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1. Introduction

Electron emission from plasma-facing walls has several 
important consequences. Firstly, the sheath potential must 
change because more plasma electrons must reach the wall 
to maintain zero current. Sheath modification is essential to 
take into account to understand, for example, emissive probe 
measurements [1] and the interactions between emitting dust 
grains [2]. Secondly, emission enhances the wall heating 
because the extra plasma electrons that hit the wall are hotter 
than the emitted electrons leaving (Tp  >> Temit). This is crit-
ical in plasma devices including tokamaks [3], mirrors [4], 
and thrusters [5]. Thirdly, most magnetized plasmas have a 
nonzero electric field component E perpendicular to B [6, 
7]. Emitted electrons entering the plasma move across B in 
the E  ×  B drift, causing ‘near wall conductivity’ (NWC) [8]. 
NWC is a key mechanism of non-classical transport.

In the literature, all effects of emission are generally pre-
dicted to have certain limits. The flux of plasma electrons 
to a wall has a maximum possible value (the ‘thermal flux’) 
which depends on plasma density and temperature. The flow 
of emitted electrons entering the plasma cannot exceed the 

thermal flux either (zero current consideration). If the emitted 
flux from the wall exceeds the thermal flux, the sheath must 
change from the usual classical Debye sheath to either the 
space-charge limited (SCL) [9–11] or inverse [12, 13] sheath, 
see figure 1(a). In these two regimes, a potential barrier returns 
the ‘surplus’ electrons to the wall. When an emission barrier 
exists, the flows of electrons from the plasma into the wall 
(responsible for energy loss and wall heating), and from the 
wall into the plasma (responsible for NWC), are maximum. 
Therefore, it is normally assumed that the energy loss [14] and 
NWC [5, 15] cannot get larger even if the emission intensity 
gets larger. Any additional emitted electrons are assumed to 
return promptly to the wall without playing a role.

We will show that the returning electrons are significant 
under certain conditions. Because they do not return instantly, 
they have time to accelerate in the background E field, 
enhancing NWC, and return to the walls with extra energy, 
enhancing the wall heating and enhancing the energy loss from 
the system globally. These enhancements increase further if the 
returning electrons induce secondaries, which will undergo the 
same E  ×  B heating and return to induce more secondaries, etc.

This paper will explore the physics of returning electrons 
and their ‘self-amplification’. In section 2, we present a theo-
retical model estimating the extent of amplification in terms 
of a system’s properties. A range of conditions with strong 
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amplification is predicted. In section  3, we study returning 
electrons in particle simulations and find that they can be 
the dominant mechanism of transport and energy flux when 
amplification is strong. We discuss implications in section 4 
and give concluding remarks in section 5.

2. Theoretical analysis

2.1. Mathematical model

Consider a plasma contacting a floating wall, as diagrammed 
in figure 1. Let Ez and Bx represent the magnitudes of uniform 
crossed background fields. Bulk plasma electrons striking the 
wall produce an influx Γp. We denote γp as the average number 
of secondaries induced per plasma electron. When γp  >  1, 
some secondaries must return to the wall, or else the ion flux 
cannot be balanced. Often it is assumed that the sheath is SCL 
[9–11]. The ‘virtual cathode’ Φvc is the potential barrier that 
suppresses the extra secondaries, figure  1(a). Recent theory 
and simulation works have also shown that strongly emitting 
sheaths can be positive, where ions are repelled from the wall 
[12, 13]. The ‘inverse sheath’ Φ−1 is a barrier to secondaries, 
acting in a similar way to a virtual cathode, see figure 1(a). 
Sheath structures are not measured in most experimental 
applications, so it is not yet known which sheath really forms 
at emitting surfaces. In both the SCL and inverse regimes, the 
dynamics of the returned secondaries would be similar. Our 
analytical treatment will model an inverse case, but the results 
as far as amplification is concerned would be the same even if 
the sheath were SCL.

