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Numerical study of tilt stability of prolate field-reversed configurations
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Global stability of the field-reversed configuratidRRC) has been investigated numerically using
both three-dimensional magnetohydrodynamic and hyfilidd electron andsf particle ion
simulations. The stabilizing effects of velocity shear and finite ion Larmor ra@LUR) on then

=1 internal tilt mode in the prolate FRCs have been studied. Sheared rotation is found to reduce the
growth rate, however a large rotation rate with Mach numbeMet 1 is required in order for
significant reduction in the instability growth rate to occur. Kinetic effects associated with large
thermal ion orbits have been studied for different kinetic equilibria. The simulations show that there
is a reduction in the tilt mode growth rate due to FLR effects, but complete linear stability has not
been found, even when the thermal ion gyroradius is comparable to the distance between the field
null and the separatrix. The instability existing beyond the FLR theory threshold could be due to the
resonant interaction of the wave with ions whose Doppler shifted frequency matches the betatron
frequency. ©2000 American Institute of Physids§1070-664X00)01612-§

I. INTRODUCTION ber of thermal ion gyro-radii in the configuration akdthe

separatrix elongation. These are defined by
The field-reversed configuratigfFrRC) is a compact tor-

oid with negligible toroidal field, in which plasma is con- — (Rerdr
fined by a poloidal magnetic field associated with toroidal B Ry RsPi '
diamagnetic current carried by the plasma. The FRC offers a )
unique fusion reactor potential because of its compact an@NdE=Zs/Rs. HereR, andR; are the magnetic null and the
simple geometry, translation properties, and high plasm&eparatrix radius at the midplane, is the local ion Larmor
beta. Although many magnetohydrodynarti¢HD) modes radius, andZg is_the separatrix half-length at=0. The ki-
are predicted to be unstable, prolate FRCs have been proetic parametes indicates the importance of finite Larmor
duced successfully by several formation techniques aneadius(FLR) effects, which are strong fa~ 1, while thes
show surprising macroscopic resilierfcén this paper, we >1 (small Larmor radius limit corresponds to the MHD
present a numerical study of time=1 tilt mode stability in  regime. It has been found in a number of studies that the tilt
the FRC for experimentally realistic equilibria. mode growth rate is reduced with increasing elongatfon

A substantial literature exists of FRC stability studies ina fixed separatrix radilislt is inversely proportional t& for
both the MHD (i.e., fluid) and kinetic (i.e., particle ion  an equilibrium with an elliptic separatrix shape, but this de-
descriptiong™° The n=1 tilt instability is thought to be the pendence is weaker for a racetrack separatrix shajre.
most dangerous MHD instability because it is both stronglypther useful stability parameter is the rasi€, which arises
growing and a global mode that is not readily stabilizedfrom FLR theory*!° according to which FLR effects are
when kinetic effects are included. This mode is internal tojmportant whenw* =y. Here o* is the diamagnetic fre-
the magnetic separatrix in the prolate FRC and thus cannjuency,y=CV,/Z is the tilt mode growth rate in the MHD
be effectively stabilized by external means. MHD simula-approximationV, is a characteristic Alfe velocity, andC
tions show that the filt mode growth rate is on the order ofis 5 coefficient of the order of unity. From these relations, an

the inverse Alfve transit time and depends only weakly on approximate condition for FLR effects to be important is:
the equilibrium profilegwithin a factor of 3. Plasma rota- gESO 2_05

tion and the inclusion of the Hall term have been considere
as stabilizing mechanisms for this mode and were found t
reduce the growth rafe However a change in the linear
mode structure prevented the complete stabilization that w _ -
predicted earlier based on a trial function dispersion analysi$= 1> (E=7.7). However, in a later spectral stability study
In MHD calculations including the effect of gyro-viscosky, With @ more general set of basis functichsomplete stabi-
up to a factor of 3 reduction in growth rate has been found!zation of the tilt mode has not been found, even for very
but not complete stability. It has also been found that there ismall values of.
no nonlinear saturation of the=1 tilt instability in the Kinetic calculations using the initial value particle simu-
MHD description®’ lation approach have been performed for small elongation
The key parameters related to the finite Larmor radiufE<2.5) and moderate kinetic regimes with £6<12.

(FLR) stability of the FRC ares, which measures the num- These were therefore in the parameter rar@E(z 1) for

Early linear kinetic calculations using a Vlasov-fluid
rial function approachhave found a greatly reduced growth

atgte fors~2—3 and even predicted complete stabilization at
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which no significant stabilization is predicted by the FLR tensive and systematic studies of prolate FRC stability in
theory. Simulation studies for equilibria with=2—-2.5 and which we employ both three-dimension&-D) MHD and

s=2 have indeed found the tilt mode growth rate to be closéybrid (fluid electron and particle ignsimulations. In par-

to that predicted by MHD, and only slightly affected by He ticular, the _stabilizing effect_s of velocity shear and finit_e ion
value in this rangé2 Larmor radius on then=1 tilt mode have been examined

Several other effects have been identified in these simu(—this paper addresses only the prolate FRC for which the

lation studies as possible stabilizing effects. It was found inelongat.ionE>1, the sta_bility of the oplate FRC for which
1 will be addressed in a future publicatjoithe new 3-D

one case that stability depends on the value of the Iasm'z:ig . ) . "

beta at the magnetic);epgra%(ﬁ In another papellzg nonlinear MHD/particle code developed for this stability
S )

spontaneously generated toroidal magnetic field has bee

proposed as being a stabilizing factor. An earlier particle

. . . . o _ p
simulation study” considered the tilt stability foE =1.5 and sented and the solution of the equilibrium problem with ki-

two values ofs, 1.6 and 12, and found an order of magnitudeatic jons and sheared rotation is discussed. Results of the
growth rate reduction in the first case. However, since thei\,yp simulations including sheared flows, are described in
simulation run time was several times shorter than an estigec |11 In Sec. IV the hybrid simulations results are pre-
mated growth time, this result may require further verifica-gented for different kinetic equilibria. Conclusions and a dis-
tion. The effect of energetic ion beams on the ftilting insta-cyssjon are given in Sec. V.

