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Abstract

Finite Larmor radius (FLR) fluid equations for magnetized plasmas evolving on either sonic or
diamagnetic drift time scales are derived consistent with a broad low-collisionality hypothesis. The
fundamental expansion parameter is the ratio 4 between the ion Larmor radius and the shortest macro-
scopic length scale (including fluctuation wavelengths in the absence of small scale turbulence). The
low-collisionality regime of interest is specified by assuming that the other two basic small parameters,
namely the ratio between the electron and ion masses and the ratio between the ion collision and
cyclotron frequencies are comparable to or smaller than 62. First significant order FLR equations for
the stress tensors and the heat fluxes are given, including a detailed discussion of the collisional terms
that need be retained under the assumed orderings and of the closure terms that need be determined
kinetically. This analysis is valid for any magnetic geometry and for fully electromagnetic non-linear
dynamics with arbitrarily large fluctuation amplitudes. It is also valid for strong anisotropies and does
not require the distribution functions to be close to Maxwellians. With a subsidiary small-parallel-
gradient ordering for large-aspect-ratio toroidal plasmas in a strong but weakly inhomogeneous mag-
netic field, a new system of reduced two-fluid equations is derived, rigorously taking into account all

the diamagnetic effects associated with arbitrary density and anisotropic temperature gradients.



I. Introduction.

The fluid description of magnetized plasmas constitutes a very useful framework to analyze their
macroscopic behavior. Even though a consistent fluid closure can only be justified rigorously at high
collisionality’ 2, the fluid moments of the kinetic equations provide an exact, lower-dimensionality
constraint on the complete kinetic description and a good approximation for the dynamics perpen-
dicular to the magnetic field by themselves, regardless of collisionality. For the collisionless or weakly
collisional regimes of main interest in space and in magnetic fusion experiments, the hybrid approach
based on exploiting the fluid moment information, complemented by a kinetic approximation of the

unavailable closure terms, is currently a major area of active research®~".

In a previous work®, a general formalism for magnetized plasmas encompassing a maximum fluid
moment information, was developed for the strictly collisionless case. The purpose of the present
article is to extend that work to the more realistic case of low but finite collisionality. Considering
dynamical evolution away from equilibrium, it will be assumed that the two terms that contribute
to the convective time derivatives are comparable (0/0t ~ u, -V where u, are the different species
macroscopic flow velocities). Then, provided that small scale turbulence effects can be neglected, the
strictly collisionless fluid moment analysis can be based on the single expansion parameter 6 ~ p,/L,
the ratio between the ion Larmor radius and the shortest macroscopic length scale including large scale
fluctuation wavelengths. The treatment of the finite collisionality terms involves two more independent
small parameters, namely the ratio m./m, between the electron and ion masses and the ratio v, /€,
between the ion collision and cyclotron frequencies, whose ordering relative to ¢ is a matter of choice.
The present low-collisionality analysis will adopt as basic working hypotheses (m./ mb)l/ 2 Skl
and v,/Q¢ S 6 (me/ mL)l/ 2. With deuterium ions of density and temperature n and T, respectively
in a magnetic field B, this means 1.4 x 10~*T,(eV)2B(T)~' < L(m) 8.7 x 1073T,(eV)/2B(T)~!
and 2.7 x 10~ 0n(m=3)T,(eV)~3/2B(T)~! S 1. Such conditions are well satisfied for a wide class of
macroscopic modes over most of the plasma parameter range relevant to tokamak fusion experiments,
possibly failing only at the very plasma edge where the complex governing physics is beyond the scope

of the simple fluid theory and precludes its applicability anyway. It can therefore be argued that these



orderings provide a meaningful foundation for a broad low-collisionality fluid theory.

Besides specifying the collisionality regime, the fluid analysis requires specification of the time
scales of interest. In terms of dimensionless ratios, this amounts to specifying the orderings of the
time derivatives relative to the ion cyclotron frequency and of the macroscopic flow velocities relative
to the ion thermal speed, which are linked once 9/0t ~ u, -V is assumed. Here we shall be concerned
with two frequently considered such orderings. The first one is the ”fast dynamics” (or "sonic”) order-
ing characterized by uq ~ v, and 0/0t ~ 6€,. The second one is the "slow dynamics” (or ”drift”)
ordering where the flow velocities and time derivatives are comparable to the diamagnetic drift veloc-
ities and frequencies, uq ~ dvg,, and 9/0t ~ §2€),. As discussed in Ref.8, this slow dynamics ordering
has a consistency problem whose resolution requires the adoption of further assumptions. One way of
obviating this difficulty is to assume separate length scales parallel and perpendicular to the magnetic
field, with a subsidiary small parameter ¢ ~ L) /L ~ kj/ki < 1. In this case, as a consequence
of the fact that parallel gradients are ordered small, the pressures need to be known only in their
zero-Larmor-radius limit, avoiding the problematic evaluation of their O(6%) FLR corrections. This
subsidiary small-parallel-gradient ordering for plasmas in a strong but weakly inhomogeneous mag-
netic field, which leads to the so called "reduced” systems?~!7 where the fast magnetosonic wave is
eliminated, will be adopted when considering the slow dynamics. A major improvement over previous

13=17 will be the rigorous treatment of arbitrary

reduced fluid models in the slow dynamics ordering
density and temperature gradients, especially their associated diamagnetic effects, as well as the al-
lowance for strong temperature anisotropies and arbitrarily large density, temperature and electric

potential fluctuation amplitudes.

I1. General fluid formalism.

This section presents the general macroscopic equations for the fluid moment variables. It follows
the approach of Ref.8, with the addition of the collisional terms and some changes and streamlining
in the notation. All the results derived in this section are exact without approximations and valid

for each plasma species independently, so the species index is dropped here for convenience. The



macroscopic system follows from the velocity moments of the underlying kinetic equation,

ot + vj aJIj + E(EJ + ejkl'UkBl>

8f(v? X7 t)
(%j

= C(v,x,t), (1)

where f(v,x,t) is the distribution function, C(v, x,t) is the collision operator, E(x,t) and B(x,t) are
the electric and magnetic fields, and m and e are the species mass and electric charge. Conservation of
particles in the collisions yields [ d3v C(v,x,t) = 0. The following fluid moments of the distribution

function and the collision operator will be considered:

n(x,t) = / &Py f(v,x,1), 2)

n(x,t) ui(x,) = / Py v; f(v,x,1), 3)

Pic(x,t) = m [ v (o = up)(wn — w) (v, %), (4)

Q) = m [ dv (0 = ;) (0 = w) (0 = ) Sv.x,), (5)
Ritam(x,) = m? [ @ (v = ) (on = up) (w1 = ) (v = ) F(v,3%,0), (6)
Fel(x,t) = m / & (v — u;) C(v,x, 1), (7)

Gl(x,t) = m / Py (v — u;)(vn — u) C(v,x, 1), (8)
Hit (e, t) = m [ & (o) = ) (o = ) (0 = w) C(v.x,0) (9)

Integrating the appropriately weighed kinetic equation over velocity space, one obtains the following

system of macroscopic equations:

g_vz N 85;;@?) _ o, (10)

mn(%%—ukg—;:) + %Zj: - en(Ej—i—ejklukBl) - Ff”” =0, (11)

8;? + %(ijUerijz) + %sz} - %e[jlmBmPlk] - Gt =0, (12)
agikl + %(Q;‘klum%—%&klm) + %kal] - %e[jmankal] -

o LR o F P M = . (13



where the square brackets around indices represent the minimal sum over permutations of uncon-

tracted indices needed to yield completely symmetric tensors.

