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Numerical study of tilt stability of prolate field-reversed configurations
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Global stability of the field-reversed configuration~FRC! has been investigated numerically using
both three-dimensional magnetohydrodynamic and hybrid~fluid electron andd f particle ion!
simulations. The stabilizing effects of velocity shear and finite ion Larmor radius~FLR! on then
51 internal tilt mode in the prolate FRCs have been studied. Sheared rotation is found to reduce the
growth rate, however a large rotation rate with Mach number ofM*1 is required in order for
significant reduction in the instability growth rate to occur. Kinetic effects associated with large
thermal ion orbits have been studied for different kinetic equilibria. The simulations show that there
is a reduction in the tilt mode growth rate due to FLR effects, but complete linear stability has not
been found, even when the thermal ion gyroradius is comparable to the distance between the field
null and the separatrix. The instability existing beyond the FLR theory threshold could be due to the
resonant interaction of the wave with ions whose Doppler shifted frequency matches the betatron
frequency. ©2000 American Institute of Physics.@S1070-664X~00!01612-8#
-
a

rs
an
m

p
an

in

gl
ed
t
n

la
o
n

re

r
w
s
,
nd
e

iu
-

e

r

tilt

e-

e

an
is:

id
th
at
y

ry

u-
tion
I. INTRODUCTION

The field-reversed configuration~FRC! is a compact tor-
oid with negligible toroidal field, in which plasma is con
fined by a poloidal magnetic field associated with toroid
diamagnetic current carried by the plasma. The FRC offe
unique fusion reactor potential because of its compact
simple geometry, translation properties, and high plas
beta. Although many magnetohydrodynamic~MHD! modes
are predicted to be unstable, prolate FRCs have been
duced successfully by several formation techniques
show surprising macroscopic resilience.1 In this paper, we
present a numerical study of then51 tilt mode stability in
the FRC for experimentally realistic equilibria.

A substantial literature exists of FRC stability studies
both the MHD ~i.e., fluid! and kinetic ~i.e., particle ion!
descriptions.2–9 The n51 tilt instability is thought to be the
most dangerous MHD instability because it is both stron
growing and a global mode that is not readily stabiliz
when kinetic effects are included. This mode is internal
the magnetic separatrix in the prolate FRC and thus can
be effectively stabilized by external means. MHD simu
tions show that the tilt mode growth rate is on the order
the inverse Alfve´n transit time and depends only weakly o
the equilibrium profiles~within a factor of 2!. Plasma rota-
tion and the inclusion of the Hall term have been conside
as stabilizing mechanisms for this mode and were found
reduce the growth rate.2 However a change in the linea
mode structure prevented the complete stabilization that
predicted earlier based on a trial function dispersion analy
In MHD calculations including the effect of gyro-viscosity5

up to a factor of 3 reduction in growth rate has been fou
but not complete stability. It has also been found that ther
no nonlinear saturation of then51 tilt instability in the
MHD description.2,7

The key parameters related to the finite Larmor rad
~FLR! stability of the FRC ares̄, which measures the num
4991070-664X/2000/7(12)/4996/11/$17.00
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ber of thermal ion gyro-radii in the configuration andE, the
separatrix elongation. These are defined by

s̄5E
R0

Rsr dr

Rsr i
,

andE5Zs /Rs . HereR0 andRs are the magnetic null and th
separatrix radius at the midplane,r i is the local ion Larmor
radius, andZs is the separatrix half-length atr 50. The ki-
netic parameters̄ indicates the importance of finite Larmo
radius~FLR! effects, which are strong fors̄;1, while thes̄
@1 ~small Larmor radius! limit corresponds to the MHD
regime. It has been found in a number of studies that the
mode growth rate is reduced with increasing elongation~for
a fixed separatrix radius!. It is inversely proportional toE for
an equilibrium with an elliptic separatrix shape, but this d
pendence is weaker for a racetrack separatrix shape.3 An-
other useful stability parameter is the ratios̄/E, which arises
from FLR theory,4,10 according to which FLR effects ar
important whenv* *g. Here v* is the diamagnetic fre-
quency,g5CVA /Zs is the tilt mode growth rate in the MHD
approximation,VA is a characteristic Alfve´n velocity, andC
is a coefficient of the order of unity. From these relations,
approximate condition for FLR effects to be important
s̄/E&0.2– 0.5.

Early linear kinetic calculations using a Vlasov-flu
trial function approach6 have found a greatly reduced grow
rate fors̄'2 – 3 and even predicted complete stabilization
s̄&1.5 (E57.7). However, in a later spectral stability stud
with a more general set of basis functions,9 complete stabi-
lization of the tilt mode has not been found, even for ve
small values ofs̄.

Kinetic calculations using the initial value particle sim
lation approach have been performed for small elonga
(E<2.5) and moderate kinetic regimes with 1.6< s̄<12.
These were therefore in the parameter range (s̄/E*1) for
6 © 2000 American Institute of Physics

AIP copyright, see http://ojps.aip.org/pop/popcpyrts.html.
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which no significant stabilization is predicted by the FL
theory. Simulation studies for equilibria withE52 – 2.5 and

s̄*2 have indeed found the tilt mode growth rate to be clo

to that predicted by MHD, and only slightly affected by thes̄
value in this range.11,12

Several other effects have been identified in these si
lation studies as possible stabilizing effects. It was found
one case that stability depends on the value of the pla
beta at the magnetic separatrix,11 bs . In another paper,12 a
spontaneously generated toroidal magnetic field has b
proposed as being a stabilizing factor. An earlier parti
simulation study13 considered the tilt stability forE51.5 and

two values ofs̄, 1.6 and 12, and found an order of magnitu
growth rate reduction in the first case. However, since th
simulation run time was several times shorter than an e
mated growth time, this result may require further verific
tion. The effect of energetic ion beams on the tilting ins
bility was studied by Barnes and Milroy14 using a hybrid
MHD/particle simulation, and was found to provide signi
cant stabilization of the tilt mode for a beam energy of ab
40% of the total energy and beam density larger than 1
of the bulk density.

