:;. The exact kinetic
response, to which we will compare our fluid approxima­
tions, is governed by the one-dimensional Vlasov equa­
tion

(I)

where fez ,v, t) is the particle distribution function as a
function of position z, velocity v, and time t. Consider
the linear response f ....fo(v) +](z ,v,t) to a small driv­
ing electric field E = - ai$laz. After the standard
Fourier-Laplace transforms where perturbed quantities
vary as exp(ikz - iwt}, the exact linl~ar response is

ii .... f dv]=: -no ei$ R(s) .... .!!i.-kvlfdv afo/av
To To kv-w

We have defined a normalized response function R(s), a
normalized frequency s=w/l k Ivth, and a generalized
"temperature" To =mvl ....mJdv fo" 21J dv fo. Following
Landau's prescription to insure casuality,IO the velocity
integral in Eq. (2) is along the real axis only for
1m(w) > 0, otherwise the integral must be analytically
continued for Im(w) <: 0 (i.e., the velocity contour in­
tegral must be deformed around the pole at " ....wlk).
The response function for a Maxwdlian fo is shown in
Fig. 1 and can be written as R (s) = 1+sZ(s), where
Z(s) ....1C- 1/2Jdtexp(-t 2)/(t-s) is the usual plasma
dispersion function. Note that for a general fo and real
S, the imaginary part of R is related to fo by

1m R(s) .... - 1Cvl afo I (3)
no av "_'21/ 2,./'

Thus, when we develop a fluid approximation for the
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~ and Jl are integral operators in physical space because
they are proportional to VIII k I in wave-number space.
For example, by performing the inverse Fourier trans­
form of qk, we find that the real-space representation of
q{z) is

q{z) I limfoo dkeike-Ikleqk
(2K) lIz <'~o -00

"'" _ n~XI21/ZVt roo dz' f{z +z') -, f{z - z'), (8)
K J o z

where we have used the convolution theorem, and the
factor. of exp{-I k 1E) was added. to define infinite in­
tegral~~ Equation (8) shows that the parallel heat flux
q (z) is driven by an average nonlocal temperature
difference. Many numerical codes use a spectral repre­
sentation in the magnetic-field direction and so can use
the simple Fourier representation for qk rather than the
convolution form for q{z).

Let us turn to the choice of the free parameters XI, JlI,
and r. Linearizing Eqs. (4)-(6) leads to the following
three-moment fluid model for the response function:

XI -is _ (9)
R3 XI-irS-2iXIJlIS-2XISz-2JlISz+2is3'

Our Ansatz for q and 8 has led to a response function
which depends only on S, as it should. Note that the
three-moment fluid model yields a three-pole approxima­
tion for the response function (and therefore for the plas­
ma dispersion function Z). The asymptotic expansion of
R3 in the cold-plasma limit's'» I is R3- -1/2sz
+iJlI!2S3+ .... According to Eq. (3), this implies that
R3 is equivalent to anfo{v)-constlv 2 and hence has an
infinite-pressure moment. Therefore we choose Jl I ....0.
(Because the ITG instability is driven by gradients in the
pressure moment, one may question the applicability of
any Jl I;CO modeL) Carrying the asymptotic expansion
to higher order then gives us R 3 - - 1/2s2 - r 14s4
+i(r-l)xI!4s5+ ... , which is equivalent to a more
physical fo{v) -l/v 4. Setting r ""'3 puts the proper
amount of compressional paulaz heating into Eq. (6) to
conserve total energy. Expanding R3 for small s leads to
R3 = 1+i2s!xl. Requiring this to match the Maxwelli­
an R for small s leads to the condition Xl =21.J1i. Al­
though Xl is chosen to fit the low-frequency limit, the
closure is used in fluid equations which are automatically
valid in the high-frequency limit, and the resulting R3
does a fair job of approximating the Maxwellian Rover
the full frequency range (Fig. I), and is equivalent to an
fo{v) which is fairly close to Maxwellian (Fig. 2).

We obtain more accurate results by applying our clo­
sure to a four-moment fluid model. For the first three
moments we use Eqs. (4)-(6) with r=3 and 8=0. The
heat flux q is then found fro1)1 the next moment of the
Vlasov equation:

o 123
l;;=ro/(lkl Vt 21/2 )

FIG. 1. The real and imaginary parts of the normalized
response function R<,) ~ -nTo/noeiF vs the normalized fre­
quency ,. The solid lines are the exact kinetic result for a
Maxwellian, R <,) = I+ 'Z<,). The dashed lines are from the
three-moment fluid model with r=3, 111 ~O, and XI =2/.,J;i.
The dotted lines are from the four-moment model.