The stress and stress-flux tensors can be uniquely split into ” Chew- Goldberger-Low” (CGL) and

”perpendicular” (noted with a ”"hat”) parts:
Pik = pidjr + (pH —p1)bjbr, + |Sjk = PﬁGL + Isjk, (14)

Qi = ardyxby + (2am) — 3ar)bibeb + Qu = Q" + Qu (15)

where b; is the magnetic unit vector, |Sjj = Isjkbjbk = 0 and ijkb' = ijlbjbkbl = 0. In the CGL
tensors, p, and p are the perpendicular and parallel pressures with the mean scalar pressure defined
asp = (2py +p| )/3, qr| is the parallel flux of perpendicular heat and ¢p| is the parallel flux of parallel

heat. The total heat flux vector is

0 = Qjrr/2 = (ar) + ap))bj + Qrr/2 = aybs + 415 (16)

and the total flux of parallel heat is

qBj = Qjrbrbi/2 = qp)bj + Qjubibi/2 = qB|bj + 4B - (17)

For the fourth-rank moment, it is useful to define

Riktm = — Py Pimy + Rjkim - (18)

S+

The contribution of the factorized first term allows the proper account of temperature gradient effects,

as can be seen by bringing this representation to Eq.(13) which becomes

OQin B 1 - uy; e
8; + @ ijlum + ERjklm + ﬁka” - qumankal] +
1 0 1 1 coll coll
* EWW%(HP’“”) o P — HiE = 0. (19)

The irreducible term Iijklm would vanish with a Maxwellian distribution function and accounts for

purely kinetic effects such as wave-particle resonances and collisionless dissipation.



A formal solution for the stress and stress-flux tensors can be constructed as follows. Bringing the

representations (14) and (15) to the evolution equations (12) and (19), these can be written as

€[jzmbm|51k] = Kjk (20)
and
6[jn’manmk:l} = ijl> (21)
where
_m 8ij 0 a[ coll
Kik = eB[ o " om (Pﬂ’f“l+Qﬂkl> + g T~ G (22)
and
m 8le 0 1~ 8U[
Loy = — J — | Qirttm + —Rikim —_U
gkl eB[ ot + Oxm, <ijlu +m gkl > + 8memkl] +
1 8 1 CO. CO
+ —Plimg— ( Pkl]) + —Ff Py — Hj,j;]. (23)

These equations are subject to the solubility constraints K;; = K;zb;b, = 0 and Ljgb; = Ljxibjbrb; = 0,

which correspond to the dynamic evolution equations for the CGL variables:

_M J P.—L ~1] Cco _ 24
l8t+ Ox; + oz + oz, g 0, (24)
11 9py , 9puy) O Db, O dqn; b,
— 2 _ P J _ 4eoll 9
[ ot Oz i+0; ot tu Yox; bl@mk + 0z, Q]klbja 9B 0, (25
Aq _ Oqyuy) 0b; 0b; Ouy, duy, 1 o (3p 1
ot + Ox;j B ot + " oy Tk bk@xj + Qyubi - oz, - Epﬂkbla—xj %5/%1 + EPkl +
L, ORjk 1 u(3p 0
7. = p.Feo P. _ peoll _ 2

and



dqp) | Olap|uy) b, b, duy 3 o (p|
T rr L b el Pl ot B L ol el

b 1 ORjkm | 3
s g i I By peell gt g (27)

- _P]lpkmb Ok 5 ox 2mn

Here we have defined the collisional exchange rates g® = Gc"” /2, g9t = GC"”b b /2, ol = C"”b /2
and h9! = Hj,ofllbjbkbl/z Then, Eqs.(20) and (21) can be inverted to yield:

- 1
ij = Zf[jlmblen (6nk] + 3bnbk]) ) (28)

1 1 2 5
ijl ]mnmenkl] 126[jmnbkbmbp|-npl] + §6[jmn6kpq6lrs]bmbprLnQS + ae[jmnbkbl] bmbpbql‘npq : (29)
Since Kjj, and Lji (22,23) are proportional to the inverse of the gyrofrequency, Q. = eB/m, these
equations are amenable to a perturbative expansion in the case of strong magnetization, thus yielding
explicit algebraic representations for P]k and ijl, and explicit evolution equations for PCGL and
QggL . The tensor Rjklm and the collisional terms are the closure variables that must be provided by

kinetic theory.

IIT The Fokker-Plank collision operator and its fluid moments.

The irreversible part of the plasma dynamics will be modeled with a Fokker-Plank operator for
binary Coulomb collisions in the kinetic equation (1). The Fokker-Plank collision operator will be kept
in its complete, quadratic form so that the analysis remains valid for far-from-Maxwellian distribution
functions. Introducing the species indices (a, 3) and adopting the Landau form'® in the rationalized

electromagnetic system of units being used throughout this work,

cte? e% InAng

Co(v,x,t) = — Z
B

where In A3 = In Ag, are the Coulomb logarithms,

falv,x,t) Ofs(w,x,1)  fa(w,x,1) dfa(v,x,1)
mg Owy, Ma vy,

FQB(V,X,t) s (30)

8mmg,

Fop(v,x,t) = 8% d3w Uj(v, W)[
j



and

v —w[® &r — (vj —w;)(vg — wg)
Ujr(v,w) = R . (32)
We shall assume a single ion species of unit charge, a, 3 € (¢, €), e, = —e. = e and take now o # 3.

Then, considering the fluid moments of the collision operator (7-9) and dropping the (x,¢) arguments,

we obtain after integrations by parts:

4 4 . ]
e o —4—lnAa5<%+—>//d3v BPw fo(v) fa(w )%, (33)
In Apa —wl|? 8 — 3(v; — w;)(vg —
Gt = o[ [ [y g g MO )
880 [y i guv) fatw) v J’fv(”w,s vt =)
A By & (v — wiy) (vg] — Ua k) A
s ot ) [ dte g St ST (349)
and
(V)5 — Ua i) | [V — WI* Sr — 3(vg — wie) (v — wy)
o= G e [ [y o o) o) v T w)]
In A, (v — Ua i) ||V = W|* Sk — (v — wi) (v — wy))
* nmaﬁ//d?’v d*w fa(v) fa(w) ’ d [ v il]wls ' . l]} .
1 (U'_w') (U _ua,)(v _uoe,)
- hl/\aﬁ(—aJr—)//dsv d*w falv) folw) { ”i’_W; ! ”] } (35)



IV Asymptotic expansions.

