investigate the small amplitude waves which propagate through a
spatially uniform MHD plasma. start by combining the ideal MHD eqgs
to form a closed set of egs:

dp
a7 +pV-V=0

%I?Jer(VxB):O

d (P \ _
dit (p’y) =0

Next, we linearized these equations (assuming, for the sake of

simplicity, that the equilibrium flow velocity and equilibrium plasma
current are both zero) to give

dp

VXBXBO — 0
HQ o

Po %¥ Vp —

~B L ¥ x (VxBg) =0

i(ﬁ_ﬁ)zo
dt \Pg PO

the subscript 0 denotes an equilibrium quantity. Perturbed quantities
are written without subscripts. Of course, po. Po. and B are

constants in a spatially uniform plasma.
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search for wave-like solutions in which perturbed quantities vary like
Sk r—wt)

—wp + pok -V =10

(kxB)xBg _ 0
Al

—wpoV + kp —

wB+k x (VxBg) =0

(P Py
w(po po)—O

Assuming that w # 0, the above equations yield

k-V

p= Py

Do wp
wp = y—(wp) = vpo— = vpo(k -V
o0 0% ok-V)

W W

Substitution of these expressions into the linearized equation of

motion gives
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—wpgV =

—Av = PO (v k—
PO

w

2

= —TP0"w

_kp

TPO o

(k-Bg)?

HOPO
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~ Bgx(kxB)

k-V
k-V

0
<. (Bo'k)B—(By-B)k
HQ)
k- (KBo) (kV)By—(kB)V _ kg . (kV)By—(k-By)V
10 W 10 w
k-By)2. (k-B B, B K B
(k-Bp)7y,. | o)(k,V)BO_( 0 0)(k,v)k+( 0) B, V)k
HOPO HOPO HOPO HOPO
' B3 k-Bg)_ k-By)(V-B
o . B0 ) ! o)BO (k,v)_( 0)(V-Bo),
\ Po HoPO HoPy HOPO




in (x,y, z) coordinate system, assume
By = Bz
k = kng + kzZ

0 be the angle subtended between B(y and k

So
ky = ksinf,
k, = kcosb
Define
By
Alfven Speed VA = m
sound speed Vg = %

The equation of motion can be rewritten as

w? = K2V cos 92} V = [(vg +V Ik — kZVElz} (ke VitkzVa)—kz V2V 3k
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Its © component is

wz—kz‘/i cos? 0 Vo
= (V2 + V) ka (ke Vi + k2 Vz) — k2 VeV i kg
= (V2 + V) (k2Va + kgks V) — kak VAV

— k2V§ sin? OV + k2v§ sin 6 cos 0V + kQVi sin? OV
Its y component Is
{wz — kQVZl cos? 0} Vy =20
Its 2 component Is

w2 — kZVEl cos? 9} Vs
= (V3 + VD kz(ka Vi + k2Vz) — ke VE(kaVi + k2 Vz) — k2 Va2V 3k
= (V2 + V) (kk:Vi + k2Vz) — VA (kakz Ve + k2Vz) — k2 VaVike
= kakoVEVi + bk ViVe + k2VEVz + k2VIV: — kh:VRVe — K2VAV: — K2V3V,

= k2V§ sin 6 cos OV + k2V§ COS (92‘/2 — kQVi cos2 oV, — szj cos2 A
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Thus the equation of motion reduces to the eigenvalue problem

The solubility condition is that the determinant of the square matrix is

ZErO.

wz — kQVZl — kQVSZ sin2 v

0
—kzvg sin 6 cos 6

0
w2 — szZI COSQ v
0

This yields the dispersion relation

—kQVg sin & cos 6
0
w2 — szg COS2 0

(w2 — kQVi cos? 0) {w4 — wzkz(vg + Vi) + kQVng cos? 0} =0

There are three independent roots of the above dispersion relation

corresponding to the three different types of wave that can propagate

through an MHD plasma.
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The first, and most obvious, root is
w = kV g cosb
which has the associated eigenvector (0, V4, 0)

This root is characterized by both k-V =0 and v- By = 0.

It immediately follows that there is zero perturbation of the plasma
density or pressure associated with this root

In fact, this root can easily be identified as the shear-Alfven wave,

which only involves plasma motion perpendicular to the magnetic field.
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The remaining two roots of the dispersion relation (721) are written

w=kV+

and
w=kV—

1| 2 2 2 2\2 22 9 1/2
Vj:—{§ [VA+VSi\/(VA+VS) —4VAVSCOS 9]}

Note that Vi > V_.