bility was studied by Barnes and MilrY using a hybrid

MHD/particle simulation, and was found to provide signifi-

cant stabilization of the tilt mode for a beam energy of aboutl. NUMERICAL SCHEME AND SIMULATION MODELS

40% of the total energy and beam density larger than 1.5%
of the bulk density.

tudy is described in Sec. II. In contrast to previous work, the
f method! has been used to reduce numerical noise in the
article simulations. Equations of th&f scheme are pre-

In our FRC global stability cod? two different physical
models have been implemented: a 3-D nonlinear one-fluid

Experimentally, it seems clear that global stability to the'vIHD model. and a 3-D nonlinear hvbrid scheme with par-
n=1 tilt has been achieved, at least in some parameter r&le ions an;j fluid electrons y P

gimes. Most FRC experiments have been performed with

relatively large elongatiorE ~5-9, and small to moderage A MHD model
(s~1-8). In most cases, FRCs with small/alues 6<2) In the MHD version of the code, the nonlinear resistive
appear to be stable, and have been observed to persist fone-fluid MHD equations are advanced using a second-order
over 100 Alfven times'>® Somen=1 activity is often ob- explicit time stepping scheme with fourth-order accurate spa-
served during or shortly after the formation phase of a FRCtial derivatives:

but the origin of this has not been positively identified. This

apparent stability is inconsistent with the MHD predictions _p+v.(pv):0, (1)

and may indicate that kinetic effects are important and ac- Jt

count for the observed FRC stability. Some experimental ;,y

studies have reported a correlation between the appearance i —V-:(pw)—Vp+IXB/c+ uAv, 2

of tilt instabilities and a degradation of confinement at larger

values ofs and smaller__elor!gaudﬁ(s/Ef_v 1). This further Yo+ V-(vpl7) = (y=1) plir-1

supports the FLR stabilization mechanism theory. The data %

from the Large-s ExperimentLSX), on the other hand,

2 2 )2
seems to indicate no such correlation, and good confinement X[+ u(VXV) "+ u(V-v)7],

over a large range of (1=s=<8) has been reporte§:’ 3
Howev_er, common tg all the experimental gtudles is the dif- /51— —CE, @)
ficulty in FRC formation at largs. Although in some cases

this was attributed to formation inadequaci®she possibil- E=—-vXB/c+5J. )

ity that it is related to a reduction in stabilizing factors for the Here p andp are the plasma density and presswrés the
tilt instability at larges cannot be ruled out. We note finally fluid velocity, A is the vector potentiaB=V XA is the mag-
that there are experimental difficulties in detecting the tiltnetic field,J=c/(47)V XB is the total currenty is an arti-
instability in the FRC, related to its internal nature and itsficial viscosity coefficient, and an adiabatic equation of state
lack of a clear signature on the axial interferometry diagnosis used.
tic. This situation is in contrast to that of spheromak experi-  In the FRC stability studies, a cylindrical grid is em-
ments, where the tilting modes have been clearly observed iployed and the finite difference approximation is used in all
several device¥'° These experiments have shown that thethree directions i, ¢, z). A fine resolution of (106 32
spheromak tilt mode growth rate is reduced significantlyx 150) grid points has typically been used in our MHD runs.
when the plasma shape is oblate<{1), and that it can be Periodic boundary conditions are applied in both the toroidal
stabilized completely by close-fitting figure 8 coffs. and axial directions, while a perfectly conducting boundary
In the present paper, we attempt to unify and extend thés assumed at the cylindrical wall= R, outside the separa-
previous simulation studies by presenting the results of extrix and geometric boundary conditions are implemented at
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r=0. The cylinder length is taken to be large enough, so that dx

periodic boundary conditions in the axial direction have no gy =V (8)
effect on the stability. The conservative form of the equa-

tions and the time-centered trapezoidal leap-frog schéme gy e

used for the time evolution ensure very good energy conser- - = —(E—7J+vXB/c), 9
vation, with the change in the total energy being less than !

0.1% of the perturbation energy in the production runswith the standard leapfrog scheme used for the time advance.
Hyper-resistivity in the induction equation and artificial vis- The term— 7J in Eq. (9) represents the collisional drag on
cosity in the momentum equation are added for numericaihe ions, and it is needed for momentum conservation. The
stability in the nonlinear runs. electric field in the hybrid scheme is calculated from the

The vacuum region outside the separatrix is treated irelectron momentum equation neglecting the inertial term:
the same way as the plasma region, except that a small cutoff
density (typically 0.05—0.1 fraction of the peak densiti E=—ueXB/c+ ), (10
applied. The density is not allowed to become smaller than

the cutoff value in order to avoid the severe time step restric‘—NhereuG: —(3—J)/(eny) is the electron fluid velocity; is

tions that the Courant condition would impose. In somethe ion current, and quasineutrality is assumeg=(n;). The

cases a nonuniform resistivity profile with resistivity in- magnetic field is calculated as in the MHD scheme, @,

versely proportional to the plasma density has been used, thff The fluid eqhu_atlonéét_) %n_d (lIO) ared_ad\{[ancecil ona frl:']lltet-h
the tilt mode stability was found to be insensitive to the : ?_rel,\ncedmes n adcym ncta C(()jO:j ma_te system, \;vt_|e €
resistivity profile. particle advance and current and density accumulation are

The linearized form of the MHD equatior&)—(5) has done on a 3-D Cartesian grid. Quadratic spline interpolation

also been implemented as an additional option, and this hdg used for mapping between the cylindrical and the Carte-

been particularly useful for the linear stability studiesnof S|a|:[1. rlnelshes;( W?r']le /Ilneatltr spline |?t(;]rgqlatlotr;1 Is used Itn the
>1 modes. The MHD version of the code has been benchPa''CI€ loopsgatheriscatier operationssince the computa-

marked both by simulating normal modes in a cylinder, an ‘0”"%' time required to advance the particle.s greatly exc'eed.s
by reproducing the previous initial value MHD simulations he time needed to advance the field equations, subcycling is

results®>?* Very good agreement with the spectral stability used to update the fields with small enough time step to
study resultd has been obtained as well. avoid numerical instability at sma#l. The particle coordi-