Let Γret denote the wall flux from returning electrons. If we 
now allow that returning electrons may induce secondaries at 
some average rate γret, the floating condition at the wall becomes,

γ γΓ ( − ) + Γ ( − ) = Γ1 1 .p p ret ret ion (1)

Γp is the thermal flux of electrons from the plasma, generally 
known or calculable in terms of plasma properties. The γp is 
calculable in terms of the measured wall material emission 
yield and the plasma electron temperature [16]. The ion flux 
is small compared to Γp in an inverse sheath (or SCL) regime, 
so we can approximate Γion  ≈  0 [12]. Overall, Γret can be cal-
culated in terms of known system parameters and γret. From 
equation (1),

γ
γ

Γ =
Γ ( − )

−
1

1
.

p p
ret

ret
 (2)

We see that the returning flux is self-amplified by a factor 
(1  −  γret)−1. The amplification factor becomes very large if γret 
approaches unity. This is important because any energy flux 
and transport produced by returning secondaries is amplified 
by the same factor.

Amplification also changes the inverse sheath potential as 
follows. The total emitted flux induced by the plasma elec-
trons and the returning electrons combined is,

γ γΓ = Γ + Γ .p pemit ret ret (3)

All secondaries emitted with initial energies less than 
qeΦ−1 will return to the wall (we will omit the ‘  −1’ subscript 
from now on for convenience). If the initial energy distribu-
tion of secondaries is an isotropic Maxwellian with tempera-
ture Temit, then

⎡
⎣
⎢

⎛
⎝
⎜

⎞
⎠
⎟
⎤
⎦
⎥Γ = −

− Φ
Γ

q

T
1 exp .e

ret
emit

emit (4)

Combining equations (2)–(4) yields an expression for Φ,

Figure 1. Qualitative sketch of the physics considered. (a) Possible potential distributions φ(x) near plasma-facing surfaces that emit 
electrons. The SCL and inverse sheaths have potential barriers that return some electrons to the wall. (b) Averaged flows (the trajectory of 
the centroid in the x–z plane) of plasma electrons, escaped electrons and returned electrons in an E  ×  B system with an emission barrier. 
The incoming plasma electrons have zero average motion across B because their E  ×  B drifts are phase mixed. The emitted electrons start 
to drift quasi-coherently across B. Some escape the barrier; their average motion across B oscillates but damps with increasing x due to 
phase mixing [8]. The emitted electrons suppressed by the barrier return to the wall displaced along Ez. Having more energy than they 
started with, they may induce secondaries and thereby self-amplify.
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We assumed that γp  >  1. Assuming that γret  <  1 (to be 
proven later), it follows that Φ increases with γret. This is 
intuitive because when the emission self-amplifies, a larger 
fraction of it must be returned by the barrier for the wall to 
float. The value of γret depends on the impact energies of the 
returning electrons and the wall’s secondary emission yield. 
The parameter εmax  ≡  2me(Ez /Bx)2 is the maximum energy an 
electron can gain while drifting in an E  ×  B field. So εmax is 
the maximum energy a returning electron could gain parallel 
to the wall before impact. In systems where εmax  <  ~1 eV, 
any drift motion is insignificant. Returning electron impact 
energies equal their emission energies ~Temit (a few eV). 
No amplification occurs because such low energy electrons 
cannot knock out ‘true secondaries’ from solids [17].

The regime of interest here is where εmax well exceeds a 
few eV, so that returning electrons could gain enough energy 
to eject true secondaries efficiently. In this regime, the ini-
tial parallel energy ~Temit is small compared to εmax, so the 
returning electron motion parallel to the wall resembles an 
electron starting from rest in an E  ×  B field. The impact energy 
εret depends on the time it takes to return to the wall τret,

⎡
⎣
⎢

⎛
⎝
⎜

⎞
⎠
⎟
⎤
⎦
⎥ε τ ε τ( ) = −

B q

m2
1 cos .x e

e
ret ret

max
ret (6)

The τret for each secondary depends on its initial velocity 
vx,emit normal to the wall and the potential profile φ(x). 
Calculating τret exactly would require the exact numerical 
solution to Poisson’s equation  for φ(x). So for the purposes 
of analytical estimation, we approximate that the inverse 
sheath’s potential gradient is uniform, given by the average 
gradient Φ/Δxinv. The inverse sheath spatial width Δxinv is 
estimated in [12] to be (2ε0Φ/qeN)1/2, where N is the inte-
rior plasma density. Each secondary thus faces deceleration  

a = qeΦ/meΔxinv. The total return time is then τret = 2vx,emit /a = 
mevx,emit(8ε0 /ΦNqe

