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MOTIVATION

e EXTEND THE NEOCLASSICAL SOLUTION FOR AN AXISYMMETRIC EQUILIBRIUM
ION DISTRIBUTION FUNCTION TO THE REALISTICALLY LOW COLLISIONALITY
REGIME v,L/vy, ~ p,/L=6 < 1. NO GEOMETRICAL APPROXIMATIONS ARE TO
BE MADE (L.E. v, ~5<1 WITH e~ B,/B, ~ 1).



MOTIVATION

e THE STANDARD BANANA REGIME SOLUTION IS BASED ON A FIRST-FLR-ORDER
ION DRIFT-KINETIC EQUATION AND APPLIES TO § < 1, < 1. THE "NIES” CODE
[Lyons, Jardin, Ramos PoP 2012] SOLVES FOR THIS REGIME AND OBTAINS THE ION
PARALLEL FLOW COEFFICIENT o = ¢(B2)U,/(I1dT,/d') THAT FACTORS IN THE ION
BOOTSTRAP CURRENT.



1.2
1 «a
0.8
0.6
0.4
0.2

Sauter LAR NSTX

0 L )
0 0.5 1
Trapped Particle Fraction


http://www.ornl.gov/sci/fed/Theory/stci/code_library.html
http://www.compxco.com/cql3d.html

MOTIVATION

e THE ORDERING v, ~ ) <1 IS MORE APPROPRIATE FOR FUSION-GRADE
PLASMAS. A NEOCLASSICAL SOLUTION IN THIS REGIME REQUIRES A
SECOND-FLR-ORDER ION DRIFT-KINETIC EQUATION.
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SECOND-FLR-ORDER ION DRIFT-KINETIC EQUATION
e DERIVED IN [Ramos PoP 2011] FOR GENERAL GEOMETRY, WITH THE ORDERINGS

v, L /v, ~ (me/mL)U2 ~u, /v, ~ p )L =60 <1

e NEAR-MAXWELLIAN (delta-f) FORMULATION IN THE REFERENCE FRAME OF THE
MEAN FLOW VELOCITY

NP2 n(x,t W’
fL(W7X7t) :fML(w7X>t) + fNML(W7X7t) - (g;:.) T?Z)(:(t)g/z = p{_Q;}(Zt)] + fNML(W>X7t>
W = VvV — uL(X7t)7 fNMLNéfML

e CHAPMAN-ENSKOG-LIKE DESCRIPTION WITH THE DENSITY, MEAN FLOW
VELOCITY AND TEMPERATURE CARRIED ENTIRELY BY THE MAXWELLIAN. THE
DRIFT-KINETIC EQUATION FOR THE GYROPHASE-AVERAGED fNML(wH,wL,x, t)
PRESERVES EXACTLY THE CONSTRAINTS fd3w(1,w||,w2)fNML = 0.



Ofnut Lo _(9fNML -~ Ofnn - Ofn

) L L - DL L L f L
ot * ox ) dw Ty ow | e+ Clfvan]
where
a a r 2 Uths
Clivm) = Culfa, fvon) + Culfvm, fa] = O<5 7 fML>
. Uthe o Uth,
D, = 0(s™) +o(s)
2 12
. wi b o, Vi\bxk
X, = 'w||b +u, —up, + TV X (Q—Cb) + (w - 9 ) QCL — O(”tiu) =+ O<5vthb)

, b-(V-PYH) 2 wyw b x k vZ V7,
wHL = mon - 2Lb : VlnB—wab) : V(U.L - U—Dc) + 9 V- (Q—a) =0 Z +0 (o Z )
Wy, = L b -VInB + (bb—1): V(u, —up,) — w?V (bx'"”)] _ oV 4 o sn

e — 9 I . L Dy I Qa — I I
b T,
with  up = NAGZD and  PY““=nTl + (p) —p.)(bb—1/3)

m,n$l.,



AXISYMMETRIC EQUILIBRIUM

THE EQUATIONS FOR THE ELECTROMAGNETIC FIELDS AND THE FLUID VARIABLES
IN AN AXISYMMETRIC EQUILIBRIUM [with cylindrical coordinates (R, (,Z)] YIELD