Experimentally, it seems clear that global stability to t
n51 tilt has been achieved, at least in some parameter
gimes. Most FRC experiments have been performed w

relatively large elongation,E;5 – 9, and small to moderates̄

( s̄;1 – 8). In most cases, FRCs with smalls̄ values (s̄&2)
appear to be stable, and have been observed to persis
over 100 Alfvén times.15,16 Somen51 activity is often ob-
served during or shortly after the formation phase of a FR
but the origin of this has not been positively identified. Th
apparent stability is inconsistent with the MHD predictio
and may indicate that kinetic effects are important and
count for the observed FRC stability. Some experimen
studies have reported a correlation between the appear
of tilt instabilities and a degradation of confinement at larg

values ofs̄ and smaller elongation15 ( s̄/E;1). This further
supports the FLR stabilization mechanism theory. The d
from the Large-s Experiment~LSX!, on the other hand
seems to indicate no such correlation, and good confinem

over a large range ofs̄ (1& s̄&8) has been reported.16,17

However, common to all the experimental studies is the

ficulty in FRC formation at larges̄. Although in some case
this was attributed to formation inadequacies,16 the possibil-
ity that it is related to a reduction in stabilizing factors for t

tilt instability at larges̄ cannot be ruled out. We note finall
that there are experimental difficulties in detecting the
instability in the FRC, related to its internal nature and
lack of a clear signature on the axial interferometry diagn
tic. This situation is in contrast to that of spheromak expe
ments, where the tilting modes have been clearly observe
several devices.18,19 These experiments have shown that t
spheromak tilt mode growth rate is reduced significan
when the plasma shape is oblate (E,1), and that it can be
stabilized completely by close-fitting figure 8 coils.20

In the present paper, we attempt to unify and extend
previous simulation studies by presenting the results of
Downloaded 28 Nov 2000  to 198.35.4.73.  Redistribution subject to 
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tensive and systematic studies of prolate FRC stability
which we employ both three-dimensional~3-D! MHD and
hybrid ~fluid electron and particle ion! simulations. In par-
ticular, the stabilizing effects of velocity shear and finite io
Larmor radius on then51 tilt mode have been examine
~this paper addresses only the prolate FRC for which
elongationE.1, the stability of the oblate FRC for which
E<1 will be addressed in a future publication!. The new 3-D
nonlinear MHD/particle code developed for this stabili
study is described in Sec. II. In contrast to previous work,
d f method21 has been used to reduce numerical noise in
particle simulations. Equations of thed f scheme are pre
sented and the solution of the equilibrium problem with
netic ions and sheared rotation is discussed. Results of
MHD simulations including sheared flows, are described
Sec. III. In Sec. IV the hybrid simulations results are pr
sented for different kinetic equilibria. Conclusions and a d
cussion are given in Sec. V.

II. NUMERICAL SCHEME AND SIMULATION MODELS

In our FRC global stability code22 two different physical
models have been implemented: a 3-D nonlinear one-fl
MHD model, and a 3-D nonlinear hybrid scheme with pa
ticle ions and fluid electrons.

A. MHD model

In the MHD version of the code, the nonlinear resisti
one-fluid MHD equations are advanced using a second-o
explicit time stepping scheme with fourth-order accurate s
tial derivatives:

]r

]t
1“"~rv!50, ~1!

]rv

]t
52“"~rvv!2“p1JÃB/c1mDv, ~2!

]p1/g/]t1“"~vp1/g!5
~g21!

g
p1/g21

3@hJ21m~“Ãv!21m~“"v!2#,

~3!

]A/]t52cE, ~4!

E52vÃB/c1hJ. ~5!

Here r and p are the plasma density and pressure,v is the
fluid velocity,A is the vector potential,B5“ÃA is the mag-
netic field,J5c/(4p)“ÃB is the total current,m is an arti-
ficial viscosity coefficient, and an adiabatic equation of st
is used.

In the FRC stability studies, a cylindrical grid is em
ployed and the finite difference approximation is used in
three directions (r , f, z). A fine resolution of (100332
3150) grid points has typically been used in our MHD run
Periodic boundary conditions are applied in both the toroi
and axial directions, while a perfectly conducting bounda
is assumed at the cylindrical wallr 5Rc outside the separa
trix and geometric boundary conditions are implemented
AIP copyright, see http://ojps.aip.org/pop/popcpyrts.html.
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r 50. The cylinder length is taken to be large enough, so
periodic boundary conditions in the axial direction have
effect on the stability. The conservative form of the equ
tions and the time-centered trapezoidal leap-frog schem23

used for the time evolution ensure very good energy con
vation, with the change in the total energy being less th
0.1% of the perturbation energy in the production ru
Hyper-resistivity in the induction equation and artificial vi
cosity in the momentum equation are added for numer
stability in the nonlinear runs.

The vacuum region outside the separatrix is treated
the same way as the plasma region, except that a small c
density ~typically 0.05–0.1 fraction of the peak density! is
applied. The density is not allowed to become smaller th
the cutoff value in order to avoid the severe time step rest
tions that the Courant condition would impose. In som
cases a nonuniform resistivity profile with resistivity in
versely proportional to the plasma density has been used
the tilt mode stability was found to be insensitive to t
resistivity profile.

The linearized form of the MHD equations~1!–~5! has
also been implemented as an additional option, and this
been particularly useful for the linear stability studies ofn
.1 modes. The MHD version of the code has been ben
marked both by simulating normal modes in a cylinder, a
by reproducing the previous initial value MHD simulation
results.2,24 Very good agreement with the spectral stabil
study results3 has been obtained as well.

A two-dimensional self-consistent equilibrium is foun
by solving a Grad–Shafranov equation which includes eq
librium flows, and this is used as an initial condition for th
3-D stability calculations. A MHD equilibrium with sheare
flow is obtained assuming constant temperature,T5p/r. In
this case the pressure profile must be written as

p~c,r !5p0g~c!expS mir
2v2~c!

2T D , ~6!

where v(c) is the angular velocity. The Grad–Shafran
equation for the poloidal magnetic flux function becomes25

r
]

]r S 1

r

]c

]r D1
]2c

]z2
52r 2Fp0

]g

]c
1p0g

mir
2

T
v

]v

]c G
3expS mir

2v2

2T D . ~7!

Here we have definedc by B5“fÃ“c in the equilibrium.
Equation~7! is solved iteratively using the alternating dire
tion implicit method~ADI ! and applying a global constrain
~total current,I f) at each iteration as discussed, for examp
by Hewett and Spencer.26 An equilibrium solution is calcu-
lated in a cylinder with boundary conditions:c50 at r 50,
c5cw at r 5Rc , and]c/]z50 at z56Zc , whereRc and
Zc are the cylinder radius and half length, respectively.