The general fluid moment equations given in the previous two Sections yield a workable fluid
description of the macroscopic plasma dynamics after an asymptotic expansion for strong magneti-
zation. The fundamental expansion parameter is the ratio 6 ~ p,/L between the ion Larmor radius
and the shortest characteristic length other than the gyroradii, typically a fluctuation perpendicu-
lar wavelength or a perpendicular gradient scale length. The ensuing macroscopic fluid theory will
therefore apply to phenomena where physical effects associated with length scales comparable to the
gyroradii (such as small scale turbulence) can be neglected and the ratio d can indeed be taken as much
smaller than unity. In addition, the relative orderings of the ratio m./m, between the electron and ion
masses and the ratio v, /€., between the ion collision and cyclotron frequencies must be specified. As
discussed in the Introduction, the present low-collisionality macroscopic analysis will adopt as basic
working hypotheses (me/mL)l/2 Sd<land vy, /Qq SO (me/mb)l/z. It will also be assumed that the
plasma is quasineutral with a single ion species of unit charge, n, = n, = n, that the ion and electron
pressures are comparable, p, ~ pe, and that the pressure anisotropies are arbitrary, (py|| — Pal) ~ Pa-
The ordering of the partial time derivatives will be linked to the macroscopic flow velocities of the ions
and electrons by 9/0t ~ u, /L and, in order to cover both the fast (sonic) and slow (diamagnetic drift)
motions, it will be assumed dv;p,, S u, ~ ue S vy, Finally, the requirement that the electromagnetic
force j x B be balanced by either pressure gradients or inertial forces with sonic or diamagnetic flows
yields j/(en) = u, — ue ~ dvgp,.

1/2

The ion and electron thermal velocities are defined here as vipo = [pa/(man)]*/ . For the collision

frequencies, the following definitions are adopted:

4 4 In A
v, = —046 ”2n3 “w (36)
ﬂ'vathL

Ve = cte*nln A, 7 (37)
4 2,,3
TMZV},,
4.4 In A

Vee = cennie (38)
4 2,,3
Ty,

Within the temperature ranges of interest for magnetic fusion, it can be taken In A, = In A¢,, hence

Vee = Ve. These natural definitions of the collision frequencies differ by numerical factors from the



inverse collision times 7, ! defined in Ref.2 and widely used in the literature: v, = 37'/27,1 and

ve = 3(m/2) 211,
In order to carry out the asymptotic expansion of the collisional moments, it is useful to introduce
the dimensionless velocity space coordinates & defined by
V =Uq + Vtpa € (39)

and the dimensionless distribution functions fa(ﬁ) defined by

n ~

fa(v) = fa(ua+vtha 6) = vg—fa(é)v (40)
tha

such that
/ Be fule) = 1, (41)
/ BE & fule) = 0, (42)
[ g6 qute) = pi Poji (43)

and
[ s fule) = L Qu (44)
PaVtha

In terms of the above variables, the collisional friction force (33) becomes

Feal — ot = Zele <1+—> / / d*¢ d*¢ f.(€) fe<c+ LTy ) & (45)

)
Vthe Vthe ENVthe <3

which is an expression suitable for the asymptotic expansion under our assumed orderings. By virtue
of these, Vi, /Vine ~ (me/m)"? S 6 and j/(envipe) ~ 6(me/m,)"/? S 6% so, for € = O(1), we can
Taylor expand:

fe<c+”““e+ : j) — ;(<:>+<”t“5k+ ! jk>8f€(‘3) b Y 1O | oy (4

2
Uthe . €NUthe Uthe enVihe OCk 203, 9O

10



Provided the distribution functions decay sufficiently fast at high energies, the integrals over the &
variable in (45) can now be carried out using (41-43). Using also the relationship ¢;/¢3 = —9(1/¢)/d¢;

to integrate by parts with respect to the ¢ variable, we obtain:

in i _ VeD 3 CJ
Pt = Rt = <1+—> [/d

1. [d3¢ B*L(¢) me o, [ Pfe(Q)

< KT 8G0G0¢

+ + 0] . 47
envge ) ¢ 0¢0Ck 2m,pe (59 (47)

For the magnetized plasmas under consideration, the distribution functions can be expanded as

fa€) = FOEE) + fE) + 06, (48)
where | = £;b; is the dimensionless parallel velocity coordinate, fo(éo) (€,¢)) = O(1) is independent of
the gyrophase, fél)(ﬁ) = 0(0,) and 64 ~ po/L ~ & (ma/m,)"/?. In addition, as a consequence of
Eqs.(20,22) and our low collisionality orderings, the ”perpendicular” part of the ion stress tensor is

P, k15 0p,. Therefore, within the retained accuracy of O(3?vepe /vine), we can write:

coll _ _ gncoll _ VeDPe Me 3 CII 3 Cj A(1)
FLJ - Fﬁ,] - Vthe <1+ ) /d fe C C +/d Cg e (C) +
1 dSC ane (C>C||) Me SCGL d3C 0 Ae(O)(CaCH) 3
P — O(5°)]| . 4
T o] T Togag, T ampe M ] ¢ Tagagag T O (49)

If the zeroth-order electron distribution function were isotropic (not necessarily Maxwellian), i.e.
féo) = fO (€), the first and last terms on the right hand side of Eq.(49) would vanish and the leading

order collisional friction force would reduce to

#(0)
FLC’(])-” _ _Féc;ll _ %l/ C gj (C) _47Tf€ (0) j]‘| _ O<56V6p6> ’ (50)

Uthe 3enVipe VUthe

which contains the results obtained in high-collisionality theories®!?:2°. However, in the low-collisionality
regime of interest here, nothing in principle prevents the distribution function from having a zeroth-

order anisotropic part, odd along the direction of the magnetic field, that would contribute to both

11



the first and last terms of (49). In this case, the leading order collisional friction force stems just from

the first term and is

(] (] Vepe C VePe
ot = —Et = ey [av &I06q) = 0( ) (51)

Vthe Vthe

the remaining terms giving corrections of order d.vepe/vVine S 62VePe /Vihe OF higher.

The higher-rank collisional moments can be expanded in a similar manner. For the second-rank

moments, keeping O(vepe) and O(v,p,), but neglecting O(devepe) ~ O(dv,p,) we get:

£ -3¢
63

1

5 lfe(“)(s, &) +

+ [d¢ FO®e+cl g +6) FOG G | + OGeren) (52)

and
1 & -3¢ : .
Gih = (3 — ay0) [ '€ =gt [ ¢ FO(6+¢l. €+ Q)0 G+ Oup). (53

For the electrons, keeping O(Vepevine), but neglecting O(Sevepevine), the term needed to evaluate

the collisional contribution to the third-rank stress-flux tensor is (23):

1
coll coll _
H e, jkl — men Fe{j Pe,k‘l} -

92 — €2 —6§1€ ¢ A
= Vepevine {b[jéku B [ [aedre SRR f0 (i el 4 G) AU G+

£ (3¢ - 267
+ [ae g QUG ZHD o, g + 2 = e L0, 5”)%

£ 566 +25¢ ¢ A
+ bibyby E [ [ aie SR f0 (el g) SO G +

£(3¢ - ¢ o7
+3/d3s”5—”)fe € ) + PP [ 8o g

} + O((Sel/epevthe)‘ (54)

12



For the ions, keeping O(v,p, v, ), but neglecting O(0v,p,v4p, ):

1

k= o P =
1 9ERC) — £2¢ —66€- ¢ R
= VDVt l§ b0k //d35 ¢ =L 5! ” fL(O)(\erCL 3 +C||) O ¢ +