The first root V. : termed as the fast magnetosonic wave, or fast

wave
the second root V_ : called the slow magnetosonic wave, or slow wave
The eigenvectors for these waves are (Vi,0,Vy) and thus
k-V#0,V-By#0

these waves are associated with non-zero perturbations in the plasma
density and pressure, and also involve plasma motion parallel, as well

as perpendicular, to the magnetic field.
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In order to better understand the nature of the fast and slow waves,
let us consider the cold-plasma limit,

which is obtained by letting the sound speed Vg tend to zero.

In this limit, the slow wave ceases to exist (in fact, its phase velocity

tends to zero)
whereas the dispersion relation for the fast wave reduces to

w:/{iVA

This can be identified as the dispersion relation for the

compressional-Alfven wave
Thus, we can identify the fast wave as the compressional-Alfven wave

modified by a non-zero plasma pressure.
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In the limit V4 > Vg, which is appropriate to low-( plasmas

_ 2pgp  p2upp
b=—g =72 ™
p B

B2

y
(—2)2 <« 1
V4

the dispersion relation for the slow wave reduces to

W = kVS cos 60

This is actually the dispersion relation of a sound wave propagating

along magnetic field-lines. Thus, in low-3 plasmas the slow wave is a

sound wave modified by the presence of the magnetic field.

JVE+V22 —avivZeos?o = (V3+vd)
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B 4‘/31\/52 cos2 6

VR

2v,2 2
AV 4V 4 cos< 6
2 2 1*"A"S

A~ v _|_V 1 — =
(A S)( 2 (VEPLVSQ)Q

QVEVg COS2 v

2, 7/2

= (V+V2) -

9 2V§ 0082 0

~ (Vi + Vg) - 2V§ cos? 0
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The distinction between the fast and slow waves can be further
understood by comparing the signs of the wave induced fluctuations in
the plasma and magnetic pressures:

By-B (k-V)B2— (k-Bg)(Bg-V)

10 How
From the z component of linearized equation of motion

wpgVz = kpcost

Combining and thus obtaining

2 9
BpoB _ By p By g2 9

Ho . O TPy Fopo 2 08 0P

00 BE k2 o
= (mgpg 700 ~ Tigpg .2 <08~ 0

2
V 2
— (v—fg — Vj% cos? 0)p

_ V_El - szg cos? 6

Vg( 2 )p
Hence
B)-B .
p and —~—— have the same sign if V' > Vo cosf
1 S

and the opposite sign if V' < Vg cosf

V= % is the phase velocity.
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It is straightforward to show that V. > Vg cosf and V_ < Vg cost

[kQ(vj +VE) £ \/ KAVE +V2)2 — 464V 3V cos? 6

s R N S P, RN 21,2 2
_§(VA+VS)i§\/(VA+VS) —4V3VZ cos2 9

—|—<w
|

% 2, 1 2 212 27,2 . 9D
VA+VS)+7\/(VA+VS> —4VAVSCOS 0
% 2, 1 9 212 212
Vv + 5V +vd2 - aviv2

% 20N, 11,2 %
VA+VS)+§(VA—VS)

[V

< DO DO|— DO
—~

N

()

or
S (VE+VE) + 305 - V)
Vs

for 0 <6 <, cosf >0, so

Vi > VS cos 6
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Similarly

2 _ 1n/2 2y 1 2 2\2 21,2 2
Ve =5V +V3) 2\/(VA+VS) V3V 5 cos™0
1y/2 2y 1 > N2 1212
<iv2+v3 2\/(VA+VS) 1W3V2

S(VE+V9 —3(Vi-VE)

]
D><

or

and

V_ < VS cos 60
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Thus, we conclude that in the fast magnetosonic wave the pressure
and magnetic energy fluctuations reinforce one another,

whereas the fluctuations oppose one another in the slow magnetosonic

WaVeE.

The slow wave always has a smaller phase velocity than the
shear-Alfven wave
which, in turn, always has a smaller phase velocity than the fast wave.

B
A
YEREREY!
k
Rarefaction

* pimiiimtmin  COMpression

)

L_
slow wave (|| Bq)
September 16, 2012 14

PRINCETON
PLASMA PHYSICS
AAAAAAAAAA



MHD Waves

Alfven wave (|| B)

fast wave (L B()
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MHD Waves

Vp> Vs

Va< Vg
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The linearized ideal MHD eqgs are found by looking for solution
which deviate only infinitesimally from the equilibrium,

and by keeping terms only to 1st order in this small deviation.
We take as equilibrium quantities

Jo(x) the current density
B((x) the magnetic field
po(x) the pressure
V((x) the fluid velocity

They satisfy

Jo X By = Vpy
V x By = upgdg
V-By=0
V=0

September 16, 2012
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The perturbed variables By, J1, p1, V1 are added into B, J, p, V

B(x,t) = Bp(x) + By(x, 1)
J(x,t) = Jg(x) +J1(x,1)

(x,t) = po(x) +p1(x,1)
V(x,t) = Vi(x,1)

X, 1

g~

Assume that they are much smaller than their equilibrium parts.