B = V¢ xV( + RBNVC( RB: = I(¥)[1+O(5%)]

E =-V¢ - WW(, ep = @) + O(8°nmuvy,) Vo = O(8°nm,vg,)
n = N()[1+0()
T, = TOW)[1+0(5)

(0)
w = UWB + RQWVC + 00%um,) . Q) = ;lim}vd%o)




AXISYMMETRIC EQUILIBRIUM

THE EQUATIONS FOR THE ELECTROMAGNETIC FIELDS AND THE FLUID VARIABLES
IN AN AXISYMMETRIC EQUILIBRIUM |[with cylindrical coordinates (R,(,7)] YIELD

B = V¢ x V(¢ + RBV(, RB; = I(¥)[1 +0(5%)]
E =—- Vo — WWVC(, ep = eb() + O°nmuy,) ., eVy = O(8nmvy,)
n = N@)[L+0(?)

T, = TVW)[1+ 0(s%)]

d<I>+ 1 d(NTY)
dy  eN di

u, = U()B + R2QL(¢)VC + 0(53Uthb)a Q) =

THE PARALLEL COMPONENT OF THE AXISYMMETRIC EQUILIBRIUM ION
MOMENTUM EQUATION BECOMES

b-{v

2 2 ;
mn (Z - QLRQ) —eng+nly + S (py = put)| = (P = p)VIn B+ V- pf?V} -0 (5gnmL%>



IN THE AXISYMMETRIC EQUILIBRIUM, THE NON-MAXWELLIAN PART OF THE ION
DISTRIBUTION FUNCTION HAS THE FORM

v = [ + il = O0fu) + O fur)



IN THE AXISYMMETRIC EQUILIBRIUM, THE NON-MAXWELLIAN PART OF THE ION
DISTRIBUTION FUNCTION HAS THE FORM

v = [ + il = O0fu) + O fur)

AND, SEPARATING ITS EVEN AND ODD PARTS WITH RESPECT TO w;, THE DRIFT-
KINETIC EQUATION BECOMES
0

wi 0 0 Fodd (0)
.- _—hH. 1 B _ o - 0 — Deven
{wb Ix + 5 b-Vin ( IUJ_awH + wawL) NM. , far
0 w 0 1, _
b~ + . VInB|—w, T )| foven
{U} Ix + 9 Vin ( ’lUJ_awH + wawj_) NM. +

. a . (1 a . (1 a ro 0 0 ro
+ (Xgl)'ﬁx - w|(|b) aTUH + wif 3%) Ndj\c/l/[,/ = D,,ddfﬂ(ﬁ + G| Ndjgfﬂ



IN THE AXISYMMETRIC EQUILIBRIUM, THE NON-MAXWELLIAN PART OF THE ION
DISTRIBUTION FUNCTION HAS THE FORM

v, = %, + 07 = O fan) + O fan,)
AND, SEPARATING ITS EVEN AND ODD PARTS WITH RESPECT T0O w), THE DRIFT-

KINETIC EQUATION BECOMES
0

w1 0 0 Fodd (0)
b — —b-VInB|—w, — — || ¢ = Deen
{UJ aX + 2 Il ( wJ_aQUH + wawj_) NM, L fML
8 w | 8 8 e
b. — —b-VInB|—w, — — || fren
{w Ix + 9 n ( ’UJJ_(?wH + wan—) NM. +
. a . (1 a . (1 a ro 0 0 ro
’ (Xgl) 0x - wﬁb) 3—10” i wi,) @m) Nin, = Ddef](\/f)L + C[f50]
where
2wt — w? I dTO [ ? 2w + w?
pen — || T\ B ) S-S I il R | N vA Y >
L K 203, ) T aeB v 3, o, !