A two-dimensional self-consistent equilibrium is found Natés and weight factors are advanced with a larger time
by solving a Grad—Shafranov equation which includes equiSteP, which is limited by the ion cyclotron motion and is
librium flows, and this is used as an initial condition for the tyPically set todt=0.1k.;

3-D stability calculations. A MHD equilibrium with sheared The of metho& is utilized to reduce numerical noise in

flow is obtained assuming constant temperatlirep/p. In the simulations. In theSf scheme the equilibrium distribu-

this case the pressure profile must be written as tion function is assumed to be known analytically, so the
zero-order density;o and current);; can be calculated. The

(1) = pog(t//)exi{ m;r?w?( ’ﬁ)) ©6) perturbed part of the distribution function is calculated along
' 2T ' a set of characteristic8), (9) by assigning a weightv

~ 6F to each simulation particle. The particle weights are

then used to calculate the perturbed ion dendityand cur-

rent 8J;. Since the particle weight is no longer a constant of

where w(y) is the angular velocity. The Grad—Shafranov
equation for the poloidal magnetic flux function becofies

d[1ay\ 0%y .| 99 mr? dw the motion (as in the conventional particle simulation
o\ Tar +E:—f pO@erog—T o method, the evolut'ion equatiqn for the weight has to be
added to the equations of motid8) and (9):
X p(mirzwz) @) d F\dRe 1
ex . w 9
2T | —w| ===
dt (P Wt By (1)

Here we have definegt by B=V ¢XV ¢ in the equilibrium.

Equation(7) is solved iteratively using the alternating direc- wherew= SF/P, F is the ion distribution function, ang is
tion implicit method(ADI) and applying a global constraint the distribution function of the simulatiomarkey particles.
(total current| ;) at each iteration as discussed, for example|n the simulationssF can be approximated by the weighted
by Hewett and Spencéf.An equilibrium solution is calcu-  Klimontovich distribution

lated in a cylinder with boundary conditiong=0 atr=0,

=14, atr=R;, anddyl9z=0 atz==*Z., whereR; and 5,::2 Wiy (X — X) 8(Vin— V), (12)
Z. are the cylinder radius and half length, respectively. m

. and the perturbed ion density and current density are calcu-
B. Hybrid model lated as follows:

A hybrid scheme with cold fluid electronp{=0) and
particle ions is used in the kinetic simulations. The particle 5ni(x)=§n‘, W, (X — X), (13)

ion motion is described by the Lorenz force equations:
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-

8Ji(X) = 2 WiV S(Xpm—X), (14)

}
I

B R
Ay

whereSis the(linean shape function. In all the calculations Do
described in this work, the simulation particles were initially oL .
loaded in phase space according to the physical distribution
function, Fy, which corresponds to setting/P=1 in Eq.
(17).

The equilibrium ion distribution functiorr is a func-
tion of the constants of motion, which, in the case of an
azimuthally symmetric equilibrium, are the particle energy,
e=m?/2+ e, and the azimuthal angular momentup),
=mjrv,—ey, where yy=—rA, is the poloidal magnetic 17
flux function, ande is the equilibrium electrostatic potential. D
For Fo=Fq(e,py) the time advancing of the particle R r:
weights requires calculation of time derivativessodndp 4 :
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FIG. 1. Velocity vectors and the separatrix positions from MHD simulation

=er( 5E¢— 783 ¢) +vX 58-;17]. (16) of then=1 tilt mode E=4); (a)' elliptical separatrix(b) ragetrack separa-
trix, and (c) n=1 even mode with the racetrack separatrix.

dp,
dt

Two classes of kinetic equilibria were studied in the
simulations presente_d r_]ere. The first cllass h.as zero elgctrqﬁl_ MHD SIMULATIONS
current and no electric field. All current is carried by the ions _
and an exponential rigid-rotor distribution function is used: A Profile effects

Fo=Fo(z—Qpy) 1 . Numerous MHD calculgﬂonéboth linearized and non-
linearn have shown the=1 tilt mode to be strongly unstable
=no(my/2mT;)3exp — e/ Ti+Qp,/T)), (18  with growth rate on the order of the inverse Alfvdime

where() is the constant angular rotation frequency, anés (without rotation)

the uniform ion temperature. It can be shown that this distri-  y=CV,/Z;=CV,/(RE), (20
bution function corresponds to a local shifted Maxwellian

distribution with the ion density given by and found no nonlinear stabilizatiéd.HereV, is a charac-

teristic Alfven velocity, defined bW ,=By/\4m7p,, where
mir’Q? ey B, is an external magnetic field at the midplampg, is the
ni(X)=no exp( 2T, T) (19 plasma density at the magnetic null, ads a coefficient of
_ ) . the order of unity. The most detailed linear MHD stability
and_ mean ion Ve|OCItW¢= rQ). The force balance for this analysis employing the spectral code by Iwasawal® con-
equilibrium can be written as sidered the effects of elongation, current profile, and the
_ minirQZF: —T,Vn +J,XB. magnetic separatrix shape on tie 1 anqln>1 _mod_es with
both even and odd symmettgymmetry is defined in terms
For the exponential rigid-rotor distribution functi¢h8), we  of y, symmetry relative to the midplang=0). It was
were not able to find an equilibrium with the separatrix elon-shown that the previously believed inverse scaling of the tilt
gation larger thare = 2, probably due to the exponential de- mode growth rate with elongation, E¢R0), applies only to
pendence of plasma pressure ¢nin the simulations with  the special case of the equilibrium with an elliptical sepa-
larger elongations, the second class of the kinetic equilibrigatrix and a flat current profile. For a racetrack separatrix and
has been used. The second class of equilibrium distributioparge enough elongatiorEE 3), the tilt (odd) mode growth
functions isFo=Fy(e), with J;=0 and all current is carried rate has been found to be largely independert,adind an-
by the electrons. From the ion momentum equation we havgthern=1 mode, with even symmetry relative to the mid-

