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Abstract. The magnetopause and boundary layer are typ-
ically characterized by large amplitude transverse wave ac-
tivity with frequencies below the ion cyclotron frequency.
The signatures of the transverse waves suggest that they
are kinetic Alfvén waves with wavelength on the order of the
ion gyroradius [Johnson and Cheng, 1997a; Johnson et al.,
2001]. We investigate ion motion in the presence of large am-
plitude kinetic Alfvén waves with wavelength the order of p;
and demonstrate that for sufficiently large wave amplitude
(6BL/Bo > 0.05) the particle orbits become stochastic. As
a result, low energy particles in the core of the ion distribu-
tion can migrate to higher energy through the stochastic sea
leading to an increase in T, and a broadening of the distri-
bution. This process can explain transverse ion energization
and formation of conics which have been observed near the
magnetopause in both the magnetosheath and low-latitude
boundary layer.

Introduction

Large amplitude transverse wave activity accompanies
nearly every magnetopause crossing [Perraut et al., 1979;
Rezeau et al., 1993; Song, 1994; Phan and Paschmann, 1996;
Johnson et al., 2001]. The wave spectrum is dominated by
ULF waves with frequencies below 500 mHz (less than the
ion cyclotron frequency). Observational features of these
waves have been related to the MHD concept of energy
absorption of compressional Alfvén waves near the Alfvén
resonance location [Belmont et al., 1995; De Keyser et al.,
1999]. In a more physical kinetic description, the wave en-
ergy is mode converted near the Alfvén resonance location
into kinetic Alfvén waves with small perpendicular wave-
length [Lee et al., 1994; Johnson and Cheng, 1997a; John-
son et al., 2001] which then deposit their energy near the
magnetopause due to linear and/or nonlinear wave dissipa-
tion and consequent plasma heating. Kinetic Alfvén waves
at the magnetopause could also result from nonlinear decay
of mirror modes generated in the magnetosheath [Wu et al.,
2001]. Often the observed wave amplitudes are large enough
(6B1/Bo ~ 0.1 or more) that nonlinear physics is expected
to be important. It is therefore important to understand
the nonlinear behavior of kinetic Alfvén waves in order to
understand wave dissipation and plasma heating processes
at the magnetopause.

The magnetopause is a boundary between magnetosheath
plasma and magnetospheric plasma. Plasma that leaks into
the boundary layer is often found to have distinctive par-
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ticle distributions indicative of acceleration processes. For
example, electron distributions in the boundary layer are of-
ten found to be accelerated in the direction parallel to the
magnetic field. These distributions have been identified as
signatures of reconnection events, but the process which ac-
celerates the electrons is not well known. It was suggested
that electrons could also be accelerated by kinetic Alfvén
waves [Hasegawa and Chen, 1976; Lee et al., 1994] which
preferentially heat electrons in the parallel direction due to
the parallel electric field. Thermal electrons trapped in the
wave potential well would be heated leading to a slight in-
crease in the parallel direction consistent with observations.

On the other hand, ions in the sheath transition layer and
boundary layers often exhibit significant anisotropy with
Ty > Ty [Anderson et al., 1991; Song et al., 1993]. More-
over, Wilber et al. [2001] has reported unusual low energy
ion distribution components in the low-latitude boundary
layer and magnetosheath with pitch angles intermediate be-
tween 0 and 90 degrees observed by WIND/3DP during
equatorial passes. Onsager et al. [2001] has also reported
similar ion distributions detected by POLAR in the magne-
tosheath near the high-latitude dayside magnetopause in the
absence of the electron signatures typically associated with
reconnection. In both cases particles appeared to have un-
dergone adiabatic streaming from a stronger magnetic field
region with heating occurring near the magnetopause as de-
duced from the mirror ratios. The low energy ions appear to
have been heated perpendicular to the magnetic field and in
some events the core of the distribution appears to be flat-
tened. The ion distributions presented by Song et al. [1993]
also illustrate that in the inner boundary layer the slope of
the low energy component of the ion distribution function
is flattened compared with the magnetosheath distribution
suggestive that some physical process heats heating the low
energy core of the distribution to higher energies.