with v}, =T /m,



THE EVEN PART OF THE DRIFT-KINETIC EQUATION

0 W 0 0
b — —b-VInB|—w, — —
{w x + 5 Vin ( wL@wH + wawL)

_ {(2102 —wi) UB + I dT <w2 _5) (2w2+wi>

2 2 2
2UthL 4eB d¢ Uth, Uths

rodd
NM, —

b-VinB £\

HAS THE GENERAL SOLUTION

_](ifd]\% — wH gL,1<w7¢7B) f](\ﬁ)[i(wvw) + S H[l o ABma$<¢)] Kb(w7)‘7¢>

where

1 I dTO [ ?
gL,l(wawaB) — 9 _ULB + : (w 5)]

Uth, 2eB dw Ut2hL
D
. w
¢ = +1 = 81gn(wH), A = wQ—J‘B

and H is the Heaviside step function

1/Bmax

_ 2T oo
[dww fi, =0 = U= o [Tdwo? [T K (w A y)
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CALL

) — N 2 T — 70
_6(¢ ) n +<w 3)

)
Utz/u QTL(O)

|+

AFTER SUBSTITUTING THE PARALLEL COMPONENT EQUILIBRIUM MOMENTUM
EQUATION FOR b-V(e¢/T+n/N), THE ODD PART OF THE DRIFT-KINETIC EQUATION
BECOMES

ahf?)en
ox

» m,w u?
wy b s = {Dde S b-V(Z—QLRQM W)+

ro . 8 . (1 a . (1 a ro
+ CL[ Nd]ffh] o (Xgl)' + wﬁb) 2 T w(LL) 8wL> Ndjilh

where

A




CALL

_ — — N 2 T, — T
even €(¢ ) n 4+ (w o 3>

NM, = — o T N 5 ()

even
] f]\h hL
Uthy

AFTER SUBSTITUTING THE PARALLEL COMPONENT EQUILIBRIUM MOMENTUM
EQUATION FOR b-V(e¢/T+n/N), THE ODD PART OF THE DRIFT-KINETIC EQUATION
BECOMES

8hwcn B ~odd m,w) u/2 2 (0)
w b - . ‘W = {DL BN b-V 5 QR|| fa, +
o 1y O 1) O 1) 9 ) &
+ Cb[ Nd]gh] - (XED ' a—X + w\(|L) 7“ + wg_/) % Nd]gh
where
Pt — petd o gy (N G 2, g ) 4 (g = p )V B — V- PO
L L Nﬂ(o) 9 Utm L 3 |l L | L L
THIS HAS THE SOLVABILITY CONDITION
At | = odd £(0) Fodd 1) 9 1 0 (1) 9\ Foad
7{11),)\ ”LU—|| {DL fML + CL[ NML] I R a—x + w”L a—/w” + wi, % NM. 0



THE EXPLICIT FORM OF THE ODD DISTRIBUTION FUNCTION SOLUTION

el = wy goa(w, v, B) fipl(w, ) + ¢ H1 = ABpau(¥)] K(w, A\, ¥) = f (wy, w1, B)

AND THE FIRST-ORDER DRIFT-KINETIC COEFFICIENT FUNCTIONS YIELD

dl 0 0 _
() 2 (1) . (1) odd
j{w,/\ w” (XL + wHL + wy, (9’U}J_) NM. — 0



SO THE SOLVABILITY CONDITION THAT DETERMINES K,(w,\,v) REDUCES TO

dl
§ . — ClHK)] = — 5,
Y|
where
dl -
SL SLCOH + y{w)\ ’U}— Dfdd ](\22
|

AND S 1S THE STANDARD BANANA REGIME SOURCE

dl 2vm, I dT° v w w
coll - O — — — : b a
SL — fw C, [w‘|gL,1fML] = eﬂ(o) dp  w ¥ (Utm) 519 (Utlu)