0=—-T.Vn+enE plane, has been shown to be unstable with a growth rate
o - o close to that of the tilt mode. This result can be easily un-
whereE=JXB/(en) is an equilibrium electric field. derstood, if one considers the linear mode structures for the

Since in both cases the ion pressure is a scalar(Bd. elliptical and racetrack equilibria.
has been used to find an equilibrium solution. Note that a  Figure 1 shows velocity vector plots produced at the
Maxwellian ion distribution function with small or zero tor- |inear phase of the MHD simulations with different separa-
oidal rotation is a good approximation for the FRC equilibriatrix shapes and initial perturbations of the odd and even sym-
just after formation, before the plasma spins up in the toroimetry. In agreement with the results of lwasaetaal.® our
dal direction. The scalar pressure MHD-like equilibrium simulations show that for a racetrack equilibriifigs. 1(b)
agrees well with experimental dataven for smalk. and Xc)] the perturbation is localized near the end regions,
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@ FIG. 3. The equilibrium profiles for MHD simulations with sheared rota-

tion: The radial profiles ofa) plasma pressurgh) toroidal velocity, (c)
current at the midplane, ar{d) angular rotation velocity vs normalized flux

FIG. 2. The pressure contours in the poloidal plane=e@, 1G4, 125, and for the equilibrium withE=2.7 andM=V/V4=0.8.

14t for the case oE=4, elliptic separatrix.

along a more dense plasma around the magnetic null. This
contrasts with the tilt evolution in the elliptical configuration,
where most of the plasma inside the separatrix is involved in

except for the direction of the velocity vectofBig. 1(c)].  the tilt motion during the linear growth. As a result, the
The growth rates of these two modes are nearly identical adonlinear phase of the instability for the racetrack equilib-
well, and do not change significantly as the elongation infium is longer than that for the elliptical equilibrium.
creases. This behavior implies that the perturbation growths

at the two end regions of the racetrack FRC decouple. I!B. Sheared rotation effects

contrast, when the elliptic equilibrium is considergeig.
1(a)], the perturbation is concentrated around the magneti
null point, and then=1 even mode is stabfe.

Due to the different dependence on the elongation, th
relatively long E=4) configurations with a racetrack sepa-
ratrix shape generally are more unstable to tilting than th
configurations with an elliptical separatrix. In terms of the
growth rate, Eq(20), the numerical coefficien€ is of the

where the curvature is large, and the structure ofrthel
even mode is very similar to that of the odtilt) mode,

Previous calculatiofs have shown that the tilt instabil-

ﬁy can be significantly suppressed by plasma toroidal rota-
ion if the rotational Mach number is greater than about 2.0,

=wRs/Va=2. When a large external mirror field is ap-
é)lied in addition? the growth rate can be strongly reduced by
rotation with Mach numbeM =1.0. Although plasma spin
up in the toroidal direction has been observed in experi-
order 2.0-3.0 for the racetrack FRCs, abé-1 for the el- ments, such Iarge rotation rates are can|dered .unreallsuc.
- S . . . Significant velocity shear, however, is likely to exist in the
liptical equilibria. The nonlinear evolution of the tilt mode . : -

FRCs, and it has been numerically shown to have a stabiliz-

for both elliptical and racetrack equilibria has been investi-,

gated in the simulations as well. Figure 2 illustrates the con%?egst?ffaetzt dotrr:(;[heoglstitmi?d%f':t(ijltr ::gj: sr?aatiﬁ;:{ig\rllea?&s“r/r?alllrgr
stant pressure contours on a 2-D plane passing through tr}gtati%n rates I(/Ip<1) du)e/z o velocity shear
symmetry axis at 4 times during the nonlinear growth of the The effect of sheared rotation on the= 1 tilt instability

n=1 tilt mode in an elliptical equilibrium witlE=4. It is . : . . S
seen that for most of the growth of the mode, the distortion igvas studied by performing MHD simulations with different

mostly internal to the separatrix. Only near the ends at rotation profiles, separatrix elongations, and Mach numbers

>10t,, does significant distortion to the equilibrium occur, isz&ii\;gtmheeﬁi\észlazss ght:r;zt?g?z;%r:/(iasl,ofgltjﬁgtt?ie a
where t,=R./V, is the characteristic Alfue time. At t b b ’

~12t, , when the tilting motion has “wrapped around” the more effective stabilizing mechanism for a rotation profile

ends, an axial force imbalance occurs and the two ends repWhICh is peaked near the separatrix and with the angular

Slelocit decreasing to zero at the magnetic null and near the
one another, destroying the configuration. y 9 9
No nonlinear stabilization has been found in either the

radial wall (Fig. 3). Since the mechanisms leading to FRC
e . : rotation are thought to be the loss of particles with a prefer-
racetrack or the elliptical configuration. However, the non-ential anaular momentum or to be end-shorting of the open
linear behavior was somewhat different due to differences ir?ield Iinegl it is reasonable to expect a large r%tational \?e-
the linear mode structures. For the racetrack equilibrium, th?ocit nea’r the edge region
perturbation grows near the low-density end regions of the ')I/'he simulations were d;)ne for the pressure profile given
FRC during the linear phase. When the velocity amplitudeb M.—0):
becomes large enough$y,~0.1-0.3/,), the perturbation y (Ms=0):
propagates from the end region to the midplane, pushing p(x)=0.5pg(tanHax+b)+1), x=uliy, (21
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where ¢ is the value of the flux at the magnetic null point RO (@)
($9<0), a=1.5 andb=—1.0 are the pressure profile pa- NN ';,__zg::ggig_ : A
rametersx>0 inside the separatrix a0 outside. The R E Y EEEE R ]
angular velocity profile was taken to be Dol b { f F=< S§§f :
o
(X)= 0o 3(1—x)(1+tanh2x)) WMoty 7.2z 2ty -(6)
0.5 x0) (1 tanh(2))], @ afPiPIIIIfZZiiiiziiild

wherex; = ¢,/ th, ¥ is the flux at the wall, and ,=r w. AN IS EFF b

An example of the equilibrium profiles from the MHD RN 0 2
simulations with sheared flow is shown in Fig. 3 for a hollow z
current profile,E=2.7 andM;=0.8. Shown are the radial T —— T T
profiles of the normalized plasma pressure, current, and tor- R A R - : (9)
oidal velocity at the midplanez&0), and angular velocity R o3 §§ L
as a function of flux. Here the pressure is normalized to the P f R R
external magnetic field pressurlﬁgl&r, velocity is normal- . . . . M
ized toV,, and length is normalized td,/w.;, wherew,; ! S T R (<)
is the ion cyclotron frequency in the external field. RE P i3I I IRR IR