From here on, we drop the subscript "0" from the equilibrium
quantities.
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Introducing a displacement field &(x, 1),

which is just the displacement of a fluid element originally located at

position X.

Taking as initial conditions that the perturbed quantities vanish at
t=0
£(x,0) =B1(x,0) =p1(x,0) =0

the linearized ideal MHD eqs take the form

p1=—&-Vp—~4pV -¢§
BIZVX(€XB)

lelu_l()VXBl

The linearized momentum eq then becomes
o2

F(&) = HLO[VXBXBl—I—VXBl XB|+V(E&:-Vp+~4pV - §)

It is known as the linear eq of motion for an ideal MHD plasma.
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We look for separable eigenmode solution. If we assume time
dependence

£(x,t) = &(x)e !

Then it takes the time independent form

—pow?€(x) = F(€)

This is an eigenvalue eq for the frequency w2,

A variational statement is possible and offer many advantages over a
direct solution since F' is self-adjoint

[ dxn-Fie) = [ axé Py

for any two vector fields 1(x) and &(x).

It follows immediately that
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1. The eigenvalues of F are real.

Subtracting the inner product of £*(x), the complex conjugate of
£(x), with F(&) from the inner product of &(x) with F(£%),

W2 -y [ axig? = - [ axierF©) - € F ) =0
Thus

2

or, in words, w* is purely real.
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2. The eigenvectors of F are orthogonal.
Suppose &,, is the eigenvectors of F with eigenvalues wy, and
&, Is the eigenvectors of F with eigenvalues wyy,

We subtract

/ A%, - [—Powo%én = F(én)}
from

/ A€y, - [—pow%zém = F(ém)}
to obtain

po(R—R) [ xeitn = [ Px(Eh P —€nTiEh) =0

This implies that the inner product of §,, and &, is zero,

or that the eigenvectors are orthogonal if n # m.
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3. &, is a complete set eigenfunctions of F.

Any square integrable displacement field & can be represented as

linear combination of the &,

O
&€= anéy
n=>0
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The Second Variation

4. The spectrum of F

()2
unstable E_F, discrete unstable mode
stable "~._sound wave continua
+——__Alfvén wave continua
!.,.H discrete modes with
| accumulation point at (-)
©Infinity
1 Lz
-—F-o |{(x)=0
L P |

FIGURE 8.4: A typical ideal MHD spectrum.
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Let us define the quantity 0w which is the change in potential energy

due to a perturbation

su(e* ) = - [ Pxe* - Fie)

quantify K such that w2 K is the kinetic energy

K(g".6) = 5 [ dxoleP

Consider now the functional 92, known as the Rayleigh quotient

ow(€", )
K (€%, €)

0%(¢* ¢) =

Any allowable function & (and £*) for which (2 becomes stationary is
an eigenfunction of the ideal MHD normal mode eqs with eigenvalue

WP = Q4 (¥, 8)
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To prove this, consider the variation

s(02) = Al - 2o

-1 {5[510] - 925[K]}
= gk [ {58 - [F(€) + 0] + 6 [FE) + p026"]}
=0

Since 0€* and &€ are arbitrary variations, for the variation of 02 to

vanish, we must have
F(£) = —pu€

The energy principle states that there is an instability if, and only if,
there exists a vector field n(x) that satisfies the boundary condition
and such that

dw(n™,m) <0

One can thus investigate the stability of a system by looking at the
sign of 0w for various trial functions 1 without ever solving for the

eigenfunctions &(x).
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2

Since K is positive definite, an actual eigenvalue w* must exist such

that

w= <
K(n*,n)

so that the actual system will always be more unstable than that

found with trial functions.

Suppose we have a truncated set of basis functions,

€n7n2071727”'7N

We can form trial functions & by taking linear combinations of these

£=> an&y,

We can then evaluate 0w as a quadratic form

N N
ow = S: S: ow(&m, En)aman

m=0n=0

Minimize it, subject to any convenient normalization, wrt the

amplitude ap, leads to a linear algebraic eq for the set of ay,.
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