E2 — BERC +25€- ¢ . .
+gbjbkbl//d3£ a3 22! 52 ” O (le+¢l, & +¢)FO, <||)] +O0(6vpvn,)- (55)

The perpendicular stress-flux tensors, Qa,jkl; will be evaluated in their lowest significant order,

O(daPaVina)- To obtain this accuracy, the collisional terms Hg‘fé-lkl - F ;O[ljl Pakiy/(man) of Eq.(23)

are needed only to O(VapaUina), as given by Egs.(54,55). However, these expressions give a null
contribution to Qmjkl when inserted in Eq.(29). Therefore, keeping only O(d4paving) and allowing
for the fastest flow velocities u, ~ wvsp,, the perpendicular stress-flux tensors have just the collision-
independent form?®:

1
00k = bbk)qar ) + €mnbrbm Tamp(Op — bpby), (56)

Qa,jkl = 2b;;bkGaB1y + 5

where gop1,; = Qa,jklbjbk /2 are the perpendicular fluxes of parallel heat given by

1 b PPy — Pl
as = Lbx [pﬂ<;n>+wl<+b>

eB m K+ QquLBH (b ' v)ub + mLQLTHb Xw,| + (NlLBJ_ ) (57)

1 p Pe|(Pe|| —Pery | -
geBl = — b x peLv el + el 1"l = )K' + geBl (58)
eB 2n n

GoaT i) = Qa,jkl(éjk — bjby)/2 are the perpendicular fluxes of perpendicular heat given by

1 2, ] N
ar. = —5bx [pLLV< pL) +4muqr)(b- Viu, | + Qry, (59)
eB n |
1 2pe -
qert = — —5bXx [pe¢v< P L) + Qerl (60)
eB n

13



and the second-rank tensors T, ;, are

1 Ou, [n bl (pLH - pLJ_) ab[n ad
TL n - T Yy : TL n; 9 61
P deB |9 Oz * n Oz P (61
e el T Fe db n T
Towp = — PeL(p | =P 1) [ (62)

Tenp -
4eBn Oz onp
Here, k = (b - V)b stands for the magnetic curvature and w, = V x u, for the ion vorticity. These

expressions include the closure terms

~ 1 -
dapL = —pbx [V +7Q)/5+ () =75 — 7AK] | (63)
1
QoarL = —5b % {V(ME&) - fgg)/5 + 7:&(2”} ; (64)
eaB
and ©
- T 81)[
Tonp = =24 65
P 2e.B 83:] (65)
where f&oj, (?‘) and 7*((1(2 are the zero-Larmor-radius components of the Fiadklm tensors that must be

provided by kinetic theory:

5(0)

~(0
Ra,jklm

= (2 ~(0)/5 ~(0)/10) 5[]k6lm} + 17&0& (5[jkblbm}/2 + (27;(0”) 2’/7((1) ’I”aA/2) b;brbiby, - (66)

These three scalars are moments of the difference between the actual zeroth-order distribution func-

tions, fo(?) (€, §|), and the two-temperature Maxwellians, fMa(f ; §|1)- Therefore, they are well suited

for a Landau-fluid closure approximation®%7. Specifically, they are:
2 ~ ~
) = [ -6 A6 &)~ fualés )] (67)
O - Ta b [ g 6t [f0(€ &) - fualés )] - (68)
10 = P [ @ - ) - &) [0 &) - fuale. )] (69)
with 3/2 52 2 2
; S S Y el A
Puel )= Cr) pap p[ 2 < Pl +pa>1 o

14



Unlike the perpendicular parts of the stress-flux tensors, whose ordering consistent with the gen-
eral hypotheses of the present work is uniquely determined as Qa,jkl = O(baPaVtha), the ordering of
the corresponding CGL parts, namely the parallel heat fluxes, requires further assumptions. The ion
analysis could proceed without additional difficulty assuming the maximal ordering QLC]C,*;lL = O(p,vn,)
but for the electrons, consistent with the general evolution equations (24-27), different orderings for
the parallel heat fluxes depend on more specific assumptions on the ordering of the collision frequency
and the ratio between parallel and perpendicular gradient scale lengths. For the sake of conciseness,
we shall carry on this work with the overall assumption ng,fl = O(pat), which will be possible to
make compatible with Eqgs.(24-27). While this amounts to little or no restriction on the ions, it could

sometimes be too restrictive for the electrons. In such cases the analysis would have to be extended

in a way that is specific to more precise ve and L /L ordering assumptions.

With the parallel heat flux orderings Qg(f,ﬁ = O(pala), the lowest significant order in the ion
perpendicular stress tensor is Isw-k = O(0p,u, /vsp,) which will be the maximum accuracy retained in
this work. To obtain this accuracy, the collisional term Gf?jl,i of Eq.(22) is needed only to O(v,p,), as
given by Eq.(53). Like in the case of the perpendicular stress-flux tensor, this expression gives a null
contribution to Isw-k when inserted in Eq.(28). Therefore, keeping O(0p,u,/vsp, ), the ion perpendicular

stress tensor is given by the following expression which does not depend explicitly on collisions, i.e.

the so called gyroviscous stress:

- 1
Pugi = 7 liimbt K <5nk] + 3bnbk]> (71)
with
m QPCGL o . ou (5]) u
Koyr  — T L,mn pCGL , CGL - pCGL 1,n] -0 e ) 7
Lmn eBl ot + Oxp o p + Qurzip + Quanmp | + Py dxp Vthe (72)

~

Following similar considerations, the electron perpendicular stress tensor turns out to be P j, =

O(8epetic/Vine) S O(83pe), which will always be negligible for our purposes.

Finally, (52,53) imply that the collisional heat exchange rates gi°! = Gg"élj /2 are g = O(6aVapa)
which will be negligible within the maximum accuracy, O(dvg,pa/L), to be retained in our mean

pressure evolution equations (24). In summary, the only collisional terms that will play a role in our
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low-collisionality fluid systems are the friction force and the scalars g5/, h<°!" and h%" of Eqs.(25-27).

V Two-fluid system for fast dynamics.

In this section, the results obtained so far will be further specialized to the fast dynamics ordering
/0t ~ ug/L ~ vy, /L. This will yield a two-fluid system for plasma evolution on the sonic time
scale with first-order FLR corrections. Here, no distinction will be made between parallel and per-

pendicular length scales (L ~ L ~ L) and the plasma "beta” will be taken as order unity (ps ~ B?).

In our single-ion quasineutral plasma we have always:

ne = n, = n, (73)
2—? b V() = 0, (74)
u = u, — 1, (75)

e L en-]?
j=VxB (76)

and
0B

e E=0.

En + Vx 0 (77)

All the other fluid equations will be expanded keeping the first FLR corrections of order § beyond the

lowest-order or zero-Larmor-radius terms.