A tilt-like initial velocity perturbation of 0.0V, was i % %‘3:\' Z iz 1iz== ¢ i i
applied at the beginning of the simulation, and the growth ol }*-4* N e ‘i‘é Ll

rate was calculated from the time evolution of tire 1 com-
ponent of kinetic energy. A grid of (10032x 150) grid
points was used in all sheared rotation calculations. The€IG. 4. Poloidal mode structur&) without rotation, E=2.4, (b) for M
equilibrium parameters and the calculated tilt mode growth0-8 andE=2.7, (c) without rotation,E=5.6, (d) for M;=0.68 andE
rates from the simulations with different elongation are sum-— 6.4.
marized in Table |, whergy=V,/Z.

In Fig. 4, we illustrate the change in the linear mode
structure due to shear flow as compared to the nonrotatiny. HYBRID SIMULATION RESULTS
case. This is shown for both the equilibria with elliptical

Inode StruciUre s soen to change h a suth way hat e =1 il mode o study how the Kineiceffecs associated
perturbation localizes in a region of smaller velocity shear.v_vIth large therm_al ion orbits can r_nodﬁy the_ MHD predic-
In the presence of sheared rotation, the tilt mode was o Hons. .BOth Imeanze(_j and fully nonlmea_r hyb.”d m0(_jels hgve
served to rotate with a real frequency comparable to the a\peen_ implemented in our code. The I.|near|.zgd simulations

provide a more accurate result for the instability growth rate

erage rotation frequency. No indication of nonlinear stabili- nd allow simulations of mod ther than the most unstabl
zation in the presence of large velocity shear has been foung"? aow simulations of moces other than the most unstable

In simulations with larger elongatiofsmaller y,), the one (with different n). In addition, a smaller number of

stabilizing effect of the sheared rotation was stronger. In par§'ml.“at|Ion particles anddfle![d bs.IL.thSt_?ES are l'requwed fpr nuf-
ticular, for E=6.4 andM.=0.68 the growth rate was re- merical convergence and stability. The nonlinear version o

duced by a factor of 3 compared to the case without rotationt.he hybrid scheme is described in Sec. ll. In the linearized

Our simulations show that, in general, a shearing reie version, the particle trajectories are calculated in the equilib-
=w(0)—w(l)=y,is requir'ed in order ,for considerable re- fium _field, the no.nlinear term proportional \mi§ droppgd on
duction in the instability growth rate to occur. This meansthe right-hand side of the equation for particle weight, Eg.

that even in the presence of velocity shear, a large rotatiofwll)(’j and a linearized form of the Ohm'’s law, EQL0), is
rate, M~ 1, is still needed to significantly suppress the tilt Se_l_'h ion is treated | imilar to that f
instability in the MHD regime. It is possible, however, that € vacuum region 1s treated in a way simiiar to that Tor
the combination of another effe¢ELR, for example that the MHD simulations. The simulation particles are initially

reduces the growth rate together with velocity shear coul 13de? b):hmvertlng thf. 2|D '%n d?nsgy E[)r_gfllt_e glvelr; by Eq.
lead to complete stabilization of the tilt mode at a more ) (for the exponential rigid rotor distributigror by ny

reasonable toroidal velocity. =p; /_Ti _(for a Maxwellian _distributiom with a n_egligible
density in the vacuum region and near the radial wall. The
value of the ion density actually used in the 3-D stability
TABLE |. Parameters for sheared rotation simulations. calculations is taken to be the maximum of that calculated
and a cutoff density, normally chosen to bg=10% of the

We have performed quasineutral hybrid simulations of

Run E Ms Y170= 2V peak density. In some cases this method turned out to be
R1 2.4 0.0 1.32 numerically unstable. In these cases the simulation particles
R2 27 0.63 068 were loaded with a density value that corresponds to adding
22 g; 8'§ 2'34 an offset value of, to the equilibrium density. At constant

R5 6.4 068 0.9 temperature, this corresponds to adding a small constant

pressure to the equilibrium pressure profile and does not
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FIG. 5. The temporal evolution in the=1 component of kinetic energy A ]
from MHD, &f hybrid and fullf hybrid simulations all done for the same 28 4

equilibrium profiles withE=3.9 ands=7.4. L L L L L L L L L
3

change the equilibrium equation. In both cases the conver- 2
gence of the results with respect to the value of the cutoff *
density has been checked. The conservation of the total en- !
ergy and the number of particféssN/N= (2, w,,)/N has o
been monitored in the nonlinea¥f runs as an accuracy ° 10 20
check and for debugging purposes. tta

FIG. 6. Poloidal projection of the typical equilibrium orlg@); time varia-
tion of (b) particle total energy(c) toroidal angular momentunid) mag-

Several tests have been done to benchmark our hybriggtic moment along this orbit.
version of the code. First, the simulations of the tilt mode in
FRC with elongationE=3.9 have been performed using
both the nonlineasf scheme and the fufl particle simula-
tions in order to verify theSf scheme. The Maxwellian dis- was rather high, and no growth of the tilt mode could be seen
tribution function was used for ionFy=Fy(e)], and a in the energy plot untilt>8t, because of the numerical
relatively larges (s=7.4), MHD-like regime was consid- noise.
ered, so that comparison could be made with MHD results as As another test, af 2-D hybrid simulation of then
well. Figure 5 shows the energy plots from these three dif-=2 rotational mode was done for equilibrium profiles used
ferent simulation runs: MHD, hybridf, and hybrid fullf  in a previous work® In agreement with the previous resullts,
simulations. The same equilibrium profiles were used in althe growth of the dominant=2 mode was observed for the
three cases. A (10032x 150) cylindrical grid was used in equilibrium with 60% of field reversal, separatrix bea
the MHD simulations, a (5832x60) cylindrical grid for ~ =0.5, and the rotational paraméfer=1 (no electron ro-
fields, and a (5% 51x 60) Cartesian grid for particles were tation).
used in the hybrid simulations. The number of the simulation ~ The accuracy of the particle pushing and the interpola-
particles was 1 mil and 2 mil in théf and full f runs, tion schemes was checked by following the unperturbed par-