3)1/2.
Now γret is calculable in terms of the known secondary 

emission yield function γ(ε) versus impact energy ε [17] for 
the wall material. Returning electrons with initial velocity 
vx,emit induce emission at the rate γ(εret(τret(vx,emit))), where 
εret(τret) is (6), and τret(vx,emit) was derived above. The average 
number of secondaries induced by all returning electrons γret 
is the average of γ(εret(τret(vx,emit))) over the Maxwellian vx,emit 
distribution,
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(7)

The upper integration limit (2qeΦ/me)1/2 is the cutoff 
velocity separating returning secondaries from secondaries 
that escape to the plasma. The constant A is the normaliza-
tion, given by the same integral without the ‘γ[]’ part. Because 
equation (7) contains Φ, it is coupled to equation (5) which 
contains γret. Solving the equations numerically gives γret and 
Φ in terms of known system properties.

2.2. Model predictions

In figure 2, γret and Φ are plotted over a range of plasma prop-
erties. With Bx fixed at 0.01 T, we considered εmax values of 
5, 20, 45 and 90 eV. This corresponds to varying Ez between 
values of 67, 134, 201 and 282 V cm−1. Typical values 2 eV for 
Temit [17] and 1.5 for γp were chosen. To compute γret, the func-
tion γBNC(ε) = 0.17ε1/2 is used in (7) as a good fit to a common 
plasma-facing material boron nitride ceramics (BNC) [18] in 
the energy range of interest (up to a few hundred eV). The sheath 

Figure 2. Calculation of γret and Φ with varying εmax and N. We plotted the normalized sheath potential Φ*  ≡  Φ/Φ0. The dotted line Φ* = 1 
represents the predicted inverse sheath potential when amplification is neglected.
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potential for this system would be Φ0  ≡  Temitln(γp) /qe = 0.81 V  
by (5) if there were no amplification. The plotted sheath 
potential in figure  2 is normalized to Φ0 to emphasize the 
amplification.

In most sheath theories the sheath potentials are inde-
pendent of plasma density N [9–12] because the fluxes of 
plasma electrons, ions and plasma-induced secondaries are all 
proportional to N. But figure 2 predicts that N has a strong 
influence on Φ. This surprising behavior here is due to a cou-
pling between N and γret. Basically, when N is large, return 
times are too short for returning electrons to gain energy 
accelerating in Ez, so γret  ≈  0. As N drops, the sheath’s width 
Δxinv increases. This reduces the potential gradient Φ/Δxinv 
responsible for returning the electrons, thereby increasing 
their return times, making γret increase. Eventually γret reaches 
a maximum and decreases when many returning electrons 
have time to complete more than a half gyration in the E  ×  B 
drift, making their energies smaller. For further decreases of 
N, γret exhibits a damped oscillation and converges to a limit 
when returned electrons with different vx,emit are well phase 
mixed. The damped oscillations are present for the εmax = 5, 
20 and 45 curves in figure 2.

Beyond a critical εmax, a fundamentally different regime of 
behavior appears. It was intuitive that γret would increase with 
εmax in figure 2 (at fixed N) because returning electrons gain 
more drift energy when εmax is larger. One might expect that γret 
should increase beyond unity at high εmax because many sec-
ondary yield functions including BNC’s exceed unity at 10s of 
eV energies [17]. A γret exceeding unity could lead to a destruc-
tive runaway generation of secondaries similar to a multipactor 
[19]. Instead, as γret nears unity, Φ increases rapidly via (5). 
The increase of Φ helps limit return times in (7), preventing γret 
from getting larger. So when εmax is large, γret approaches unity 
monotonically as N decreases, and Ф blows up, rather than con-
verge. This explains the εmax = 90 eV curves in figure 2.

The main physical factors behind returning electron 
dynamics and their amplification was captured in our dis-
cussion of figure  2 by varying Ez and N. Other parame-
ters including Bx, Temit and γp were kept constant. Varying 
these would affect γret but will not lead to new physical 
phenomena. Varying Bx is equivalent to varying Ez and N 
because the parameters appear as ratios Ez /Bx and Bx /N1/2 
in equation (7). Increasing γp could increase or decrease γret 
depending on the starting point in parameter space. Because 
the emission yield function γ(ε) for most materials obeys a 
universal shape [17], using wall materials other than BNC 
will lead to qualitatively similar plots, with one caveat. 
Materials with low emission yields will never exhibit the 
‘blow up’ amplification regime seen in the εmax = 90 eV 
curve in figure 2. For example, if the material has γ(ε)  <  1 
for all ε, clearly γret cannot approach unity regardless of the 
other system parameters.