B. Hybrid model

A hybrid scheme with cold fluid electrons (pe50) and
particle ions is used in the kinetic simulations. The parti
ion motion is described by the Lorenz force equations:
Downloaded 28 Nov 2000  to 198.35.4.73.  Redistribution subject to 
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dx

dt
5v, ~8!

dv

dt
5

e

mi
~E2hJ1vÃB/c!, ~9!

with the standard leapfrog scheme used for the time adva
The term2hJ in Eq. ~9! represents the collisional drag o
the ions, and it is needed for momentum conservation.
electric field in the hybrid scheme is calculated from t
electron momentum equation neglecting the inertial term

E52ueÃB/c1hJ, ~10!

whereue52(JÀJi)/(ene) is the electron fluid velocity,Ji is
the ion current, and quasineutrality is assumed (ne5ni). The
magnetic field is calculated as in the MHD scheme, Eq.~4!.

The fluid equations~4! and~10! are advanced on a finite
difference mesh in a cylindrical coordinate system, while
particle advance and current and density accumulation
done on a 3-D Cartesian grid. Quadratic spline interpolat
is used for mapping between the cylindrical and the Ca
sian meshes, while linear spline interpolation is used in
particle loops~gather/scatter operations!. Since the computa-
tional time required to advance the particles greatly exce
the time needed to advance the field equations, subcyclin
used to update the fields with small enough time step
avoid numerical instability at smalls̄. The particle coordi-
nates and weight factors are advanced with a larger t
step, which is limited by the ion cyclotron motion and
typically set todt50.1/vci .

Thed f method21 is utilized to reduce numerical noise i
the simulations. In thed f scheme the equilibrium distribu
tion function is assumed to be known analytically, so t
zero-order densityni0 and currentJi0 can be calculated. The
perturbed part of the distribution function is calculated alo
a set of characteristics~8!, ~9! by assigning a weightw
;dF to each simulation particle. The particle weights a
then used to calculate the perturbed ion densitydni and cur-
rentdJi . Since the particle weight is no longer a constant
the motion ~as in the conventional particle simulatio
method!, the evolution equation for the weight has to b
added to the equations of motion~8! and ~9!:

dw

dt
52S F

P
2wD dF0

dt

1

F0
, ~11!

wherew5dF/P, F is the ion distribution function, andP is
the distribution function of the simulation~marker! particles.
In the simulationsdF can be approximated by the weighte
Klimontovich distribution

dF5(
m

wmd~xm2x!d~vm2v!, ~12!

and the perturbed ion density and current density are ca
lated as follows:

dni~x!5(
m

wmS~xm2x!, ~13!
AIP copyright, see http://ojps.aip.org/pop/popcpyrts.html.
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dJi~x!5(
m

wmvmS~xm2x!, ~14!

whereS is the~linear! shape function. In all the calculation
described in this work, the simulation particles were initia
loaded in phase space according to the physical distribu
function, F0 , which corresponds to settingF/P51 in Eq.
~11!.

The equilibrium ion distribution functionF0 is a func-
tion of the constants of motion, which, in the case of
azimuthally symmetric equilibrium, are the particle energ
«5miv

2/21ew, and the azimuthal angular momentum,pf

5mirvf2ec, where c52rAf is the poloidal magnetic
flux function, andw is the equilibrium electrostatic potentia
For F05F0(«,pf) the time advancing of the particl
weights requires calculation of time derivatives of« andpf :

d«

dt
5ev•~dE2hdJ!, ~15!

dpf

dt
5er@~dEf2hdJf!1vÃdB"f̂#. ~16!

Two classes of kinetic equilibria were studied in t
simulations presented here. The first class has zero elec
current and no electric field. All current is carried by the io
and an exponential rigid-rotor distribution function is use

F05F0~«2Vpf! ~17!

5n0~mi /2pTi !
3/2exp~2«/Ti1Vpf /Ti !, ~18!

whereV is the constant angular rotation frequency, andTi is
the uniform ion temperature. It can be shown that this dis
bution function corresponds to a local shifted Maxwelli
distribution with the ion density given by

ni~x!5n0 expS mir
2V2

2Ti
2

ecV

Ti
D ~19!

and mean ion velocityVf5rV. The force balance for this
equilibrium can be written as

2minirV2r̂52Ti“ni1JiÃB.

For the exponential rigid-rotor distribution function~18!, we
were not able to find an equilibrium with the separatrix elo
gation larger thanE52, probably due to the exponential d
pendence of plasma pressure onc. In the simulations with
larger elongations, the second class of the kinetic equilib
has been used. The second class of equilibrium distribu
functions isF05F0(«), with Ji50 and all current is carried
by the electrons. From the ion momentum equation we h

052Ti“ni1eniE,

whereE5JÃB/(ene) is an equilibrium electric field.
Since in both cases the ion pressure is a scalar, Eq~7!

has been used to find an equilibrium solution. Note tha
Maxwellian ion distribution function with small or zero tor
oidal rotation is a good approximation for the FRC equilib
just after formation, before the plasma spins up in the to
dal direction. The scalar pressure MHD-like equilibriu
agrees well with experimental data,1 even for smalls̄.
Downloaded 28 Nov 2000  to 198.35.4.73.  Redistribution subject to 
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III. MHD SIMULATIONS

A. Profile effects

Numerous MHD calculations~both linearized and non
linear! have shown then51 tilt mode to be strongly unstabl
with growth rate on the order of the inverse Alfve´n time
~without rotation!

g5CVA /Zs5CVA /~RsE!, ~20!

and found no nonlinear stabilization.2,7 HereVA is a charac-
teristic Alfvén velocity, defined byVA5B0 /A4pr0, where
B0 is an external magnetic field at the midplane,r0 is the
plasma density at the magnetic null, andC is a coefficient of
the order of unity. The most detailed linear MHD stabili
analysis employing the spectral code by Iwasawaet al.3 con-
sidered the effects of elongation, current profile, and
magnetic separatrix shape on then51 andn.1 modes with
both even and odd symmetry~symmetry is defined in terms
of v r symmetry relative to the midplane,z50). It was
shown that the previously believed inverse scaling of the
mode growth rate with elongation, Eq.~20!, applies only to
the special case of the equilibrium with an elliptical sep
ratrix and a flat current profile. For a racetrack separatrix a
large enough elongation (E*3), the tilt ~odd! mode growth
rate has been found to be largely independent ofE, and an-
other n51 mode, with even symmetry relative to the mi
plane, has been shown to be unstable with a growth
close to that of the tilt mode. This result can be easily u
derstood, if one considers the linear mode structures for
elliptical and racetrack equilibria.