Maxwellian R{s), we can find an fo which will give an
identical kinetic response by integrating Im{R{s».

Consider the following generalized set of fluid equa­
tions for the particle density n "'"f dv f, the momentum
density mnu "'"m f dv f v, and the pressure p - m f dv f{v
-u)2:

an + J!.- (un) ""'0 , (4)
at az

~(mnu)+ : (umnu) - --¥-+enE - ~8, (5)
at uz uZ uZ

~ a () ( 1) ( +8) au k (6)at + a; up "'" - r - P a; - az .

The heat flux moment is q-mfdvf{v-u)3. In the
r""'3 and 8""'0 limit, Eqs. (4)-(6) are exact moments of
Eq. (I) and therefore represent particle, momentum, and
energy conservation. We have introduced a dissipative
momentum flux 8 and an adjustable ratio of specific
heats r in order to compare with previously suggested
Landau damping models, although we will conclude that
it is best to set r - 3 (as expected for a collisionless one­
dimensional gas where pn and P1. decouple) and 8""'0.
Previous models based on Braginskii's collisional equa­
tilins assume PII = P 1. so that r""'·h Kinetic effects are
modeled by judicious closure approximations for q and 8
which are most straightforward in wave-number space.
We will assume linear closure approximations of the
form

2 1/ Zv _
qk .... - nOXI lk"fikTk , (7)

and, similarly, Sk"'" -mnOJl12I/Z{vll I k 1 )i!d1k, where Xl
and JlI are dimensionless coefficients, and T "" (ft - Toinl
no is the perturbed temperature. These closure Ansatzes
can be written symbolically in the standard Fick's law
forms q"" - nxaTlaz and 8 ""'mnJlaulaz, except that X
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=(8no/ax)/no, 1/Lr=(aTo/ax)/To, and 1]=Ln/Lr.
Note that Eq. (12) reduces to Eq. (2) in the one­
dimensional w* -- 0 limit.

Extending the three- and four-moment models from
one dimension to slab geometry is straightforward. Tak­
ing parallel velocity moments of Eq. (ll) leads to a set
of fluid equations for the density n, parallel momentum
density mnUH =mfd 3vfvlI' parallel pressure Pll ....mfd 3v
Xf(VII-UII)2, and parallel heat flux qll =mfd 3vf
x (VII - UII)3, which are identical to the previous one­
dimensional equations [(4)-(6) and (l0)] for n, u, p,
and'q~~except that a/at is replaced by a/at+vE' V. The
Braginskii-type fluid equations used in previous tur­
bulence studies 1-3 can be written in this form in the
zero-gyroradius limit. We have written the fluid equa­
tions in their fully nonlinear form as exact moments of
the kinetic equation, though general drift-wave tur­
bulence scaling arguments \,2 indicate that only the VE' V
nonlinearities (and some finite-gyroradius nonlinearities
when present) need to be kept.

We make the same closure approximations as in the
one-dimensional case. For example, after linearizing and
Fourier transforming, the three-mom(~nt closure approxi­
mations are t1k=-ikllnOXI2\12vtTIJlkll and Sk .... -i
xkllmnoJlI21/2VturJlklil. This leads to the following
three-moment response functions for an unsheared slab:

XI - il,;+il,;* [I +1] - r+2(ixll,;+iJlII,;- XIJlI +1,;2)]R == .::.:---,-----::...--.=..:....:---=------~-=::-....:.......:..:::.....,,~~...::....:....::..

s,3 XI - irl,; - 2i;W1\ I,; - 2XI 1;2 - 2JlI 1,;2+ 2il;3

We will now investigate the dispersion relation for the
ITG instability which results from using Eq. (l3) for
the ions, and a Boltzmann response for the electrons,
fie =no Ie I~/Teo. (Subscripts i or e indicate ion or elec­
tron speciesJ Imposing quasineutrality iii """iie , the

65
10-3 ~--rT-.-+~-~+-r-..--r-"-+-~~h-.~--h~--.-l-

o

where r=mfdvf(v-u)4=3p2/mn+or. Using our
linear low-frequency closure method, or can be expressed
in terms of lower moments as

We have made use of the following definitions: I,;..:w/
IkH Ivt.J2, 1,;* =w*/ Ikill vt.J2, w* = (eTo/eB )ky/Ln , 1/Ln

..,- D .J2Vt k - + 2 -urk = - IlkTi qk f3l n02vt Tk ,

where D\ ==2.J'n/(31.-S) and f31 =<32 -9,.)/(6,.-16).
This is accurate through second order in 1,;, while our clo­
sure for iik was only first-order accurate. The resulting
response function is an excellent four-pole approximation
of the function Z, equivalent to an fo(v) -1/v 6 (Figs. 1
and 2).