Recently Johnson and Cheng [1997a] showed that when
the kinetic Alfvén wave amplitude is sufficiently large, par-
ticle orbits become stochastic leading to significant trans-
port and particle heating. In this paper we concentrate on
particle heating. To study ion heating in the presence of
a kinetic Alfvén wave, we prescribe electromagnetic fields
consistent with kinetic Alfvén waves. The study consists
of a sequence of Poincaré sections taken at different wave
amplitudes which demonstrate the onset of stochasticity.
The results demonstrate: (1) stochastic ion heating can
result through nonlinear coupling between low frequency
waves and cyclotron motion, (2) ions can be heated trans-
verse to the magnetic field leading to temperature anisotropy
(TL > T)) as observed at the magnetopause [Wilber et al.,
2001], and (3) the stochastic process depletes the core of the
ion distribution function leading to a flattened core of the
distribution function similar to the observations of [ Wilber
et al., 2001; Song et al., 1993].
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Kinetic Alfvén Waves and Ion Heating

The kinetic Alfvén wave is well described by three scalar
quantities—a, Ay, and §B) [Cheng and Johnson, 1999, and
references therein]. The fields associated with the kinetic
Alfvén wave are obtained through Maxwell’s equations ex-
pressed in Gaussian units.
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where b is the unit vector in the magnetic field direction.
The vector potential is related to the electrostatic potential
by introduction of a secondary potential, 1) defined by

E=-V¢—

The fields are obtained by solving the set of equations de-
scribed in Cheng and Johnson [1999] for the prescribed
background magnetic field. If the background field is uni-
form, the kinetic Alfvén wave is a simple sinusoid with
¢ = gocos(k-x —wt), ¥ = —(T./T)k1pi¢/(1 + K1p}),
Ay = (ky/w)(¢ — ). The wave satisfies the approximate
dispersion relation
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where we ignore damping and take a Padé approximation
for the Bessel function as described in Cheng and Johnson
[1999]. The kinetic Alfvén wave is incompressible at low 3
so that 0B = 0, but at 8 ~ 1 and short wavelength, 6 By
may also be included as prescribed in Cheng and Johnson
[1999]. For the chosen parameters (kip; = 3, kyp: = 0.05,
and g = 1), |6By| ~ 0.55|0B | and is 90° out of phase.
Particle orbits are determined by the equation of motion
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which we normalize to
X=_6¢+XX(AB+5—B§) (6)
0

where X = r/p;, 7 = Qt, V = p;V, & = q:¢/T:, with
Q = ¢:Bo/mic, p; = V/T:/m:/Q, A =|Bo(z)/Bo| and X =
dX/dr, and By is a normalization for the magnetic field.

To investigate the behavior of particles in the kinetic
Alfvén waves, we plot Poincaré sections for particle orbits.
This technique is standard and has been applied to electro-
static waves to understand plasma heating well above and
near the cyclotron frequency [Karney and Bers, 1977; Hsu
et al., 1979]. Points on Poincaré sections are plotted at con-
stant particle gyrophase, v, with the requirement that 4 < 0.
In the absence of waves, this would correspond to one point
per gyroperiod. At each crossing of the phase space plane
defined by v = 0 where k- b x X = kjv, sin(y), we plot
the value of the magnetic moment, u = |b x X|>/A, versus
¥ =k - x — wt, taken modulo 27.

To examine the onset of stochastic particle behavior in
the presence of large amplitude kinetic Alfvén waves, we
consider a sequence of numerically obtained Poincaré sec-
tions as a function of wave magnetic field amplitude. For
simplicity, we assume a uniform background magnetic field.
We specify kip; = 3, w = Q;/5, 8 =1, Te/T; = 0.2 and
Ky p: = 0.05 consistent with the kinetic Alfvén wave disper-
sion relation. The small perpendicular scales are consistent
with typical kinetic Alfvén wave solutions at the magne-
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Figure 1. Poincaré section for small amplitude wave. Note
that low energy particles are advanced in the phase of the
wave while higher energy particles are retarded. Phase space
islands with period five first emerge along the stationary
phase trajectory.

topause with wavelength the order of 100 km =~ 2p; [Johnson
and Cheng, 1997a; Johnson et al., 2001].