Figure 1 shows velocity vector plots produced at t
linear phase of the MHD simulations with different sepa
trix shapes and initial perturbations of the odd and even s
metry. In agreement with the results of Iwasawaet al.,3 our
simulations show that for a racetrack equilibrium@Figs. 1~b!
and 1~c!# the perturbation is localized near the end regio

FIG. 1. Velocity vectors and the separatrix positions from MHD simulati
of the n51 tilt mode (E54); ~a! elliptical separatrix,~b! racetrack separa-
trix, and ~c! n51 even mode with the racetrack separatrix.
AIP copyright, see http://ojps.aip.org/pop/popcpyrts.html.
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where the curvature is large, and the structure of then51
even mode is very similar to that of the odd~tilt ! mode,
except for the direction of the velocity vectors@Fig. 1~c!#.
The growth rates of these two modes are nearly identica
well, and do not change significantly as the elongation
creases. This behavior implies that the perturbation grow
at the two end regions of the racetrack FRC decouple
contrast, when the elliptic equilibrium is considered@Fig.
1~a!#, the perturbation is concentrated around the magn
null point, and then51 even mode is stable.3

Due to the different dependence on the elongation,
relatively long (E*4) configurations with a racetrack sep
ratrix shape generally are more unstable to tilting than
configurations with an elliptical separatrix. In terms of t
growth rate, Eq.~20!, the numerical coefficientC is of the
order 2.0–3.0 for the racetrack FRCs, andC;1 for the el-
liptical equilibria. The nonlinear evolution of the tilt mod
for both elliptical and racetrack equilibria has been inve
gated in the simulations as well. Figure 2 illustrates the c
stant pressure contours on a 2-D plane passing through
symmetry axis at 4 times during the nonlinear growth of
n51 tilt mode in an elliptical equilibrium withE54. It is
seen that for most of the growth of the mode, the distortio
mostly internal to the separatrix. Only near the end, at
.10tA , does significant distortion to the equilibrium occu
where tA5Rc /VA is the characteristic Alfve´n time. At t
.12tA , when the tilting motion has ‘‘wrapped around’’ th
ends, an axial force imbalance occurs and the two ends r
one another, destroying the configuration.

No nonlinear stabilization has been found in either
racetrack or the elliptical configuration. However, the no
linear behavior was somewhat different due to difference
the linear mode structures. For the racetrack equilibrium,
perturbation grows near the low-density end regions of
FRC during the linear phase. When the velocity amplitu
becomes large enough (dVz;0.1– 0.3VA), the perturbation
propagates from the end region to the midplane, push

FIG. 2. The pressure contours in the poloidal plane att50, 10tA , 12tA , and
14tA for the case ofE54, elliptic separatrix.
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along a more dense plasma around the magnetic null. T
contrasts with the tilt evolution in the elliptical configuratio
where most of the plasma inside the separatrix is involved
the tilt motion during the linear growth. As a result, th
nonlinear phase of the instability for the racetrack equil
rium is longer than that for the elliptical equilibrium.

B. Sheared rotation effects

Previous calculations2,7 have shown that the tilt instabil
ity can be significantly suppressed by plasma toroidal ro
tion if the rotational Mach number is greater than about 2
M5vRs /VA*2. When a large external mirror field is ap
plied in addition,2 the growth rate can be strongly reduced
rotation with Mach numberM*1.0. Although plasma spin
up in the toroidal direction has been observed in exp
ments, such large rotation rates are considered unreal
Significant velocity shear, however, is likely to exist in th
FRCs, and it has been numerically shown to have a stab
ing effect on the tilt mode.2 For these reasons, we have i
vestigated the possibility of tilt mode stabilization at smal
rotation rates (M,1) due to velocity shear.

The effect of sheared rotation on then51 tilt instability
was studied by performing MHD simulations with differe
rotation profiles, separatrix elongations, and Mach numb
Ms5Vs /VA , whereVs5vRs is the rotational velocity at the
separatrix at the midplane. Sheared rotation is found to b
more effective stabilizing mechanism for a rotation profi
which is peaked near the separatrix and with the ang
velocity decreasing to zero at the magnetic null and near
radial wall ~Fig. 3!. Since the mechanisms leading to FR
rotation are thought to be the loss of particles with a pref
ential angular momentum or to be end-shorting of the op
field lines,1 it is reasonable to expect a large rotational v
locity near the edge region.

The simulations were done for the pressure profile giv
by (Ms50):

p~x!50.5p0~ tanh~ax1b!11!, x5c/c0 , ~21!

FIG. 3. The equilibrium profiles for MHD simulations with sheared rot
tion: The radial profiles of~a! plasma pressure,~b! toroidal velocity, ~c!
current at the midplane, and~d! angular rotation velocity vs normalized flux
for the equilibrium withE52.7 andMs5Vs /VA50.8.
AIP copyright, see http://ojps.aip.org/pop/popcpyrts.html.
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wherec0 is the value of the flux at the magnetic null poi
(c0,0), a51.5 andb521.0 are the pressure profile pa
rameters,x.0 inside the separatrix andx,0 outside. The
angular velocity profile was taken to be

v~x!5v0@3~12x!~11tanh~2x!!

10.5~x2x1!~12tanh~2x!!#, ~22!

wherex15cw /c0 , cw is the flux at the wall, andvf5rv.
An example of the equilibrium profiles from the MHD

simulations with sheared flow is shown in Fig. 3 for a hollo
current profile,E52.7 andMs50.8. Shown are the radia
profiles of the normalized plasma pressure, current, and
oidal velocity at the midplane (z50), and angular velocity
as a function of flux. Here the pressure is normalized to
external magnetic field pressure,B0

2/8p, velocity is normal-
ized toVA , and length is normalized toVA /vci , wherevci

is the ion cyclotron frequency in the external field.
A tilt-like initial velocity perturbation of 0.01VA was

applied at the beginning of the simulation, and the grow
rate was calculated from the time evolution of then51 com-
ponent of kinetic energy. A grid of (1003323150) grid
points was used in all sheared rotation calculations. T
equilibrium parameters and the calculated tilt mode grow
rates from the simulations with different elongation are su
marized in Table I, whereg05VA /Zs .