A. Test cases

respectively. ticle orbits in the equilibrium field for a representative FRC
Note that in Fig. 5, the squares of the amplitude of theequilibrium withE=3.9 ands=1.9. The conservation of the
n=1 Fourier component of integrated over the—z vol- particle energy,e=mv?/2+e¢, and the toroidal angular

ume and normalized to the equilibrium magnetic field energymomentum,p,=mrv ,—ey/c, was monitored for several
are plotted, wher&/ is the fluid velocity for MHD simula-  particle trajectories for long times. Figuréab shows a typi-
tion, while V=V, is the ion fluid velocity for hybrid runs. cal particle orbit projected on the poloidal plane, and Figs.
The time is normalized to the Alfwetime, which is defined 6(b) and Gc) show the variation of the particle energy and
as the ratio of the cylinder radius to the characteristic Alfve the angular momentum along this orbit. The relative ampli-
speedip=R./V,. tudes of the fluctuation ir andp, are ~10% and~49%,
There is very good agreement in the linear growth rateespectively, without any secular changes. Also shown in
and the mode structure in th# and full f simulation runs. Fig. 6(d) is a variation of the magnetic moment, calcu-
The growth rate from hybrid simulations is slightly smaller lated in the rotating frame with zero equilibrium electric
than that from MHD run due to kinetic effects. Similar non- field. It is seen that the magnetic moment is not conserved
linear evolution was observed in both hybrid runs as well.along this trajectory, and it undergoes large changes when
However, the numerical noise level in the féilsimulation  the particle passes through the large curvature regions.
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B. Linear stability of the n=1 tilt mode

A number of hybrid simulation runs have been done
starting from different kinetic equilibria in order to investi-
gate the dependence oithe growth rate of the tilt instability

on the kinetic parametes, the elongation, and the shape of
the separatrix. The equilibrium parameters and the linear
growth rates from some of these simulations are listed in
Table Il, where the notation is as follows; is the ratio of
the separatrix radius to the cylinder radiggg,andMg are the
plasma beta and rotational Mach number, respectively, cal-
culated at the separatrix at the midplaggyp is the growth
rate calculated in the MHD simulations for the same equilib-
ria, andyy=V,/Zs. The Mach number is calculated b
=V, /V,, whereV; is the ion fluid velocity.

The first two runs in Table Il, RH1 and RH2, were done
for equilibria with no electric field and the exponential rigid- 1/
rotor distribution function, Eq(18), was used for the ions.
These equilibria have a relatively small elongatid;- 2,
peaked current profile, and an elliptic separatrix shape. Not
that for the exponential rigid-rotor equilibria, a small value

of?corresponds to a large rotation Mach number, which can

have an additional stabilizing effect. separatrix. The linear growth rate was calculated from the

In the rest of the runs, the Maxwellian distribution func- time evolution of the amplitude of the=1 component of
tion Fo=Fo(e) was used for the ions with=0 and all the  glectron velocity,|Ve,|2, integrated over the—z volume.
current was carried by the electrons. The simulations withrhe Jinear stability results for two family of equilibria with
elongationE~4 were done for equilibria with both elliptic <2 and E=7.2 are summarized in Fig. 7, where the
and racetrack separatrix shapes in order to investigate ”Erowth rate is shown for different values o&1/The growth
effectiveness of the FLR stabilization for different configu- rates are normalized to the corresponding MHD growth
ration shapes and eigenmode structures. In the simulations —

- . 4 rates. Notice that is only slightly reduced fos=1.5 (15
RH3-RHS the pressure profile was taken tg‘be =<0.66) in the simulations with small elongatida®~2, in

Ko+x—d/2x?, x>0 agreement with previous resulfs'® These simulationsE
Po Ko expx/Kg), X=<O0, (23 ~2) were performed for the exponential rigid-rotor ion dis-

h ol inside th . i< 1h | tribution function, as RH1 and RH2 runs, and the ion rota-
wherex= /o (x>0 insi e the Sep?ra”’x% IS the value 0, Mach number wasl <0.55 fors=1.5. Since previous
of the flux at the magnetic null poinK, is a numerical

. HD simulations have shown that a stabilizing influence of
parameter proportional to the value of the plasma beta a

separatrix, andl is the profile hollowness parameter. Simu- figid rotation should be felt at a much larger rotation rate,
lations were carried out fo.=0.3, andd=—0.5. In the the reduction in the growth rate seen in Fig. 7 is mostly due

. . . . . to FLR effects. The simulations with larger elongations wer
simulations with the racetrack separatrix, RH6—RH8, the |on0 etiects. The simuations arger efongations were

oressure profile was as in B@1) with the numerical param- performed for Maxwellian ion distribution function with zero
eters equal ta—1.7 andb= — 1.0 for the RH6 equilibrium. ion rotation. For the configurations witB=7.2, there is a

anda=12 andb= — 0.5 in the runs withE=7.2. S|gn|f|cant_reguct|on in the tilt instability growth r.gte gt small
The initial n=1 perturbation in the axial component of values ofs (s~1), however, no absolute stabilization has

the ion fluid velocity (~0.01V,) was applied at=0 by  been found fois/E values as small as 0.1. ]
assigning a finite weightv~uv, to the particles inside the The previous kinetic calculations by Barnetsal.” based
on a Vlasov-fluid dispersion functional approach and trial

functions found a strong reduction in the tilt mode growth
rate for s~2 and complete stabilization &<1.5 for an
equilibrium with elliptical separatrix ang=7.7. Our simu-
Run E x; Bs Mg Shape s ywn!v ¥ lations with different separatrix shapésee Table )l show
that there is no dramatic difference in the FLR stabilization

0 1 1 1 1 1 1

0 0.2 0.4 0.6 0.8 1 1.2

FIG. 7. Variation of the normalized growth rate of the=1 tilt instability

with 1/§parameter. The points obtained in the linearized hybrid simulations
%r two different elongations=~2 andE=7.2, are indicated.

p(y) =

TABLE Il. Parameters for hybrid simulations.