Having shown thl~ effectiveness of our fluid model of
Landau damping in the simple one-dimensional case, we
now show that the same model continues to work in a
more complicated system which describes the ITG in­
stability. Consider electrostatic perturbations in an un­
sheared slab geometry governed by the zero-gyroradius
drift-kinetic equation:

S[+ (vHb+VE)' Vf+'-£"EII-..2L =0, (ll)
at m aVII

where f-f(VII,V.l.,X,t> is the gyroaveraged distribution
function, VE =cCExb)/B is the Ex B drift, b =i =B/B is
the directiop of the magnetic field, and VII is the velocity
parallel to b. (While the zero-gyroradius limit describes
some basic properties of the ITG instability, one must in­
clude second-order gyroradius corrections in order to get
the radial eigenmode equation in a sheared slabJ We
linearize and Fourier transform as before, except now fo
is Maxwellian with density and temperature gradients in
the i direction. The resulting slab response function is

-iiTo
Rs =--_-=I-17t;t;*+[I,;-I,;*(l- +17+1]1,;2)]Z(I,;>­

noetjJ
(12)

2 3 4

d- mv2 )!T

FIG. 2. The !o(v)'s equivalent to our three-moment model
(dashed line) and four-moment model (dotted line) compared
with a Maxwellian (solid line).
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dispersion relation is found from the roots of R s,3

= - Tio/ Tea, which is a cubic equation for' and so will
have three roots. In the 1D limit '*i =0, and with
TiO« Tea, the three roots are (0 = ± kliCs (i.e., the usual
ion acoustic wa~~s with {} = Teo/mi) and (0 = - i2(2/
lr) 1/21 kill Vti. This strongly damped "heat wave" corre­
sponds to phase mixing which takes a purely exponential
form for our !o(v). Consider the dispersion relation with
'*i»1 (or (O*i» Ik ll lv ti.J2). One of the roots is
(0 = - (Teo/Tio)(O*i =(O*e (the familiar electron drift
wave). Another root is always damped for 17i > O. Near
marginal stability, '« 1, the third root is given by

. Ikill Vti 17i - (r-l +2XIIlI)
(0=1

.J2 XI + III

This is the lTG-mode dispersion relation near marginal
stability. Inserting our recommended values of r = 3,
III =0, and XI =2/.J1C, we are able to reproduce the exact
kinetic results 11,12 in the small-k.Lp limit for the thresh-
old and growth rate [(0 =i 1kill Vti(17i - 2h/2"1r/4 is ob­
tained from Eq. (l2) in the '*i» 1, '« 1 limitl. Previ­
ously suggested models all result in errors in the margin­
al-stability dispersion relation, confirming our original
concern about III~O models because they correspond to
an !o(v) which h~s an infinite-energy moment while the
ITG instability is driven by gradients in the energy mo­
ment. (Another possible choice for r == 3 might appear
to be Xi =0 and III =2/.J1C, but then R3 fails to recover
the fundamental Boltzmann limit for'« 1 and ,* =OJ

There are some similarities of our closure method with
Kadomtsev and Pogutse's derivation of reduced MHD­
like turbulence,13 but they use a viscosity-based model
which will not work for ITG modes. Wang, Callen, and
Chang 14 are applying a related closure procedure to the
more ambitious problem of deriving fluid equations from
the full three-dimensional Boltzmann equation including
collisions. In the drift-kinetic ordering, their closure is
expressed as complicated functions of the function Z and
so is linearly exact (but difficult to implement in a non­
linear initial-value code where the frequencies are not
known). Their closure reduces to ours in the low­
frequency limit (0« kVr. We show that this much
simpler low-frequency closure leads to an approximation
for R which is fairly good for all frequencies. Also, their .
present formulation is missing some nonlinear parallel
pressure terms which we have kept.

Our fluid models of kinetic resonances should improve
the accuracy of future nonlinear calculations of ITG and
other microinstability turbulence. Future work should
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also add finite-gyroradius and toroidal effects to these
equations. In the course of thinking about these issues,
we (and, in particular, G.W.HJ have benefited from dis­
cussions with Dr. Uu Chen, Dr. John Krommes, Dr.
iaik Soo Hahffi, Dr. Hamid Biglari, Dr. W. W. Lee, and
Dr. Audris Dimits. Many of the calculations for this pa­
per were done with the very useful Mathematica com­
puter program written by Wolfram. 15 This work was
supported by U.S. DOE Contract No. DE-AC02­
76CH03073.
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