In Fig. 4, we illustrate the change in the linear mo
structure due to shear flow as compared to the nonrota
case. This is shown for both the equilibria with elliptic
(E52.7) and racetrack separatrix shape (E56.4). The linear
mode structure is seen to change in a such way that
perturbation localizes in a region of smaller velocity she
In the presence of sheared rotation, the tilt mode was
served to rotate with a real frequency comparable to the
erage rotation frequency. No indication of nonlinear stab
zation in the presence of large velocity shear has been fo

In simulations with larger elongation~smallerg0), the
stabilizing effect of the sheared rotation was stronger. In p
ticular, for E56.4 andMs50.68 the growth rate was re
duced by a factor of 3 compared to the case without rotat
Our simulations show that, in general, a shearing rateDv
5v(0)2v(1)*g0 is required in order for considerable re
duction in the instability growth rate to occur. This mea
that even in the presence of velocity shear, a large rota
rate, Ms;1, is still needed to significantly suppress the
instability in the MHD regime. It is possible, however, th
the combination of another effect~FLR, for example! that
reduces the growth rate together with velocity shear co
lead to complete stabilization of the tilt mode at a mo
reasonable toroidal velocity.

TABLE I. Parameters for sheared rotation simulations.

Run E Ms g/g05gZs /VA

R1 2.4 0.0 1.32
R2 2.7 0.63 0.89
R3 2.7 0.8 0.54
R4 5.6 0.0 2.7
R5 6.4 0.68 0.9
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IV. HYBRID SIMULATION RESULTS

We have performed quasineutral hybrid simulations
then51 tilt mode to study how the kinetic effects associat
with large thermal ion orbits can modify the MHD predic
tions. Both linearized and fully nonlinear hybrid models ha
been implemented in our code. The linearized simulatio
provide a more accurate result for the instability growth r
and allow simulations of modes other than the most unsta
one ~with different n). In addition, a smaller number o
simulation particles and field substeps are required for
merical convergence and stability. The nonlinear version
the hybrid scheme is described in Sec. II. In the lineariz
version, the particle trajectories are calculated in the equi
rium field, the nonlinear term proportional tow is dropped on
the right-hand side of the equation for particle weight, E
~11!, and a linearized form of the Ohm’s law, Eq.~10!, is
used.

The vacuum region is treated in a way similar to that
the MHD simulations. The simulation particles are initial
loaded by inverting the 2-D ion density profile given by E
~19! ~for the exponential rigid rotor distribution! or by ni

5pi /Ti ~for a Maxwellian distribution!, with a negligible
density in the vacuum region and near the radial wall. T
value of the ion density actually used in the 3-D stabil
calculations is taken to be the maximum of that calcula
and a cutoff density, normally chosen to benc510% of the
peak density. In some cases this method turned out to
numerically unstable. In these cases the simulation parti
were loaded with a density value that corresponds to add
an offset value ofnc to the equilibrium density. At constan
temperature, this corresponds to adding a small cons
pressure to the equilibrium pressure profile and does

FIG. 4. Poloidal mode structure~a! without rotation,E52.4, ~b! for Ms

50.8 andE52.7, ~c! without rotation,E55.6, ~d! for Ms50.68 andE
56.4.
AIP copyright, see http://ojps.aip.org/pop/popcpyrts.html.
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change the equilibrium equation. In both cases the con
gence of the results with respect to the value of the cu
density has been checked. The conservation of the tota
ergy and the number of particles27 dN/N5((m wm)/N has
been monitored in the nonlineard f runs as an accurac
check and for debugging purposes.

A. Test cases

Several tests have been done to benchmark our hy
version of the code. First, the simulations of the tilt mode
FRC with elongationE53.9 have been performed usin
both the nonlineard f scheme and the fullf particle simula-
tions in order to verify thed f scheme. The Maxwellian dis
tribution function was used for ions@F05F0(«)#, and a
relatively larges̄ ( s̄57.4), MHD-like regime was consid
ered, so that comparison could be made with MHD results
well. Figure 5 shows the energy plots from these three
ferent simulation runs: MHD, hybridd f , and hybrid full f
simulations. The same equilibrium profiles were used in
three cases. A (1003323150) cylindrical grid was used in
the MHD simulations, a (50332360) cylindrical grid for
fields, and a (51351360) Cartesian grid for particles wer
used in the hybrid simulations. The number of the simulat
particles was 1 mil and 2 mil in thed f and full f runs,
respectively.

Note that in Fig. 5, the squares of the amplitude of
n51 Fourier component ofV integrated over ther –z vol-
ume and normalized to the equilibrium magnetic field ene
are plotted, whereV is the fluid velocity for MHD simula-
tion, while V5Vi is the ion fluid velocity for hybrid runs.
The time is normalized to the Alfve´n time, which is defined
as the ratio of the cylinder radius to the characteristic Alfv´n
speed,tA5Rc /VA .

There is very good agreement in the linear growth r
and the mode structure in thed f and full f simulation runs.
The growth rate from hybrid simulations is slightly small
than that from MHD run due to kinetic effects. Similar no
linear evolution was observed in both hybrid runs as w
However, the numerical noise level in the fullf simulation

FIG. 5. The temporal evolution in then51 component of kinetic energy
from MHD, d f hybrid and full f hybrid simulations all done for the sam

equilibrium profiles withE53.9 ands̄57.4.
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was rather high, and no growth of the tilt mode could be se
in the energy plot untilt.8tA because of the numerica
noise.

As another test, ad f 2-D hybrid simulation of then
52 rotational mode was done for equilibrium profiles us
in a previous work.28 In agreement with the previous result
the growth of the dominantn52 mode was observed for th
equilibrium with 60% of field reversal, separatrix betabs

50.5, and the rotational parameter28 a51 ~no electron ro-
tation!.