The electric field is obtained from the electron momentum equation. Keeping O (v, B)+O(dvsp, B),

we get a generalized Ohm’s law of the form:

1
E:—uLxB+—<ij—V-PgGL>, (78)
en
where
PCel — v B.v)( Pt g 79
V- @ - Pal + ( ’ ) B2 : ( )
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The parallel component of the electric field begins in O(dvy,, B) and is available to the accuracy of
O(8vi, B) + O(82v4,, B):
1
b-E = — [—b VP + (Pe| —Per)b-V(B) + F;(,)“} , (80)
where the parallel friction force is needed only in its lowest significant order,
J Vep
Fcoll:_@/d?)_(ﬂ)7 _ of ¥ePe) 81
el o 3 & fe(€:€) o (81)
Here it is worth pointing out that in the general case of three-dimensional geometry, anisotropic pres-
sures and independent dynamical evolution of pressures and density, the term —V - PECGL /(en) cannot
be represented as the gradient of a global scalar and yields a non-vanishing contribution to the paral-
lel electric field, hence it is the largest term to break the magnetic frozen-in law and allow magnetic

reconnection.

The ion flow velocity is obtained from the sum of the ion and electron momentum equations.

Keeping O(m,nv3,, /L) + O(6m,nvk, /L), we get:

m,n

%—F(UL.V)UL] +V-<PeCGL+PLCGL—H5L> —JjxB =0. (82)

Here, the ion perpendicular stress tensor is needed in its lowest significant order, Isbjjk = O(dp,).
Keeping this accuracy and using the fast dynamics ordering in Eqs.(71,72), we get the fast dynamics

gyroviscous tensor:

- 1
Puge = 3 imbi K (a4 3babiy) (83)
with
1 8ub,n} 8(QLTan]) 6UL,n] .

The divergence of this gyroviscous stress tensor, in coordinate-free vector form for general magnetic

geometry and general flows, is given in Ref.21.

The remaining equations in the two-fluid system are the evolution equations for the CGL vari-

ables, obtained by expanding (24-27). Keeping O(p,v¢n, /L) + O(0p,vn, /L), the ion pressure equations
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become:

3| dp,
9 8]; +V-(puw)| + pV-u + (pL” _pLJ_){b' [(bV)uL] —V‘U.L/?)} + V- (QLHb) +
+P,:(Vu) + V-q L =0 (85)
and
1| 9py|
515 TV gu)| + pyb- [(b-V)uL] + V- (apb) + qnb-V(n B) +
+b-P,-(bxw) + V-qpL — b-Q:(Vb) — g% = 0. (86)

The first four terms of each of these equations constitute the classic CGL collisionless, zero-Larmor-

8,23

radius result??. The first-order, collision-independent FLR corrections®?3 are represented by the terms

involving the perpendicular stress tensor P, as given by (83,84) and the perpendicular stress-flux tensor

Q, as given by (56,57,59,61,63-65). Accordingly,
P,:(Vu) = b-P,- [2(b -V)u, + b x wL] + 470, (87)
where the vector b - IE’L is
b-P, = % b x [sz”(b V)u, +p1b x w, + Var + 2(q,) — qLT”)m] (88)

and the scalar o, is

o = M . <8bk N abm)(émn—bmbn)@u“l +%> , (89)

L
4eB €Ik oxym  Oxyg oz, oxy

the total perpendicular heat flux vector is q,; = q,p1 + q.71, with q,5; and q,71 as given by (57)
and (59), and

~

b-Q,:(Vb) = 2q,1 Kk — qr|0. - (90)

As discussed before, the collisional contributions to the perpendicular viscosity and the perpendicular
heat fluxes, as well as the collisional heat exchange term in (85), are negligible within our orderings

and the only collisional term that needs to be retained here is g°¥! in (86). Sometimes it is useful
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to consider the linear combination between (85) and (86) that gives the evolution of the ion pressure

anisotropy:

8(pLH - pLJ_)

5 + V- {(pL” —pLL)ub] + (py —pLL){b- [(b . V)u& +V. uL/3} +

+p{3b- [(b-V)u| -V -w} + V- [Bap —a)b] + 3¢rb-V(n B) +

+3b-P,-(bxw,) — P, :(Vu) + V-(3qpL —q.) — 3b-Q,: (Vb) — 3¢°4 = 0. (91)

Given our low-collisionality ordering v, S §2€Q,, ~ dvy,, /L, the collisional term gf%” is needed only

in its lowest significant order, as derived from (53):

¢ — 3¢¢ R .
95 = v /d3£ Tg,”/dsC fL(O)(fﬁvLC\a &) +Cu)fb(0)(47 ¢) = O(up.) - (92)

The angular dependence of the (£2 — 3¢2) factor is the | = 2,m = 0 spherical harmonic. Hence,
Il

coll

the ¢g’3" moment samples the anisotropic and even along the direction of the magnetic field part of

the distribution function, which also yields the pressure anisotropy. We may then use the estimate
coll

95" ~ vi(py — L) S(py — poL)ven /L (with a negative multiplier of order unity). The zero-Larmor-

radius part of (91) contains the following piece independent of the pressure anisotropy,
D, = PL{3b' {(b ’ V)UL} -V uL} + V- |:(SQLBI| - QL||)b:| + 3(:ILTHb ’ V(ll’l B) ) (93)

which in the present sonic flow ordering and with the exception of some special configurations such as
certain quasi-equilibria with closed magnetic surfaces is D, ~ p,v4p,, /L. Therefore, collisions cannot in
general force (pL” —p,1) to be much smaller than p, and, in order to balance D,, our strong anisotropy
ordering (pL” —p,1) ~ p, must be retained. The same argument holds for the electrons in the sonic flow

ordering, where a similarly defined D, is D, ~ pevy, /L and gégit ~ Ve(De|| = Pel) S (Pe|| = PeLl)Vini/ L .

The electron pressure equations are similar to the ion ones, only lacking a number of terms which

are negligible due to the small electron mass. Keeping O(pevin, /L) + O(dpevin, /L), we get:
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3 [pe

S| FEV (pewe) | + eV ue + (pe—pes) {b- [(b-V)ue] = Voue/3} + V-(qb+aer) = 0 (94)
and

1[p. co

3 8t”+V-(peHue) —i—peHb-[(b-V)ue}—i—V-(qu”b%—quL)+qu||b-V(ln B)—2qep. -k—g°% =0 (95)

or, alternatively,

a(peH - peJ_)

pr + V- {(Pen _peJ_)ue} + (pe| —pel){b' [(b : V)ue] +V- ue/3} +

+pe{3b- [(b-V)u| =V u} + V- |Bap) —g)b] + 3ayb- V(n B) +

+V-(BdeBl —det) — 69epl K — 3gc"” =0. (96)

Here, the total electron perpendicular heat flux vector is qe¢ 1 = qeB1 + Qer1, With qep and qep) as

coll

given by (58) and (60) and the collisional term g¢%' is as derived from (52):

f
geg! = Vepe/d3 -l [f(o & &) +/d3 f(o) \€+C! &l +C||)f (¢, C||)1 ~ Ve(pe|| — Per)-(97)

Considering the parallel heat flux evolution equations for the ions and keeping the accuracy of

O(pbv?hL/L) + O(évath/L), we get:

% + V- (qu)+q)V-u, + qLB“{3b' [(b . V)ub} _v. ub}—i-

—|—Mb v <3pL| + 2pLJ_> _ pLJ_(pLH - pLJ_)

o b V(ln B)+—[b Vi) — ) = 7)) v(n B)|+

m, m,n m, ll I

1 ~ 3 L +2 L 2 | — Mo L -2 L a L 1 -
+—b-PL-lV<p| PL)_ (py pL)n]Jr(w)PL:(Vb)Jr(pL)V-(—b-PL>+
m, 2n n m,n m, n