For clarity of Poincaré section plots, we take w = Q;/5.
For smaller w/2; similar physics leads to stochastic thresh-
olds, but the formation of island chains composed of hun-
dreds of islands cannot be as easily seen by eye. Interest-
ingly, the stochastic threshold primarily depends on wave
amplitude and is not strongly dependent on wave frequency
in the range of interest.

The Poincaré section for 6B, /By = 0.006 is shown in
Figure 1. Particles start with ¥ = 0 with varying initial
value of u and v = 0. If there were no wave, the particles
would simply gyrate with constant value of p. For small
wave amplitude, X is nearly periodic in the gyrophase, so
dependence of ¥ on time is primarily through —wt. Because
the wave frequency is Q;/5, ¥ will approximately decrease
by 27/5 each gyroperiod until it returns to the original phase
(minus 27). The Poincare section for a given particle would
therefore reduce to five equally spaced points at constant p.
With the addition of the wave, the particle gyration can be
retarded or accelerated as can be seen from the equation of
motion for constant background magnetic field

p-X

2
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where p = b x X is the gyroradius vector. The gyromo-
tion can be retarded/advanced by the perturbed electric and
magnetic fields depending on gyroradius/magnetic moment.

In Figure 1, it is apparent that the for initial p < 0.41
particles do not return to the same wave phase after a wave
period (five gyroperiods), but have a small positive incre-
ment in phase ¥. On the other hand, for initial x4 > 0.41, it
is apparent that the after a wave period, the phase, ¥, of the
particle will have a small negative increment. Near initial
u = 0.41, it is evident that there is a boundary where the
orbit is stationary and the Poincaré section only consists of
only five points. As the amplitude is increased these fixed
points move to larger values of y and nearby orbits circulate
around the fixed points. Moreover, other boundaries appear
across which the phase advances/retards, but with higher or-
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Figure 2. As the wave amplitude is increased, chains of
phase space islands appear. The period 16 island chain has
just begun to merge and a separatrix appears.

der periodicity. This phenomenon is illustrated in Figure 2
which shows the Poincaré section for B, /By = 0.05. The
period five island chain associated with the original transi-
tion boundary has moved to larger values of p and is large in
extent. Above that chain, the high energy particles do not
show any structure related to the gyromotion and simply
float up and down in the wave. Other islands chains have
also appeared at lower energies. The obvious island periods
are in the sequence: 26, 21, 58, 16, 27 and so forth. Islands
in the period 16 and 21 chains have just begun to overlap.
At the lowest energies, a chain of five fingers (rather than
islands) has appeared. The fingers have divided into ten
subfingers. The central finger contains two islands. The
physical origin of the fingers is the increase of the E x B ve-
locity of the wave. When low energy particles are subjected
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Figure 3. With a slight increase in wave amplitude, the low
energy region of the Poincaré section becomes stochastic.
Low energy particles can now wander through the stochas-
tic sea to higher energies. Phase space islands remain em-
bedded in the stochastic sea, but the entire region becomes
stochastic for larger 6 B/By.
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Figure 4. Both the period five island chain and the low
energy region are stochastic, but they are separated by a
boundary. Global stochasticity occurs when the two regions
merge just above B, /By = 0.11.

to large E x B motion, the gyrophase can reverse direction
and the particles are trapped in the wave. As a result, the
particles are not sampled during their gyromotion and the
island is incomplete.

A slight increase in wave amplitude shown in Figure 3 al-
lows the phase space islands to merge and regions of stochas-
tic orbits appear. Island structures remain embedded in the
stochastic region, but now particle trajectories can wander
through the stochastic sea to higher energies than previously
accessible. Hence, the low energy part of the ion distribu-
tion can be heated. Note that the ten finger structures have
now moved into the stochastic sea and comprise a sequence
of ten islands. A new five fingered structure has also begun
to emerge from the low energy part of the phase space with
regular orbits below the stochastic sea with a fixed point in
the central island. Above the stochastic sea, particle tra-
jectories lie on well defined curves or island chains and the
particles are not heated. The large period five island chain
remains intact and moves to higher energy. However, clear
boundaries still confine heating to the lowest energy ions.