The last parameter in the model is Temit. One might have 
expected from the beginning that because Temit is ‘small’ 
in practice, the returned electrons get sent back promptly 
without time to gain drift energy. However, plugging (5) into 
(7) and substituting v*  →  vx,emit /(Temit)1/2 shows that γret is 
independent of Temit. Only Φ is affected by Temit.

3. Simulations

3.1. Overview of the simulations

We now simulate an E  ×  B discharge with a realistic εmax to 
investigate returning electron effects. A planar plasma with 
uniform E  ×  B background fields bounded by BNC walls is 
simulated using the electrostatic direct implicit particle-in-
cell code [20]. This 1D3V code approximates the plasma 
heating and plasma-wall interaction physics in a HT cross 
section [21]. Development of the simulation model was moti-
vated by experiments that show as the discharge voltage is 
increased, enhanced transport and energy loss arise [5]. These 
problems are attributed to strong secondary emission. Some 
theories predict the sheaths are SCL [5]. Theories and simula-
tions have also shown that inverse sheaths are possible [12, 
13]. In either case, returning secondaries exist. But their con-
tribution to transport and energy flux was not analyzed in past 
simulations with inverse or SCL sheaths [12, 13, 22, 23].

Here we run new simulations with Ez = 325 V cm−1 and 
Bx = 115 G, giving εmax = 91 eV. These field magnitudes were 
measured along the median of the PPPL HT with BNC walls, 
see figure  9 of [5]. We set the background uniform neutral 
xenon density to 1018 m−3 and use a turbulent collision fre-
quency 0.7   ×   106 s−1, as in [21]. The plasma width is 20 mm. 
Four simulations are run at plasma densities N from 1017 to 
1014m−3. Results are presented in table 1 and figure 3.

3.2. Discussion of simulation results

Table 1 shows that the sheath potential Φ varies strongly with 
N even though all other system properties are fixed. This is con-
sistent with returning electron amplification, as theorized ear-
lier. To measure amplification, we tracked the average number 
of secondaries induced by returning electrons γret. The average 
number of secondaries induced induced by plasma electrons 
(coming in from beyond the sheath edge) is γp. Table 1 indicates 
that γret approaches unity as N drops, driving Φ to much higher 
values. Although γp also increases at lower N, this is not the 
driving cause of the stronger sheaths but is an effect of plasma 
electrons gaining more energy accelerating in a stronger sheath.

Figure 3 shows the cross-B current density near the left 
wall. Because the current in a discharge increases proportion-
ally to N if all else equal, the plotted currents are each nor-
malized *( ) ≡ ( )J x J x N/z z  to compare transport ‘efficiency’ at 
different N. The currents in figure 3 are essentially all from sec-
ondary electrons (transport from e–n and turbulent collisions 
is weak in comparison). For N = 1017 m−3, almost all transport 
is to the right of the sheath edge, from escaped secondaries. 

Table 1. Simulation results for different plasma densities N. Rtrans 
and Rheat describe the enhancements of the integrated cross-field 
current and wall heating, respectively, due to returning electrons.

N (m−3) Φ (V) γp γret |Rtrans| Rheat

1017 0.8 1.22 0.20 0.03 0.02
1016 1.2 1.25 0.49 0.2 0.1
1015 5.9 1.42 0.84 4.7 1.1
1014 24.3 1.71 0.94 30 4.4

Plasma Sources Sci. Technol. 24 (2015) 034010
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Their ‘NWC’ oscillates in space and damps with distance due 
to phase mixing, as predicted by theoretical models [8], see 
figure 1(b). In the lower N runs, the emitted flux from the wall 
is much larger because γret is larger. But the transport to the 
right of the sheath edge varies only modestly in magnitude 
because when an emission barrier is present, the flow of sec-
ondaries escaping into the plasma cannot get larger.