: s (3p +2
taL - (bxw)+ b-Q: (Vu,)+ > +( Pl 20 ‘l>ij”— Bl = 0 (98)

2m,n



and

3p, D,
+ V- (gpjw) + 3q.pb- [(b-V)uL] + Py V(#') +

2m

99,8
ot

1
+ —[b- V() —2i) /5 — 273 /5) — (7)) = 7Y — F )b V(n B)| +

m,

(1)

5.B 3pLH coll coll __
+ 3QLBJ_'(b><wL) + 2L—TTLL + mFL” — hLB = 0. (99)

= L 2L
40 b-PL-lV<p—>—%n

2m, n

In the collision-independent parts of these FLR parallel heat flux equations®, two additional scalars

involving the perpendicular stress and stress-flux tensors are

P,: (Vb) = b- ISL K — D10, (100)
and
A 1 L L] T P ~
b-Q,: (Vu,) = 2q,5] - [Q(b -V)u, + b x wL} + p— lw + 27’52) o, . (101)
Also, two FLR closure terms appear in (98-99):
(1)
OR,
~(1) — b L,gkll 102
S, J 8$k ( 0 )
and (1)
OR, ;
S = bibiby égjklm , (103)

where Iif}j)klm = O(6m2nv?,,) is the first-order, FLR part of the R, ja, tensor defined in (18). These

are the only closure terms in our analysis that require knowledge of the first-order part of the ion
distribution function, ﬁ(l)(E) = O(6), and are therefore the most difficult to evaluate. If these two
terms could be neglected, then all the required closure terms, including the collisional ones, could be
obtained from the lowest-order distribution functions féo) (€,€) = O(1) obeying zero-Larmor-radius

drift-kinetic equations.

21



Again, as a consequence of our low-collisionality ordering v, 5 62, ~ dvy,, /L, the collisional
terms in (98-99) are needed only in their lowest significant order, [hf”” — (3py + 2pr)FLC”"” (Zan)] ~
[hf]"g” — 3pL||FC°” (2mbn)} ~ VLvathL§5vath/L, as derived from (55):

ull

3p, + 2p, 2 —-3¢€-¢C . R
thll - <M>Ff0ll = VLpLUthL//d3£ d3c gC||§—3§”£C fL(0)<|€+C|’ 5“ +C||) fL(O)(<7 C||)
(104)
and

3p, &2 — 3¢5¢) - .
eyl — ﬂFﬁfu = gVLpL'UthL//d3£ d*¢ M fb(o)(|€+C!7 ql +CH) O ¢y . (105)

2m,n §

Finally, in the parallel heat flux evolution equations for the electrons, the leading terms are
O(pev?,,/L). Therefore, the maximum accuracy that can consistently be kept there is O(p.v3,, /L) +
O((Spevfhe /L). Neglecting higher-order terms under our ordering scheme, those equations yield the

following time-independent constraints that do not involve explicitly the parallel heat fluxes:

<3Pe|| + 2peL) _ PeL(Pe| — PeL)

Pely, . v ;
n

Me

1 ~(0) _ (+(0) _ ~(0)
o b VBt b vil) — i) -7 D)b - v(nB)|+

2men el

3Pe| + 2pe
N (M) Feoll _ peall — (106)

3 e (& 1 ~ ~ ~ ~ ~ ~
p_b.v(ﬂ> b L o v 255 2 s) - 60— 10 U v B)] +

3Pe
4 el peott - peall _ (107)

omen” ©l
Accordingly, the electron parallel heat fluxes are determined implicitly by the condition that the
solutions of the dynamical electron pressure evolution equations (94,95) be compatible with these
time-independent constraints. The latter, whose collisionless limit was obtained in Ref.24 using the
gyrofluid formalism and in Ref.8 using the present fluid moment formalism, provide an improvement

over the adiabatic electron response model. The collisional terms that need be retained in this case
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are [hgol’ — (3pe| +2peL) F, C” (2men )} ~ [ g%l —3pe||Fc“"l /(2men)} ~ VePeUthe S Opevh,, /L, as derived
from (54):

3De|| + 2Pe 20 - 3¢E-¢ . A
he't — <M>F;f”=uepevthe [ / / ¢ d%¢ “'5—35”“ O (le+¢l g +¢) 1O ) -

2men

1 ﬁ £(0) 3peH + 2pe 1.
s [ 60 ) + (PLIEE) [oe L 0 &) (108)

and

co 3p€ co 5 C” 5 C”
L Fen”‘”ep@”th{ | [ a g—” (e +l g+ ) KOG+

£6 - 2 :
3 [ee Il j0e g) + 2 [we 3 o 5)] (109)

Summarizing, our fast dynamics FLR two-fluid system comprises the continuity equation (74)
to evolve the particle density, the constitutive relation (75) for the electron flow velocity, Ampere’s
and Faraday’s laws (76,77) for the current and the magnetic field, the generalized Ohm’s law (78,80)
for the electric field, the momentum equation (82) for the ion flow velocity, the evolution equations
(85,86,94,95) for the anisotropic ion and electron pressures, the evolution equations (98,99) for the
ion parallel heat fluxes and the implicit constraints (106,107) for the electron parallel heat fluxes.
Explicit representations are given for the ”perpendicular” parts of the stress and stress-flux tensors
involved in this system. The unspecified closure variables that must be provided by kinetic theory
are the irreducible fourth rank moments féoi, f((XOH)’ 7:527 551) and S(B) (67,68,69,102,103), and the
collisional moments F5f!', g, he?! and hoh (81,92,97,104,105,108,109). Of these, only 5" and 5}/
require knowledge of the FLR part of any distribution function, all the others being derived from the
lowest-order distribution functions fu(yo) (€,€) obeying zero-Larmor-radius drift-kinetic equations. The

problematic terms 551) and 55}3)

contribute only to the FLR corrections to the ion parallel heat fluxes
which in turn only enter the theory either acted upon by parallel gradient operators or multiplied

by magnetic gradient factors. A plausible truncation scheme would therefore be to neglect s( ) and
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(1)

5,p (or even perhaps all the first-order terms including the diamagnetic and collisional ones) in the
ion parallel heat flux equations (98,99). This results in a very inclusive and ”almost fully consistent”
FLR fluid-kinetic hybrid model, whose kinetic side is required to provide only zero-Larmor-radius

drift-kinetic solutions to evaluate the remaining fluid closure variables.

VI Reduced two-fluid system for slow dynamics.

A widely used ordering for slow dynamics on the diamagnetic drift scale is 9/0t ~ uq/L ~ dv, /L,
meaning that the flow velocities and time derivatives are taken to be comparable to the diamagnetic
drift velocities and frequencies respectively. There is a difficulty specific to this ordering which has to
do with the fact that, to obtain the parallel flow velocities in their leading order, u, = O(dvp, ), the
parallel components of V - PgGL in the momentum equations must be known to second order accu-
racy: b - (V-P{CL) = O(8*manv},, /L). The fluid equations cannot provide second-order-accurate
CGL pressures, PSGL = O(manvd,,) + O(6*manv},,), since this would require knowing the paral-
lel velocities and the heat fluxes to third order accuracy, namely wu, = O(dvin,) + O(83vsp,,) and
o = O(évtmmanvfha) + O(égvtmmanvfha). One way of avoiding this difficulty is to assume the
small-parallel-gradient subsidiary ordering b-V ~ §2/L which allows a lowest-significant-order formu-
lation where the parallel velocities decouple from the perpendicular dynamics and only lowest-order

pressures, PSSY = O(monv?,,), are needed.