The accuracy of the particle pushing and the interpo
tion schemes was checked by following the unperturbed p
ticle orbits in the equilibrium field for a representative FR
equilibrium withE53.9 ands̄51.9. The conservation of the
particle energy,«5mv2/21ef, and the toroidal angula
momentum,pf5mrvf2ec/c, was monitored for severa
particle trajectories for long times. Figure 6~a! shows a typi-
cal particle orbit projected on the poloidal plane, and Fi
6~b! and 6~c! show the variation of the particle energy an
the angular momentum along this orbit. The relative amp
tudes of the fluctuation in« and pf are ;10% and;4%,
respectively, without any secular changes. Also shown
Fig. 6~d! is a variation of the magnetic moment,m, calcu-
lated in the rotating frame with zero equilibrium electr
field. It is seen that the magnetic moment is not conser
along this trajectory, and it undergoes large changes w
the particle passes through the large curvature regions.

FIG. 6. Poloidal projection of the typical equilibrium orbit~a!; time varia-
tion of ~b! particle total energy;~c! toroidal angular momentum;~d! mag-
netic moment along this orbit.
AIP copyright, see http://ojps.aip.org/pop/popcpyrts.html.
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B. Linear stability of the nÄ1 tilt mode

A number of hybrid simulation runs have been do
starting from different kinetic equilibria in order to invest
gate the dependence of the growth rate of the tilt instab
on the kinetic parameters̄, the elongation, and the shape
the separatrix. The equilibrium parameters and the lin
growth rates from some of these simulations are listed
Table II, where the notation is as follows:xs is the ratio of
the separatrix radius to the cylinder radius,bs andMs are the
plasma beta and rotational Mach number, respectively,
culated at the separatrix at the midplane,gMHD is the growth
rate calculated in the MHD simulations for the same equi
ria, andg05VA /Zs . The Mach number is calculated asMs

5Vi /VA , whereVi is the ion fluid velocity.
The first two runs in Table II, RH1 and RH2, were do

for equilibria with no electric field and the exponential rigi
rotor distribution function, Eq.~18!, was used for the ions
These equilibria have a relatively small elongation,E;2,
peaked current profile, and an elliptic separatrix shape. N
that for the exponential rigid-rotor equilibria, a small valu
of s̄ corresponds to a large rotation Mach number, which
have an additional stabilizing effect.

In the rest of the runs, the Maxwellian distribution fun
tion F05F0(«) was used for the ions withJi50 and all the
current was carried by the electrons. The simulations w
elongationE;4 were done for equilibria with both elliptic
and racetrack separatrix shapes in order to investigate
effectiveness of the FLR stabilization for different config
ration shapes and eigenmode structures. In the simulat
RH3–RH5 the pressure profile was taken to be24

p~c!5p0H K01x2d/2x2, x.0

K0 exp~x/K0!, x<0,
~23!

wherex5c/c0 (x.0 inside the separatrix!, c0 is the value
of the flux at the magnetic null point,K0 is a numerical
parameter proportional to the value of the plasma beta
separatrix, andd is the profile hollowness parameter. Sim
lations were carried out forbs50.3, andd520.5. In the
simulations with the racetrack separatrix, RH6–RH8, the
pressure profile was as in Eq.~21! with the numerical param
eters equal toa51.7 andb521.0 for the RH6 equilibrium,
anda51.2 andb520.5 in the runs withE57.2.

The initial n51 perturbation in the axial component o
the ion fluid velocity (;0.01VA) was applied att50 by
assigning a finite weightw;vz to the particles inside the

TABLE II. Parameters for hybrid simulations.

Run E xs bs Ms Shape s̄ gMHD /g0 g/g0

RH1 2.0 0.76 0.19 0.09 Elliptic 9.2 1.5 1.4
RH2 1.7 0.78 0.17 0.55 Elliptic 1.5 1.5 0.98
RH3 3.9 0.71 0.30 0.0 Elliptic 7.4 1.8 1.6
RH4 3.9 0.71 0.30 0.0 Elliptic 1.9 1.8 0.73
RH5 3.9 0.71 0.30 0.0 Elliptic 0.9 1.8 0.34
RH6 4.1 0.76 0.15 0.0 Racetrack 1.4 2.2 0.9
RH7 7.2 0.64 0.33 0.0 Racetrack 6.2 2.54 2.0
RH8 7.2 0.64 0.33 0.0 Racetrack 0.8 2.54 0.3
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separatrix. The linear growth rate was calculated from
time evolution of the amplitude of then51 component of
electron velocity,uVe1u2, integrated over ther –z volume.
The linear stability results for two family of equilibria with
E'2 and E57.2 are summarized in Fig. 7, where th
growth rate is shown for different values of 1/s̄. The growth
rates are normalized to the corresponding MHD grow
rates. Notice thatg is only slightly reduced fors̄>1.5 (1/s̄
<0.66) in the simulations with small elongationE;2, in
agreement with previous results.11,12 These simulations (E
'2) were performed for the exponential rigid-rotor ion di
tribution function, as RH1 and RH2 runs, and the ion ro
tion Mach number wasM<0.55 for s̄>1.5. Since previous
MHD simulations have shown that a stabilizing influence
rigid rotation should be felt at a much larger rotation rat2

the reduction in the growth rate seen in Fig. 7 is mostly d
to FLR effects. The simulations with larger elongations we
performed for Maxwellian ion distribution function with zer
ion rotation. For the configurations withE57.2, there is a
significant reduction in the tilt instability growth rate at sma
values of s̄ ( s̄;1), however, no absolute stabilization h
been found fors̄/E values as small as 0.1.

The previous kinetic calculations by Barneset al.6 based
on a Vlasov-fluid dispersion functional approach and tr
functions found a strong reduction in the tilt mode grow
rate for s̄;2 and complete stabilization ats̄&1.5 for an
equilibrium with elliptical separatrix andE57.7. Our simu-
lations with different separatrix shapes~see Table II! show
that there is no dramatic difference in the FLR stabilizati
between the equilibria with different separatrix shapes.
particular, ats̄51.4 andE'4 the growth rate was reduce
by a factor of 2.3 in the simulations with the racetrack se
ratrix, and a factor of 3 reduction was obtained for the ell
tic equilibrium. The difference between our results and
dispersion analysis results,6 therefore, must be due to th
deviation of the true kinetic eigenfunction from the assum

FIG. 7. Variation of the normalized growth rate of then51 tilt instability

with 1/s̄ parameter. The points obtained in the linearized hybrid simulati
for two different elongations,E'2 andE57.2, are indicated.
AIP copyright, see http://ojps.aip.org/pop/popcpyrts.html.
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MHD-like trial function6 in the strongly kinetic regime
~small s̄).