The new result here is that the returning electrons can also 
contribute NWC. The transport efficiency inside the sheath rises 
drastically as N drops, due to returning electrons amplifying to 
high intensities. We define |Rtrans| as the absolute ratio of the 
integrated cross-B current inside the sheath (from the wall to 
the sheath edge) to outside the sheath (from the edge to the mid-
plane). We find that |Rtrans| increases from 0.03 to 30 as N drops 
from 1017 to 1014 m−3. It must be noted that some of the cross-B 
current inside the sheath in each run is from secondaries that 
escape. However, the escaped secondaries cannot be respon-
sible for the drastically increased cross-B current. Their NWC 
contribution is always zero at the wall [8] because secondaries 
start with zero averaged velocity perpendicular to B. Returning 
electron NWC generally has its maximum at the wall. So the 
transport efficiency growth at lower N in figure  3, which is 
strongest at the wall, is attributable to returning electrons.

The heating of the returning electrons in the E  ×  B drift also 
adds to the heat flux deposited onto the wall. Table 1 lists Rheat 
in each run, defined as the ratio of heat flux from returning 
electron impacts to plasma electron impacts. We find that Rheat 
increases by a factor of 220 as N is reduced from 1017m−3 to 
1014 m−3. The returning electron contribution to the total heat 
flux can vary from negligible to dominant.

3.3. Comparison between the theory and simulations

The theoretical model calculation of γret in (5) and (7) was 
not intended to be exact, but it does a good job of predicting 

whether or not amplification is significant for a given set of 
conditions in the parameter space. The simulated field condi-
tions are closest to the εmax = 90 eV curves in figure 2. Based 
on the calculations in figure 2, one would predict amplifica-
tion to be weak for N  ≥  1017m−3, start becoming significant 
below 1016m−3 and then blow up below 1015m−3, as observed 
in Table 1. One source of error in calculating γret is the linear 
approximation to φ(x), which overestimates the τret for some 
returning electrons and underestimates others. Also, the 
assumption that all secondaries have a single temperature 
Temit is imprecise because there are always higher energy 
backscattered electrons [17] in addition to the true second-
aries. The backscattered electrons become more significant in 
extreme amplification regimes where Φ exceeds a few Temit. 
For example in the N = 1014m−3 run with Φ = 24.3 V, all true 
secondaries with Temit = 2 eV are returned and there is a large 
fraction of backscattered electrons in the returning electron 
population. The two species together modulate the amplifica-
tion effect in a more complex way.

4. Implications

The possible importance of returning electrons was not 
previously considered to our knowledge. In E  ×  B systems 
including HT’s [15], Penning-type systems [24], magne-
trons [25], transport is known to be dominated by anoma-
lous mechanisms [5–7, 26] including fluctuations and NWC. 
Past theoretical models of NWC [8, 27] calculated transport 
from secondaries that enter a plasma (or from plasma elec-
trons that reflect off sheath irregularities at a rough surface). 
Because the flow of these electrons into the plasma is limited 
by the maximum Γp, the NWC’s contribution to an E  ×  B 
discharge current is assumed to have a corresponding max-
imum, see the review of [5] and references therein. In par-
ticular, theoretical HT models [15, 28–30] assume the NWC 

Figure 3. Normalized current density Jz /N versus distance from the left wall. To improve clarity, the plots are shown twice with different 
vertical scales. The location of the sheath edge in each run is marked on the corresponding curve.

Plasma Sources Sci. Technol. 24 (2015) 034010
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saturates at the SCL threshold. Similarly, predictions for 
energy flux to the walls in E  ×  B systems [14] are based on 
sheath transmission equations [9] that count heat flow from 
bulk plasma electrons, which saturates at the SCL threshold. 
Overall, heat flux or NWC from returning electrons has not 
been considered.

The general implication of the current study is that the total 
NWC and energy flux can be larger than previously believed 
possible because the contribution of returning electrons is 
nonzero. Returning electrons could enhance transport, wall 
heating and global energy loss substantially under certain 
conditions, as shown by the theory and simulations. If present 
in experiments, amplification would feedback affect the prop-
erties of discharges in intricate ways that not demonstrated 
in the 1D simulations presented here where the background 
conditions were fixed.

