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Abstract. Energetic particle flux enhancement events observed by satellites during 
substorms are studied by considering the interaction of particles with earthward 
propagating electromagnetic pulses of westward electric field and consistent magnetic 
field of localized radial and azimuthal extent in a background magnetic field. The 
energetic particle flux enhancement is mainly due to the betatron acceleration 
process: particles are swept by the earthward propagating electric field pulses via 
the E x B drift toward the Earth to higher magnetic field locations and are energized 
because of magnetic moment conservation. The most energized particles are those 
which stay in the pulse for the longest time and are swept the longest radial 
distance toward the Earth. Assuming a constant propagating velocity of the pulse, 
we obtain analytical solutions of particle orbits. We closely examine substorm 
energetic particle injection by computing the particle flux and comparing with 
geosynchronous satellite observations. Our results show that for pulse parameters 
leading to consistency with observed flux values, the bulk of the injected particles 
arrive from distances of less than 9 R•, which is closer to the Earth than the values 
obtained by the previous model (Liet al., 1998). 

1. Introduction 

Energetic electron and ion flux enhancement events 
in the magnetosphere are usually related to disturbed 
events such as substorms and storm sudden commence- 

ments (SSC). It is well known that energetic particles 
appear at geosynchronous orbit (6.6 RE) subsequent to 
a substorm expansion phase, in a narrow "wedge" at or 
near local midnight [Belian et al., 1978]. The increase in 
the flux of these high-energy particles can be very large 
(2 or 3 orders of magnitude larger than the "quiet time" 
flux). This increase happens simultaneously for ener- 
getic particles having a broad range of energies, and for 
this reason these events have been called "dispersion- 
less injections." Similar flux increases, involving ions 
and electrons of much higher energies, characterize the 
formation of new radiation belts following the compres- 
sion of the magnetosphere by an interplanetary shock in 
some SSC events ILl et al., 1993]. Investigations using 
two radially displaced satellites showed [Moore et al., 
1981] that the substorm injection occurs first at the 
outer satellite, thus suggesting that the injected parti- 
cles come from farther out in the magnetosphere. 

Besides their dispersionless nature, another feature 
of the energetic particle injection is the appearance of 
subsequent peaks at periodic time intervals after the 
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first flux increase, these subsequent peaks manifesting 
greater and greater dispersion. These peaks are called 
"drift echoes" [Lanzerotti et al., 1967], and their expla- 
nation resides in the •7B and curvature drifts of parti- 
cles, eastward for electrons and westward for ions [Bo- 
goft and Mozer, 1974]. 

Several models attempting to explain these injections 
have been proposed in the past. One promising model 
is based on an earthward propagating electromagnetic 
field pulse: particles are energized via the betatron ac- 
celeration mechanism (based on magnetic moment con- 
servation) as they are swept by the pulse to a location 
of higher magnetic field strength closer to the Earth. 
While test particle simulations based on this model have 
been extensively performed [e.g., Liet al., 1993, 1998], 
in this paper we seek greater physical insight by provid- 
ing analytical solutions for nonrelativistic particle mo- 
tion. Our field model and particle orbit solutions are 
qualitatively different from the previous simulations ILl 
et al., 1993, 1998] in that by using pulse fields obtained 
in the cylindrical symmetry, we obtain that enhanced 
energetic particle fluxes observed at geosynchronous or- 
bit during substorms are due to particles coming mainly 
from distances of less than 9 RE away from the Earth, 
which is much closer to the Earth than the distance 

obtained by the previous simulation studies. 
Past investigations [e.g., $heperd et al., 1980] showed 

that large transient electric fields exist in the plasma 
sheet during the substorm expansion phase. We con- 
sider the electric field to be accompanied by a consistent 
magnetic field, forming a pulse that propagates toward 

18,741 



18,742 ZAHARIA ET AL.' PARTICLE TRANSPORT 

the Earth. Correlation studies which support this pic- 
ture of consistent inductive E and B fields have been 

previously performed by Aggson et al. [1983]. 

2. Energetic Particle Flux Enhancement 
Model 

In order to consider the effect of the disturbed mag- 
netospheric event on particle transport, we consider an 
earthward propagating pulse with velocity Vo consist- 
ing of westward E and consistent 5B. The electric and 
magnetic fields of the pulse are related by Faraday's 
law: 

O(SB) 
Ot = -V x E. (1) 

We consider the cylindrical (r, ½, z) coordinate system 
with r = 0 at the center of the Earth; z = 0 defines 
the equatorial plane (where our particle motion takes 
place), and •b is zero at midnight, positive eastward (see 
Figure 1). Then equation (1) in the z direction for an 
azimuthally directed electric field is 

a 
oW - - at ß (2) 

Assuming that the pulse propagates earthward (in the 
negative r direction) with a constant velocity 1/0, it fol- 
lows from (2) that the solution has the form rE 0 = 
f (r + Vot, O) and 

5Bz = EO V0' (3) 
For E 0 < 0 and V0 > 0 as seen in Figure 1, we have 
5Bz > 0. In our examples we will show how similar 
results for the particle flux can be obtained by using 
different pulse parameters. 