Our simulations demonstrate that the linear structure
the tilt mode changes as the value ofs̄ is reduced. Figures 8
and 9 show poloidal and toroidal mode structures from

FIG. 8. Vector plots of poloidal component (r –z plane! of the ion fluid
velocity: ~a! from the MHD simulation,~b! and~c! from the hybrid simula-

tions with s̄57.4 ands̄50.9, E53.9.

FIG. 9. Contour plots of the axial component~at the midplane! of the ion
fluid velocity: ~a! from the MHD simulation,~b! and ~c! from the hybrid

simulations withs̄57.4 ands̄50.9, the same simulations as in Fig. 8.
Downloaded 28 Nov 2000  to 198.35.4.73.  Redistribution subject to 
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hybrid simulations with different values ofs̄, along with the
corresponding MHD eigenmode. These simulations w
performed for equilibria with elongationE53.9 and with
elliptical separatrix shape. Shown are vector plots of
poloidal component~Fig. 8! and contour plots at the mid
plane~Fig. 9! of the axial component of the ion fluid velocit
~for the hybrid runs! and fluid velocity~for the MHD run!.
For the larger value ofs̄ @ s̄57.4, Fig. 8~b!#, both the growth
rate and the eigenfunction are close to that of the MHD re
@Fig. 8~a!#. The mode structure is seen to change in the
netic regime withs̄50.9. In particular, the perturbation be
comes more localized near the magnetic null point@Fig.
8~c!#, the mode rotates (v rÞ0), and it has a more compli
cated toroidal structure@Fig. 9~c!#.

Large ion orbit effects on the stability of then51 tilt
and low n kink modes have been studied before for fie
reversed ion rings and an ion ring confined plasma.29–31

When the confined plasma has zero current and pressure
stability criterion has been shown to be29,30

~nV!2.vb
2 , ~24!

where it is assumed thatv!V, with v being the mode
frequency,V the toroidal rotation frequency, andvb the
axial betatron frequency in the self-field. If the inequali
~24! is satisfied, then51 tilt and low n kink modes are
MHD stable. The derivation of this condition assumes a m
noenergetic ion beam, and thus it is not directly applicable
FRC equilibrium with thermal ions. It has been shown tha
the inequality Eq.~24! holds in an average sense, the t
mode will be MHD stable, but then resonant instabiliti
become possible due to the thermal spread in the
velocities.31 We have calculated the ion toroidal and ax
betatron frequencies in a hybrid simulation withE57.2 and
s̄50.8 ~RH8! and have found that condition~24! is satisfied
for a majority of the particles~more than 80%! due to the
large elongation. Although this does not prove it conc
sively, this may indicate that the observed instability is
resonantly driven one.

The kinetic results presented in Table II and in Fig.
have been obtained with the linearized hybrid simulations
these runs, a (60332380) cylindrical grid for the fields and
a (51351380) Cartesian grid for the particles were use
and the number of simulation particles was between 0.25
0.53106. The particle time step was set bydt50.1/vci , and
1 to 16 field substeps per particle step were done, depen
on the value ofs̄. The convergence of the results with r
spect to the time step, grid size, the number of the simula
particles, and the value of the cutoff density,nc , has been
verified in the simulations. For the set of parameters use
the simulations, the tilting instability growth rate was a
fected mostly by the value ofnc . Namely, the value ofg
was increased by several percent asnc /n0 was reduced from
0.1 to 0.05. No significant difference in the growth rate val
or the linear mode structure has been found in the simula
runs performed with better resolution or smaller time st
The results obtained for the tilt mode from the lineariz
simulations in this study~with E.1) were also not sensitive
to the value or the profile of the resistivity.
AIP copyright, see http://ojps.aip.org/pop/popcpyrts.html.
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V. DISCUSSIONS AND CONCLUSIONS

Both MHD and hybrid simulations were performed
order to study then51 tilting instability in prolate FRCs.
Profile effects, sheared rotation, and kinetic effects on the
mode stability were considered.

Our MHD simulations show that the dependence of
tilt mode growth rate on elongation for a racetrack equil
rium is different from the previously believed inverse sc
ing. This result is in agreement with a recent spectral sta
ity study.3 It has also been shown that for a racetra
separatrix shape and large enough elongation (E*3), the tilt
mode is localized near the FRC end regions, where the
vature is large, and the perturbation growths in the two e
regions decouple from one another. As a result, the gro
rate is nearly independent ofE, and another mode with eve
symmetry relative to the midplane appears and is unst
with its growth rate close to that of the tilt mode. This co
trasts sharply with the usually assumed ‘‘rigid tilt’’ model,
which the~stabilizing! inertial term increases with the elon
gation, and reduces the growth rate.

This result is important both when comparing theoreti
and experimental stability, and also when assessing the e
of different stabilizing factors. The weaker dependence
the MHD growth rate on elongation implies a change in
previously assumed stable parameter regimes.4,8 In particu-
lar, we agree with other recent work10 that claims that the
previously proposed stability scaling withs̄/E is not valid.
The breakdown of this scaling has important implications
estimating when FLR effects might lead to tilt stabilizatio

The possibility of tilt mode stabilization by sheare
flows has been investigated in the MHD simulations as w
The sheared toroidal rotation is found to reduce the gro
rate of the tilt mode, however a large rotation rate,DV
;VA , is still required to significantly affect the mod
growth, and complete stabilization has not been found. I
possible that a combination of some other stabilizing eff
~FLR, for example! and velocity shear will lead to tilt mode
stability at realistic rotation rates, but this has not been de
onstrated.

Our MHD simulations have shown no indication of no
linear saturation for all separatrix shapes and pressure
files considered. This is consistent with previo
calculations.2 The mode structure is calculated to be prim
rily internal far into the nonlinear regime, making it difficu
to detect experimentally. The mode finally destroys the c
figuration by wrapping around at the ends to create an a
force imbalance, causing the FRC to break apart. We n
here that in the MHD regime then.1 modes have growth
rates larger than that of then51 mode, and may destroy th
configuration before then51 tilt could grow to a noticeable
amplitude. This would further hamper experimental det
tion of an unstable tilt mode.