For example, enhanced transport from secondary emission 
in Hall thrusters is known to feedback limit the achievable 
thrust field ‘Ez’ [5]. Many thrusters including the PPPL HT 
operate with high enough εmax for amplification (10s of eV, 
inferred from measurements in the middle of the channel in 
figure 9 of [5]). The maximum distance along z that returning 
electrons can displace in their cycloidal motion (2Ezme)/(qeBx

2) 
can be shown to be a few mm, short enough to guarantee that 
many returning secondaries are confined within the high Ez 
region. However, peak densities in the acceleration region 
are often N  >  1017 m−3, where returning electron influence is 
predicted to be weak. We conclude that some amplification is 
probably present but is unlikely to play a major role compared 
to conventional NWC in high density thrusters. It should be 
noted that lower N plasmas are of interest for thrusters oper-
ating in pulsed mode [31] or with magnetically shielded sur-
faces [32]. Also, in any discharge, the plasma density starts 
out low during initial breakdown, so the presence of amplifi-
cation could play a role on the discharge formation conditions. 
Therefore, future studies should further explore the possible 
presence of amplification effects in HT’s and other E  ×  B 
plasma systems.

5. Conclusions

5.1. Summary

Secondary electrons that return to plasma-facing walls in 
E  ×  B systems drive a fundamental mechanism of energy 
flux and cross field transport not previously analyzed. If the 
returning electrons are heated by the E  ×  B drift field enough 
that they eject secondaries upon impact, they will ‘self-
amplify’. If amplification is intense, the returning electron 
flux can exceed the flux of plasma electrons to the wall. Under 
these conditions, returning electrons may strongly influence 
the sheath amplitude, heating of the wall, cross field transport, 
and energy loss from the global system. We derived a theo-
retical model that can be used to predict the degree of amplifi-
cation in terms of known properties of a system. Simulations 
of an E  ×  B discharge with realistic fields confirmed that 
returning electrons are important in the range of conditions 
predicted by the theoretical model.

5.2. Other mechanisms of emission amplification

In this paper we considered amplification where second-
aries induced by the plasma electrons return and knock out 
more secondaries. Amplification is also possible in principle 
at surfaces emitting ‘strong’ thermionic fluxes (equivalent 
to γp  >  1). For example, in E  ×  B discharges, the returning 
thermionic electrons collected by emissive probes could gain 
enough drift energy to induce secondaries, amplifying the 
same way. This would increase the probe heating and the 
probe’s cross field current perturbation. However, because 
conductors tend to suppress electric fields from forming 
parallel to their surface, separate considerations of the par-
allel shielding effect are necessary to determine whether Ez 
is large enough anywhere in the sheath for amplification to 
occur at a metal surface. Photoemission can also provide 
‘seed electrons’ for amplification. For example, Gascon et al 
pointed out that photoemission caused by xenon line radia-
tion could significantly enhance the total emission from Hall 
thruster channel walls made of certain dielectrics including 
alumina [14]. Under the same range of system parameters 
where amplification of plasma-induced secondaries is pre-
dicted to be important, the returning photoelectrons may also 
induce secondaries.

Other mechanisms of emission amplification are possible 
in plasma systems where emitted electrons return to a surface 
with more energy than they started with. For instance, second-
aries in tokamaks return to the divertor plates from gyration 
in the grazing B field (even if the sheath is classical) [33]. 
For flat plates, returning secondaries impact with only their 
initial energies by energy conservation within the sheath’s E 
field. But divertor plates contain irregularities of various sizes, 
including Debye length scales [33]. In this regime one can 
envision that some secondaries which return to a more out-
ward part of a surface irregularity can carry extra energy up to 
some fraction the classical sheath’s (~100 V) mean potential. 
The extra energy could therefore be sufficient to induce more 
secondaries.

In systems where returning electrons gain no extra energy, 
they will impact with their initial emission energies ~Temit, 
which is too low to eject secondaries. However, another ‘ampli-
fication’ mechanism might be relevant. Modern experiments 
show that backscattering probabilities are high at low impact 
energies for some materials [34, 35]. Repeated backscatters 
of the low energy returning electrons could then be possible 
at emitting surfaces under general conditions. For example, 
positively charged emitting dust grains collect returning elec-
trons [2]. Charging dynamics would be significantly affected 
if the returning electrons backscattered multiple times before 
getting absorbed.
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