RH1 20 076 019 0.09 Eliptc 9.2 15 1.4 G : .
RH2 17 078 017 055 E”igtic 15 15 0.98 between the_equmbrla with different separatrix shapes. In
RH3 39 071 030 0.0 Elliptic 7.4 1.8 1.6 particular, ats=1.4 andE~4 the growth rate was reduced
RH4 39 071 030 00 Elliptic 1.9 18 0.73 by a factor of 2.3 in the simulations with the racetrack sepa-
RH5 39 071 030 00  Eliptic 09 1.8 034 ratrix, and a factor of 3 reduction was obtained for the ellip-
RH6 41 076 0.5 0.0 Racetrack 1.4 2.2 0.97

RH? 72 064 033 00 Racetrack 62 es 501 t|9 eqqunum. Th'e difference between our results and the
RHS 72 064 033 00 Racetrack 08 254 034 dispersion analysis resuftstherefore, must be due to the
deviation of the true kinetic eigenfunction from the assumed
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FIG. 8. Vector plots of poloidal component<z plane of the ion fluid
velocity: (a) from the MHD simulation(b) and(c) from the hybrid simula-

tions with s=7.4 ands=0.9, E=3.9.

MHD-like trial functior® in the strongly kinetic regime
(smalls).

Our simulations demonstrate that the linear structure o
the tilt mode changes as the valuesaf reduced. Figures 8

Belova et al.

hybrid simulations with different values af along with the
corresponding MHD eigenmode. These simulations were
performed for equilibria with elongatiokE=3.9 and with
elliptical separatrix shape. Shown are vector plots of the
poloidal componentFig. 8 and contour plots at the mid-
plane(Fig. 9) of the axial component of the ion fluid velocity
(for the hybrid rung and fluid velocity(for the MHD run.
For the larger value o§ [s=7.4, Fig. &b)], both the growth
rate and the eigenfunction are close to that of the MHD result
[Fig. 8@)]. The mode structure is seen to change in the ki-
netic regime withs=0.9. In particular, the perturbation be-
comes more localized near the magnetic null pdirig.
8(c)], the mode rotatesdf,#0), and it has a more compli-
cated toroidal structurgFig. 9(c)].

Large ion orbit effects on the stability of the=1 tilt
and low n kink modes have been studied before for field-
reversed ion rings and an ion ring confined plagta:
When the confined plasma has zero current and pressure, the
stability criterion has been shown to?B€°

(NQ)?>wj, (24)

where it is assumed thab<(), with » being the mode
;requency,Q the toroidal rotation frequency, and; the
axial betatron frequency in the self-field. If the inequality
(24) is satisfied, then=1 tilt and low n kink modes are

and 9 show poloidal and toroidal mode structures from th§,p stable. The derivation of this condition assumes a mo-

‘.MHD

Jile

FIG. 9. Contour plots of the axial componeiat the midplangof the ion
fluid velocity: (a) from the MHD simulation,(b) and (c) from the hybrid

simulations withs=7.4 ands=0.9, the same simulations as in Fig. 8.

noenergetic ion beam, and thus it is not directly applicable to
FRC equilibrium with thermal ions. It has been shown that if
the inequality Eq.(24) holds in an average sense, the tilt
mode will be MHD stable, but then resonant instabilities
become possible due to the thermal spread in the ion
velocities®* We have calculated the ion toroidal and axial
betatron frequencies in a hybrid simulation wil= 7.2 and
s=0.8 (RH8) and have found that conditioi24) is satisfied

for a majority of the particlegmore than 80%due to the
large elongation. Although this does not prove it conclu-
sively, this may indicate that the observed instability is a
resonantly driven one.

The kinetic results presented in Table Il and in Fig. 7
have been obtained with the linearized hybrid simulations. In
these runs, a (6032x 80) cylindrical grid for the fields and
a (51x51x80) Cartesian grid for the particles were used,
and the number of simulation particles was between 0.25 and
0.5X 10°. The particle time step was set dy=0.1/w.;, and
1 to 16 field substeps per particle step were done, depending
on the value ofs. The convergence of the results with re-
spect to the time step, grid size, the number of the simulation
particles, and the value of the cutoff density,, has been
verified in the simulations. For the set of parameters used in
the simulations, the tilting instability growth rate was af-
fected mostly by the value afi.. Namely, the value ofy
was increased by several percenhasn, was reduced from
0.1 to 0.05. No significant difference in the growth rate value
or the linear mode structure has been found in the simulation
runs performed with better resolution or smaller time step.
The results obtained for the tilt mode from the linearized
simulations in this studywith E>1) were also not sensitive
to the value or the profile of the resistivity.
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V. DISCUSSIONS AND CONCLUSIONS ion kinetic effects on the tilt mode in the prolate FRC. We

have included ion kinetic effects self-consistently, and stud-

Both MHD and hybrid simulations were performed in jgoq the stability of several experimentally realistic equilibria

order to study then=1 filting instability in prolate FRCs. (ith largeE). This paper concentrates on the linear stability
Profile effe_c_ts, sheared rqtation, and kinetic effects on the tilbf then=1 tilt mode in the kinetic regime with zero velocity

mode stability were considered. shear, and the results of the nonlinear hybrid simulations will
Our MHD simulations show that the dependence of the,e yresented elsewhere. The method* has been used to

tilt mode growth rate on elongation for a racetrack equilib-g eay reduce simulation noise and computational require-
rium is different from the previously believed inverse Scal'ments, and has been found particularly useful in the linear
ing. This result is in agreement with a recent spectral stabil-Stability study