Since most of the FRC experiments to date have bee
the kinetic regime, with the ion Larmor radius comparable
that of the separatrix radius~small to moderate value of th
kinetic parameters̄), kinetic effects are considered to be
major factor in the observed FRC stability. We have p
formed 3-D hybrid simulations in order to study the therm
Downloaded 28 Nov 2000  to 198.35.4.73.  Redistribution subject to 
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ion kinetic effects on the tilt mode in the prolate FRC. W
have included ion kinetic effects self-consistently, and st
ied the stability of several experimentally realistic equilibr
~with largeE). This paper concentrates on the linear stabil
of then51 tilt mode in the kinetic regime with zero velocit
shear, and the results of the nonlinear hybrid simulations
be presented elsewhere. Thed f method21 has been used to
greatly reduce simulation noise and computational requ
ments, and has been found particularly useful in the lin
stability study.

Our hybrid simulations show that for larges̄ ( s̄
;5 – 10) the growth rate and the linear mode structure of
kinetic tilt mode are very close to that predicted by MHD

However, as the value ofs̄ is decreased tos̄;1 – 2 the
growth rate is reduced, and this reduction is stronger
configurations with larger elongation (E*4). In particular,
an order of magnitude reduction ing has been obtained in

the simulations withE57.2 and s̄50.8. It also has been
shown that the linear mode structure of the tilt mode chan

from that predicted by MHD in the smalls̄, kinetic regime.
No strong dependence of the kinetic stabilization on
separatrix shape has been found, and similar results h
been obtained in the simulations with elliptical and racetra
equilibria for E;4. Several simulation runs have been pe
formed with different kinetic equilibrium profiles. In al
cases withE*4, considerable reduction in the tilt growt

rate was obtained fors̄&2. However, no absolute stabiliza
tion of the tilt instability has been found even for very sm

values ofs̄.
Our results are different from those of previous kine

calculations based on a Vlasov-fluid dispersion functio
and trial function approach.6 In these studies, a much stron
ger reduction in the growth rate~factor of 10–15! was ob-

tained for s̄&3 and complete tilt mode stabilization wa

found for s̄&1.5 (E57.7). The difference between our re
sults and the dispersion analysis results can be explaine
the deviation of the true self-consistent kinetic eigenfunct
from the assumed MHD-like trial function used by Barn
et al.,6 in the strongly kinetic regime.

The nonideal MHD and kinetic effects included in o
hybrid model are: two-fluid effects~Hall term in the Ohm’s
law!, finite ion Larmor radius effects, and ion resonant
fects. The inclusion of the Hall term results in the magne
field being frozen into the electron fluid, and causes the
perpendicular motion to be different from that of the ele
trons. Due to the finite size of the Larmor orbits, the io
drift in the gyro-averaged field, and therefore FLR also p
duces ion motion relative to the electrons. This causes the
mode to rotate and have a nonzero real frequency, com
rable to the ion diamagnetic frequency.

Several previous studies have considered the Hall t
and FLR effects in the two-fluid and in the small ion Larm
radius ~gyroviscous effect! approximations.2,4,5,8 The physi-
cal mechanisms for the FLR and the Hall term stabilizat
are similar and have been identified as the phase shift
tween the electron and ion displacements, which result
the magnetic and fluid perturbation being out of phase,
AIP copyright, see http://ojps.aip.org/pop/popcpyrts.html.
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leads to mode suppression.4 Although the earlier semiana
lytic estimates4 gave optimistic results indicating stabiliza
tion of the tilt mode at smalls̄, the later more self-consisten
calculations found that the stabilizing effect was not
strong as expected,2,5 mostly due to the change in the line
mode structure at smalls̄. Our results agree with these ca
culations in that, although we have found that then51 tilt
instability linear growth rate is reduced by kinetic effec
this reduction~by a factor of 3–5! is not strong enough to
explain the stability observed in the FRC experiments
over 100 Alfvén times.

Note that the fluid models are valid only in the modera
to large s̄ limit. The important effect missing from thes
models is the wave–particle resonant interaction, which
be important in the strongly kinetic FRCs. In addition,
small values ofs̄, most of the ions execute very comple
motion with a large fraction of their orbits being stochast
and their magnetic moment not conserved. This makes
perturbative treatment of FLR effects difficult and inacc
rate. An advantage of the initial value particle simulations
that all the relevant kinetic effects are included in a se
consistent and nonperturbative way. In particular, the re
nant effects and the stochastic ion orbits can be an impor
factor in maintaining instability in the large Larmor radiu
cases.31,32 It has been known for some time that the Vlaso
fluid plasma has the same marginal stability condition as
MHD model, and therefore, that FLR effects cannot tota
stabilize, but can only reduce growth rates of unsta
modes.32,33 The residual instability is due to the resonan
particle destabilization of FLR-stabilized MHD modes.
the case of the energetic ion rings, for example, it was sho
that a low-frequency instability can exist as a hydromagn
nonresonant mode in the MHD unstable limit. Two wav
with opposite signs for their real frequency are presen
MHD stable configurations. The wave propagating in the
rection of the toroidal current~the negative energy wave! is
destabilized via the inverse Landau damping mechanism
is possible that a similar resonant instability, driven by t
interaction of the wave with the ions for which Doppl
shifted frequency matches the betatron frequencyv2nV5
6vb , is present in the more general case in the other fie
reversed configurations, and is responsible for the fin
growth rate obtained in the very smalls̄ cases in our study.

Finally, our simulations indicate that the apparent FR
stability observed in the experiments cannot be explai
within linear theory in the hybrid model. This model a
sumes cold fluid electrons and fully kinetic ions. Missin
from this model are effects such as finite electron press
collisions, ion sheared rotation, and nonfluid behavior of
electrons trapped near the magneticx points and executing
fast curvature drift motion. It is possible that these effe
can have an additional stabilizing influence. Another pos
bility is that the nonlinear behavior of the tilt mode in th
kinetic regime is different from that of the MHD prediction
Preliminary results of our nonlinear hybrid simulations
low values ofs̄ indicate that the instabilities in the prola
configurations saturate through a combination of a length
ing of the initial equilibrium and a modification of the io
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distribution function. These results will be reported in a f
ture publication. Note that nonlinear stabilization of a li
early unstable tilt mode may explain the observation in
low s̄ experiments of initialn51 tilt motion that does not
result in total loss of the confinement.15

In summary, we have investigated the effects of t
separatrix shape, sheared rotation~in MHD regime!, and ion
FLR on then51 tilt mode instability. Substantial reductio
of the growth rate due to ion sheared rotation and kine
effects has been found. However, our simulations h
shown that for realistic experimental parameters, none
these effects by themselves results in a linearly stable F
configuration.
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