For 6By /By ~ 0.11 as shown in Figure 4 nearly the en-
tire low p region becomes stochastic except for a few small
islands that remain embedded in the stochastic sea. The
stochastic region is forced up against the set of period five
islands which have themselves become stochastic. A clear
boundary exists between the two stochastic regions and
particles may not move across that boundary. Above the
boundary, the period five island chain has also merged and
become stochastic and other chains of islands have also ap-
peared against the boundary between the lower stochastic
region and the upper stochastic region. Chains of islands
have also appeared inside the period five islands. However,
the two regions are still separated and low energy parti-
cles cannot be energized much above the thermal speed.
With a further increase in wave amplitude the period five
islands merge with the low energy stochastic region leaving
a path for low energy particles to be heated well beyond the
thermal energy. The maximum g of the stochastic region
increases with larger wave amplitude. For example, with
0B /By ~ 0.3 particles are readily energized to pu ~ 4.
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Discussion and Summary

It is useful to discuss some of the properties of the waves
and particle orbits. In this study we have focused on par-
ticles with vy < v;. However, for particles with larger vy
heating is still primarily in the perpendicular direction. Be-
cause the parallel electric field is not large it does not seem
to affect the parallel ion motion for non-resonant ions very
much. Even for the stochastic orbits examined in this pa-
per, the parallel velocity does not increase significantly (typ-
ically less than 1% of perpendicular energy). Although the
parallel electric field could be significant for energizing par-
ticles which are moving with the parallel phase velocity of
the wave, the parallel phase speed for kinetic Alfvén waves
is significantly increased due to perpendicular dispersion so
that wave trapping is more difficult even in a high 3 plasma
(w/ky ~ 3ve). Finally, the wave solution has a significant
electrostatic component which is primarily responsible for
the behavior of low energy particles, but the period five is-
lands at larger values of p appear to be determined by the
perturbed magnetic field.

The Poincaré sections for waves with lower frequency
are relevant to particle dynamics at the magnetopause be-
cause magnetopause wave spectra are dominated by waves
with frequencies in the range 10-500 mHz ~ 0.01 — 0.59;.
Poincaré sections are quite similar except more fingers ap-
pear at lower frequency and island chains can consist of hun-
dreds of islands. Interestingly, the threshold appears to show
no significant dependence on frequency for w > 0.01Q2; al-
though the threshold for onset of stochasticity does increase
for lower frequency. Similarly, heating rate and maximum
energy of particles is smaller for lower frequency. One should
note that while this stochastic mechanism is effective for ions
it will not heat electrons perpendicular to the magnetic field
for the frequency range of interest; however, electrons could
be heated resonantly by the parallel electric field of the wave.

These results have several implications relevant to mag-
‘netopause observations. First, transverse ion heating due to
this process depends on wave amplitude. Below the wave
threshold, there is no heating of the plasma. Slightly above
the threshold, the core of the distribution is expected to
heat, but core ions are not heated above the thermal veloc-
ity. For larger wave amplitude, ions can be heated above
the thermal velocity. In the stochastic regime the heating
process can occur rapidly over a time less than 30 cyclotron
periods. Due to the brevity of this letter, we defer estimates
of the stochastic threshold, more detailed description of the
appearance of island chains, island overlap, and discussion
of the effect of background gradients (and the resulting par-
ticle transport) for a later publication.

Obviously, wave heating at the magnetopause is more
complex than this simple picture. This calculation is pri-
marily meant to provide understanding of the nonlinear cou-
pling between kinetic Alfvén waves and cyclotron motion
and to provide a physical picture which gives qualitative
understanding of resulting particle signatures. Most likely,
there is a spectrum of waves that can participate in the
heating process. Typically, the addition of a second wave or
magnetic field rotation can reduce the threshold for stochas-
ticity to occur and increase particle heating and transport
beyond quasi-linear levels [Johnson and Cheng, 1997b].

In summary, we have examined ion motion in the pres-
ence of kinetic Alfvén waves prescribed for magnetopause
conditions. We find that for typical Alfvén wave param-
eters, onset of stochasticity occurs when 6B/By ~ 0.05,
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leading to full stochasticity of the thermal population when
dB/By ~ 0.1 as first shown by Johnson and Cheng [1997b].
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