ity study® It has also been shown that for a racetrack Our hybrid simulations show that for Iargg (;
ix sh | h el tion he til
separalrix shape and large enough elongaton 8), the tilt ~5-10) the growth rate and the linear mode structure of the

mode is localized near the FRC end regions, where the cu(g(—. tic tilt mod | to that predicted by MHD
vature is large, and the perturbation growths in the two en Inetic it mode are very close to that predicted by :

regions decouple from one another. As a result, the growtflowever, as the value of is decreased te~1-2 the
rate is nearly independent & and another mode with even growth rate is reduced, and this reduction is stronger for
symmetry relative to the midplane appears and is unstableonfigurations with larger elongatiorEg&4). In particular,
with its growth rate close to that of the tilt mode. This con-an order of magnitude reduction in has been obtained in
trasts sharply with the usually assumed “rigid tilt” model, in the simulations withE=7.2 ands=0.8. It also has been
which the(stabilizing inertial term increases with the elon- shown that the linear mode structure of the tilt mode changes

gation, and reduces the growth rate. from that predicted by MHD in the smadl, kinetic regime.
This result is important both when comparing theoreticalNo strong dependence of the kinetic stabilization on the
and experimental stability, and also when assessing the effeggparatrix shape has been found, and similar results have
of different stabilizing factors. The weaker dependence oheen obtained in the simulations with elliptical and racetrack
the MHD growth rate on elongation implies a change in thegqilibria for E~4. Several simulation runs have been per-
previously assumed stable parameter regiffels. particu-  formed with different kinetic equilibrium profiles. In all
lar, we agree with other recent wdfkthat claims that the cases withE=4, considerable reduction in the tilt growth

previously proposed stability scaling WitlE is not valid. 5t was obtained fos<2. However, no absolute stabiliza-

The breakdown of this scaling has important implications forijon of the tilt instability has been found even for very small
estimating when FLR effects might lead to tilt stabilization. —
The possibility of tilt mode stabilization by sheared values ofs.
P ity ot . . Yy Our results are different from those of previous kinetic
flows has been investigated in the MHD simulations as well.

The sheared toroidal rotation is found to reduce the growtﬁ:alculatlons based on a Vlasov-fluid dispersion functional

rate of the tilt mode, however a large rotation raey and trial function approachin these studies, a much stron-
~V,, is still required to significantly affect the mode ger reduction in the growth ratdactor of 10-13 was ob-

growth, and complete stabilization has not been found. It id@ined fors=3 and complete filt mode stabilization was
possible that a combination of some other stabilizing effecfound fors<1.5 (E=7.7). The difference between our re-
(FLR, for exampl¢ and velocity shear will lead to tilt mode sults and the dispersion analysis results can be explained by
stability at realistic rotation rates, but this has not been demthe deviation of the true self-consistent kinetic eigenfunction
onstrated. from the assumed MHD-like trial function used by Barnes
Our MHD simulations have shown no indication of non- et al.® in the strongly kinetic regime.
linear saturation for all separatrix shapes and pressure pro- The nonideal MHD and kinetic effects included in our
files considered. This is consistent with previoushybrid model are: two-fluid effectéHall term in the Ohm'’s
calculations The mode structure is calculated to be prima-law), finite ion Larmor radius effects, and ion resonant ef-
rily internal far into the nonlinear regime, making it difficult fects. The inclusion of the Hall term results in the magnetic
to detect experimentally. The mode finally destroys the confield being frozen into the electron fluid, and causes the ion
figuration by wrapping around at the ends to create an axigberpendicular motion to be different from that of the elec-
force imbalance, causing the FRC to break apart. We notgons. Due to the finite size of the Larmor orbits, the ions
here that in the MHD regime the>1 modes have growth drift in the gyro-averaged field, and therefore FLR also pro-
rates larger than that of the=1 mode, and may destroy the duces ion motion relative to the electrons. This causes the tilt
configuration before tha=1 tilt could grow to a noticeable mode to rotate and have a nonzero real frequency, compa-
amplitude. This would further hamper experimental detecrable to the ion diamagnetic frequency.
tion of an unstable tilt mode. Several previous studies have considered the Hall term
Since most of the FRC experiments to date have been iand FLR effects in the two-fluid and in the small ion Larmor
the kinetic regime, with the ion Larmor radius comparable toradius (gyroviscous effegtapproximationg:**8 The physi-
that of the separatrix radiusmall to moderate value of the cal mechanisms for the FLR and the Hall term stabilization
kinetic parametes), kinetic effects are considered to be a are similar and have been identified as the phase shift be-
major factor in the observed FRC stability. We have per-tween the electron and ion displacements, which results in
formed 3-D hybrid simulations in order to study the thermalthe magnetic and fluid perturbation being out of phase, and
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leads to mode suppressidrAlthough the earlier semiana- distribution function. These results will be reported in a fu-
lytic estimate$ gave optimistic results indicating stabiliza- ture publication. Note that nonlinear stabilization of a lin-
tion of the tilt mode at smal, the later more self-consistent €arly unstable tilt mode may explain the observation in the
calculations found that the stabilizing effect was not aslow s experiments of initiain=1 tilt motion that does not
strong as expectetf, mostly due to the change in the linear result in total loss of the confinemetit.

mode structure at smadl. Our results agree with these cal- I[N summary, we have investigated the effects of the
culations in that, although we have found that tivel tilt ~ Separatrix shape, sheared rotationMHD regime), and ion
instability linear growth rate is reduced by kinetic effects, FLR on then=1 tilt mode instability. Substantial reduction
this reduction(by a factor of 3-%is not strong enough to Of the growth rate due to ion sheared rotation and kinetic
explain the stability observed in the FRC experiments foreffects has been found. However, our simulations have
over 100 Alfven times. shown that for realistic experimental parameters, none of
Note that the fluid models are valid only in the moderatethese effects by themselves results in a linearly stable FRC

to large’s limit. The important effect missing from these configuration.
models is the wave—particle resonant interaction, which can
be important in the strongly kinetic FRCs. In addition, at ACKNOWLEDGMENTS
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