A
with ¢ and £ the error and Chandrasekhar functions

dal
fin 5




THE ADDITIONAL SOURCE IN THE NEW REGIME IS GIVEN BY

Dedd \Buw? NT©)
L — (()) v . { L
w) 2NT, Ut2hb e,

w2

b x [2(b-V)u, +b x (V x ub)]} —

2
Qc&vtm

A Bw?
+ 11— 5
2UthL

{(1 —2AB) (bx k) -2(b-V)u, +bx (Vxu)] + %B M, : (Vub)} +

2

) [;;a X VIH(NTL(O))] 2(b-V)u,+b x (Vxu,)| + (Zém — 5) L% % V In TL(O)} [(b-V)u,

Buw? 2 NT(O) 2 2
L (w —5)v-( L ]beTfO)) T (w —5)(1—2AB)(b><n)-v1nz1<0>+
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\B 2 2 4 2 4
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e 1 MLV ERA v e v p0
8Q(>LNE< ) Uth, QCL

where

0b ob;
Mjk = K S (V . b)((S]k — bjbk) — (b]lik + bklij) and ijk - M]l Elkmbm

- aCUj i (%k



ITS MAGNETIC SURFACE AVERAGE YIELDS

co dt AN 0
SL - SL/ . — W\ w—H DLM f]<\12 -

m? w? dT0)
ge2\")  dy)

2
(“; - 5) £ 1)

Uth,

where

L(y) = — ¢$dt M:[V (éw)] =
= QCbedZB-VRQ + f%f 2b-V(Vy-VInR®) + Vi -V(b-VinB)
IS A GEOMETRICAL FACTOR THAT VANISHES IF THE MAGNETIC SURFACE
CONFIGURATION HAS UP-DOWN SYMMETRY



CONCLUSIONS

e IN AN AXISYMMETRIC EQUILIBRIUM WITH FURTHER UP-DOWN SYMMETRY,
THE BANANA REGIME RESULT FOR THE ION PARALLEL FLOW COEFFICIENT

_e(B)U  2me(B?
1dar\"/dy 1 N 4T /dy

1/Bmax
0

o) /OOO dw w’ d\ K, ,

WHERE K, IS THE SOLUTION OF THE GENERALIZED SPITZER PROBLEM

o () =g ()] i 45

Uthe Uth,

dl ov,m, I dTY) vy,
T ClcHEK,) = 2t S e
oy CSHED = =2ror a5

REMAINS APPLICABLE TO THE LOWER COLLISIONALITY REGIME v, ~ p,/L



e IF THE EQUILIBRIUM IS NOT UP-DOWN SYMMETRIC, THE GENERALIZED SPITZER
PROBLEM HAS AN ADDITIONAL SECOND-FLR-ORDER SOURCE FOR v, ~ p,/L

dl m, dT0 (0) Vi, w w Al m w? [ w?

— CJcHK,| = d L ) 2y, - -5 [§— — — — 5| I
j{w,)\ wj [g ] 67—2(0) d¢ fM { Y w v (vthL) € <UthL> 7{ B 8e (thhL ) }

where



e IF THE EQUILIBRIUM IS NOT UP-DOWN SYMMETRIC, THE GENERALIZED SPITZER
PROBLEM HAS AN ADDITIONAL SECOND-FLR-ORDER SOURCE FOR v, ~ p,/L

dl m, dT0 (0) Vi,
— C,cHK,| = - : . 12, '
7{“’7)‘ w) [g‘ ] eTL@ dy Tv { y v

e TERMS ASSOCIATED WITH THE EQUILIBRIUM FLOW AND WITH FIRST-ORDER
DRIFTS ACTING ON THE NON-MAXWELLIAN PART OF THE DISTRIBUTION
FUNCTION ARE COMPARABLE TO THE RETAINED SECOND-ORDER TERMS, BUT

THEIR CONTRIBUTION AVERAGES OUT AND HAVE ZERO NET EFFECT