The adoption of small-parallel-gradient orderings leads naturally to the so-called "reduced sys-
tems” characterized by separate parallel and perpendicular length scales with a subsidiary expansion
parameter € ~ L /Ly ~ k) /k. < 1 besides § ~ p,/L| < 1, weakly inhomogeneous magnetic fields
such that VB ~ B/L) and elimination of the fast magnetosonic (compressional Alfven) wave? 17,
This approach will be followed here and, based on our general fluid equations, we shall derive the
corresponding slow dynamics reduced system, taking € ~ 62 as in the prototypical reduced system for

dynamics on the diamagnetic drift scale!3. Specifically we shall assume a slow dynamics ordering with

diamagnetic drift scale particle and heat flows:
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D)0t ~uq /L) ~ 5*Qy, (110)
Ug|| ~ Ual ~ OUgp, (111)
do| ~ dal ™~ UaPa ™~ OVthiPa (112)

and a small-parallel-gradient ordering in a toroidal background geometry with inverse aspect ratio e

of the order of 62 and weakly inhomogeneous, mainly toroidal magnetic field:

e~ (R—Rg)/Ro~Li/Lj~&*, (113)
kj~b-Vr~ecV~1/Ry~ ek, (114)
B = Boe; + By , (115)

B, ~ €By , (116)

where Ry and By are constants and e is the azimuthal unit vector of the (R, ¢, Z) cylindrical coordinate
system. In addition, the plasma "beta” will be taken as O(e) and the ion and electron pressures will

be assumed to be comparable with arbitrary anisotropies:

P~ DPe~ (P — i) ~ (De| — Per) ~ €BG . (117)

From the above orderings and its divergence-free condition, it follows that the magnetic field can

be represented as
B = (B(] + BlC) e — e X Vi + 0(62B0) (118)
and, from Ampere’s law, the current density is:

B
j = R—O ez — € XVBK — Vi?ﬁ e + 0(62B0/LL)7 (119)
0

where we have adopted the notation V2 f =V, - (V_f), with V f = (0f/OR)er + (0f/0Z)ez and
Vi-h=0(eg-h)/OR+ d(ez -h)/dZ.
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Bringing the magnetic field representation (118) along with the orderings (110,111,113,114) to

Faraday’s law, we obtain for the electric field
E = —-V,® + O(edvy, Bo) (120)

where ® = O(dvy, BoL, ) is the electric potential. The parallel component of the electric field begins
in O(edvep, By) and is
oY

b-E = _E — VH@ + 0(62(5’UthLB()), (121)

where we use the notation V| f = Ry'0f/0¢C — By, f] and [g, f] = Of /OR dg/0Z — 8g/OR Of |OZ.
Then, keeping the leading order accuracy of O(edvy, By), the parallel component of the electron

momentum equation or generalized Ohm’s law yields:

o 1 L eou
Bt + VHCI) — %V” De| + on FgHO =0, (122)

where the collisional friction force needs to be kept only in its lowest-order form given by Eq.(81).

The sum of the ion and electron momentum equations yields a time-independent quasi-equilibrium

condition in its leading order, O(po/L1) = O(eB3/L_):
V(pLL + Pel + B2/2) —- B’k = O<€2B(2)/LJ-) : (123>

Moreover, for our weakly inhomogeneous magnetic field in large-aspect-ratio toroidal geometry, we

have
B2 _
Bk =~ D op 4 0@B/LY) = - B v(R RO) T+ OE@BYL) . (12
0
Therefore, Eq.(123) can be integrated to obtain
R—-R 1
Bic = —By %) — = (L +per) + O(*By) . (125)
Ry By

This time-independent relation for the toroidal component of the magnetic field removes the fast
magnetosonic wave from the system. The first term of this formula takes into account the R~ =
Ry'[1 — (R — Ry)/Ro] + O(?Ry ") spatial dependence of the vacuum field that was not included in
the constant By term of (118) and the cross product of e with its gradient cancels the first term in

the expression (119) for the current density which becomes:

) 1
J = poecx Vi tpe) — Viver + OE@B}/L) (126)
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or, recalling that the magnetic unit vector is b = e; + O(e),

. 1
j = g bx Vi tpa) - Vieb + OC@B/LL). (127)

Taking the cross product of the ion momentum equation with the magnetic unit vector, we obtain

the expression for the ion flow velocity:
1 1
u, = U b + B—o bx|Vd+ vau_ + O(E(svtm) (128)

and, from the ion velocity and the current:

1

1 1 1
U =u, — —j = <UL|| + —ViTﬂ) b+ — bx (V‘I) — _vPeL> + O(E(Svt}u) . (129)
en en By en

Accordingly, the divergence of the particle fluxes is
V-(nu) = V-(nu,) = By [®,n] + O(ednvg, /L) . (130)

Thus, introducing the fluid time derivative associated with an advection by the leading-order form of
the E x B drift, d'f/dt = 0f /0t + B, 1®, f], the lowest-significant-order continuity equation can be

written as:
d'n

— =0. 131
o (131)

To complete the slow dynamics reduced system, there remains to obtain the evolution equations
for the ion and electron parallel and perpendicular pressures, the ion parallel velocity and the electric
potential. These will be derived from the evolution equations for the CGL stress tensors (24,25), the
parallel component of the total (sum of ion and electron) momentum equation (11) and the vorticity
equation obtained by taking the parallel component of the curl of the total momentum equation. In
their lowest significant orders, these equations require knowledge of the ion and electron perpendicular
heat fluxes and the ion gyroviscosity. The parallel heat fluxes are either acted upon by parallel gradient

operators or multiplied by magnetic gradient factors and do not contribute to this leading-order system
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as a consequence of the assumptions (110-116). Bringing these orderings to Eqs.(57-60) and keeping

only the required accuracy of O(dpyvsr,), the ion and electron perpendicular heat fluxes become:

_ PaL Pa| 1 NON()
QaBL = 26aBbe(n) - 5€aBbXV(TaJ_+TaA) (132)
and
_ 2pal Pal 1 _(0) _ ~(0)
QaTl = e B be( - ) + 5e.B b x V47, =T A) - (133)
Therefore, keeping only O(dpavin, /L1 ), we get:
v = — L aLpay/nl (134)
QaBl = QQaBO paJ_apaH n
and
2pod_
Qorl = — wl,l/n] . 135
V- dari e Do [PaL,1/n] (135)

Similarly, using (110-116) and keeping the required accuracy of Isb,jk = O(6%p,), the ion gyroviscous

stress tensor (71,72) becomes:

N 1
Prji = 7 cltmbt Kb (8 + 3babyy) (136)
with
ou (.7 bn) D —PuL on 0 oQ
(2 — ﬁ ] I||9n] ull A DL L,mnp
Kimn eB [Pu_ o[y, + Oy, + en?B bim 0z, Oxg €pan] Oz, ’ (137)

The divergence of this tensor can be evaluated following the analysis of Ref.21. Making use of the

present orderings (110-116) and keeping only O(6%p,/L), it reduces to

m m
LpLLv'uL_i_ L

m,
VP, = [(bx Vpou) - V]u, — ¥ x K 2By 1eBy

_ ) _ T
eB() V qLTJ_>b‘| VXL, (138)

where the last term, V!, can be ignored since its contribution to b-(V-P,) and b - [V x (V- P,)]
will be negligible. Substituting for V - u, from (128) and for V - q,7; from (135), always keeping only

O(8%p, /L), we get:
. m
P = . — f
VP, ey [(bx Vp.1) v]uL \o (139)

(0)

Notice that, like in the case of the parallel heat fluxes, the contributions of the closure variables fa” ,

Féoi and Fgg to the divergences of the heat flux vectors and to the ion gyroviscous force are one order
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in € higher than the leading terms to be retained in the pressure evolution equations, the parallel
momentum equation and the vorticity equation. As the result, the final reduced two-fluid system will

be closed except for the collisional terms.

Considering the pressure evolution equations (24,25), their leading terms under the assumptions

110-116) are O(ém,nv3, /L1). Keeping this lowest-significant-order accuracy, we get
the

1|9p
B 8?“ + V-(pa”ua) 4+ V- -QapL — gg&l;l =0 (140)
and
0
Dol V' (pasta) + DoV U + Vequrs + g% = 0, (141)

ot
where the collisional exchange terms gg‘}él are needed only in their lowest-order form given by Eqgs.(92)
and (97). Using now our expressions (128,129,134,135) for the particle and heat flows, the pressure

equations reduce to

1 dlpaH coll
- — =0 142
2 dt 9aB ( )
and
d,paJ_ Pa| = PalL coll
=0. 143
dt + 3eqBon? mpai] + ok (143)

In its leading order, 0(52mbnvt2m /L), the parallel component of the total momentum equation
yields

Ouy| B
m,mn T +u, - VU’LH + b- V(pL” -l-peH) +b-(V-P) =0 (144)

and, substituting for u, (128) and V - P, (139), we obtain within this accuracy

d’uL”
dt

1
v 4 =0. 14
mn I (pL” peH) 0 ( 5)

Finally, we consider the vorticity equation that will determine the evolution of the electric potential.

In its leading order, 0(52mmvt2m /L?), the parallel component of the curl of the total momentum
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equation yields

mm<%+w-V) b (V) + V(tnn) - (u, x b)) +

+ m,V - {n (V-uL) u, X b} + %(V?’L X b) V(ULQ—ULQH) +

+ b [Vx (V-P)] + (5xb)- V(o +pL+pe +per) — Bob-V(b-j) = 0.  (146)

Substituting for u, (128), V- P, (139), & (124) and j (127), introducing the auxiliary variable

B 1 1
W = 70 b-[Vx(nu)| = Byb:-(Vxu,) + ﬁan-<vL¢+JvLM> + O(edBovn, /L 1) (147)

and keeping only the leading order accuracy of O(6%v% /L?%) after division by m,n we obtain

d'W 1 1
— P|? —— [V.®;V.ip,
G T apgn IVEOLnl + cp o Vi Vipa] +
By Bg 9
R ) ol + Pe 20 -0, 148
Rt [R, (py| +PuL + De| +Per)] + o V) (V1y) (148)

where we have used the notation [V ¢;V, f] = [09/0R,0f/OR]| + [0g/0Z,0f/0Z]. The relationship
between the generalized parallel vorticity W and the electric potential ® in their leading orders, follows

from the definition (147) and the expression (128) for the ion flow velocity:

1 1
V, -(nV,®) = W — — V2 . 14
" 1 (n € ) on 1Pl ( 9)

In summary, our diamagnetic-drift-scale reduced two-fluid analysis yields a coupled dynamical sys-
tem for the seven scalar fields 9, n, py||, par and ®. The evolution equations for these variables are
the parallel Ohm’s law (122), the continuity equation (131), the parallel and perpendicular pressure
equations for each species (142,143) and the vorticity equation (148) along with the time-independent
elliptic equation (149) for ® in terms on n, p,; and the auxiliary variable W. All these equations are
in their lowest significant order and all the terms in each of them are comparable under our order-

ing assumptions (110-116). The ion and electron flow velocities can be determined once this primary
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seven-field system has been solved, by integrating the decoupled parallel momentum equation (145) for
u,|, relating the parallel current to the perpendicular Laplacian of ¢ and recalling Eqs.(128,129) which
specify the perpendicular components of the flows as sums of E x B plus diamagnetic drifts. Unlike
the fast dynamics system in general magnetic geometry considered in Section V, this slow dynamics
system for small-parallel-gradient and large-aspect-ratio geometry with weak magnetic inhomogeneity
admits a consistent isotropic-pressure limit, provided the collisional terms gffél can be justified to

vanish with isotropic pressures. The corresponding five-field model follows by setting p,| = pa. and

coll __
gop = 0.

It should be emphasized that, in deriving the present reduced two-fluid system, no special as-
sumptions have been made on the density or temperature gradients or the amplitude of the density or
temperature fluctuations. Rather, the maximal orderings V (Inn) ~ V1 (Inp,) ~ Vi(Inpay) ~ Lt
have been implied and no distinction between equilibrium and fluctuating parts has ever been made.
This represents a significant improvement over previous reduced systems for diamagnetic-drift-scale

13=17 and our approach shows without ambiguity the proper way of including the diamag-

dynamics
netic effects for arbitrary density and anisotropic temperatures, a subject on which there is no general
agreement in the literature. In particular, noting that the first two terms of the parallel Ohm’s law
(122) can be rewritten as 9y/0t+ V| ® = d'+p/dt + Ry 10®/9¢, we see that all the dynamical fields (¢,
n, Do Pal, W and uL”) evolve with the d'/dt derivative, i.e. they are advected by the leading-order
E x B drift. This is the manifestation of the ”diamagnetic cancellations” which are prominent in the
case of weakly inhomogeneous magnetic field and small parallel gradients under consideration here.
(These cancellations are only partial and not very useful in practice for general magnetic geometries
and parallel gradients such as in the case considered in Section V.) Notice also the density dependence
in the elliptic operator acting on ® in Eq.(149) and the novel [|[V_ ®|2,n] term (a cubic nonlinearity) in
the vorticity equation (148). The main physical effects missing in this seven-field reduced system are
those associated with the parallel dynamics. They are ”ordered out” by the assumptions (110-116),
which make all the terms involving parallel particle or heat flows negligible and allow the leading-order,
seven-field system to be closed except for the collisional terms. The assumption on the electron parallel

heat flux is probably the most restrictive one. The ordering ¢ ~ §2 is also restrictive, although it is
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standard in the diamagnetic-drift-scale fluid approach!® and may be difficult to relax whithout having
to abandon the fluid framework and being forced to carry out a kinetic evaluation of the CGL pressures
in a consistent slow dynamics analysis. In any case, while other orderings might be devised to bring
parallel physics terms into the reduced system, the perpendicular physics especially the diamagnetic

effects associated with general density and temperature gradients should remain in the form given here.
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