The particle motion will be calculated in the com- 
bined pulse and background magnetic fields. The mo- 
tion conserves the magnetic moment, because the tem- 
poral variation of the pulse is much longer than the 
particle gyration timescale and the spatial variation of 

the pulse is on much larger scales than the particle gy- 
roradii. For particle energy in the range of 100 keV 
and pulse speed of • 200 km/s and pulse scale length 
of • 10000 kin, we have the following relations: be- 
tween gyroperiods Tce • 10-4 s << Tci _< 1 s << 
IE,/(OE,/Ot)l 50 s and gyroradii Pe "'• 1 km << 
Pi • 100 km << leo/(OEo/Or)l • 10000 kin; so the 
first adiabatic invariant is easily conserved by ion and 
electron motions in the pulse. 

We only consider 90 ø pitch angle particles with vii - 
0. Thus the particle orbit is governed by the guiding 
center equation of motion: 

dr 

Vg½ = d-• = VExB + Vv•, (4) 
where 

ExB 

VExB : B2 (5) 

VVB -- •-/B x VB; (6) 
q is the particle charge and/• - rav•_/(2B) is its mag- 
netic moment. Equation (6) is the nonrelativistic form 
of the V B drift. Our nonrelativistic theory can be ap- 
plied to ion injections related to a wide range of magne- 
tospheric events and may also be used to approximate 
electron motion for energies lower than the electron rest 
energy. There is no curvature drift in (4) because we 
only consider particles with vii- 0. 

One notices that in the moving pulse the field varies in 
both time and space; so one would have to include the 
polarization drift Vp -- raEñ/(qB 2) in Equation (4). 
However, a comparison between this drift and the VB 
drift which is in the same direction shows that the for- 

mer is much smaller for particles with speeds above the 
pulse speed V0, i.e., ions with energies above 100 eV. 
This is much below the average proton energy in our 
regions of interest, and so we can neglect the polariza- 
[ion drift. 

The variation of the particle energy as it moves in 
the electromagnetic fields of the pulse is then given by 
[Northrop, 1963] 

z B 

'--. ...... Earth ( • V•' r 

Figure 1. Electric field E 0 and magnetic field 8Bz of 
the earthward propagating pulse. B0 is the background 
magnetic field. 

dW OB 

dt : qVgc. E +/•- + O(e 2) (7) 
where O(e 2) represents terms of order e 2 and higher, 
with e = p/L << 1 (L is the scale length over which the 
pulse fields vary). The E xB drift gives no contribution 
to Vgc E; so Vgc E = VvB ß E = /•VB. Vgc/q. 
Because Vg• = dr/dr, equation (7) becomes (neglecting 
the higher-order terms) 

dW = i•VB. dr OB dB (S) 
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This shows that as long as /• is conserved, the parti- 
cle energy is changed by changing the magnetic field 
intensity at its location (either by the particle moving 
to locations with a different magnetic field intensity or 
by the time variation of the field intensity). The con- 
vective term in equation (8) represents the change in 
energy by moving the particle gyrocenter to locations 
with different magnetic field intensity. Alternatively, 
from equation (7) it can be seen as the change in en- 
ergy by moving the particle gyrocenter with the •7B 
drift along the electric field direction. These two alter- 
nate points of view are equivalent and describe the same 
process, which is the change in energy due to the parti- 
cle guiding center motion in the direction of the electric 
field, while /• is conserved. The second term in equa- 
tion (8) is the inductive effect of the time-dependent 
B field. Together, these two terms provide the adia- 
batic change in energy depending only on the change in 
the magnetic field intensity, and this process is called 
"betatron acceleration." 

From equation (8) the change in particle energy de- 
pends only on the magnetic fields at the particle initial 
and final positions, and the final energy of the particle 
is 

W - W0 •, (9) 
where W0 is the particle energy at the initial posi- 
tion r0 with magnetic field Bi. BI is the total mag- 
netic field at the particle position r after interacting 
with the pulse. If we model the background magnetic 
field in the equatorial plane by a dipole-like field with 
Bo(r, c), z - O) - B• (R•/r) 3 •, where B• is a con- 
stant, then the particle energy is enhanced by a factor 
W/Wo - (to/r) 3. Note that in our model the value of 
Bz during the particle injection phase will be adjusted 
(usually lower than the value of the field at the Earth's 
surface) to include the effect of the ring current. 

With these considerations in mind, we are interested 
in solving equation (4) in a pulse having the electric 
field of the following form: 

- -œ0x½ + u0t)(O), (10) 

where œ0 is a constant and has the dimension of dis- 
tance times electric field, •R(r + Vot) is a radial wave 
form normalized to unity at the maximum amplitude, 
and •(0) = 1 inside a "wedge" centered around mid- 
night and of finite azimuthal extent 250 (see Figure 2) 
and •(0) = 0 elsewhere. There is no variation of the 

field in the z direction, and particles only move in the 
equatorial plane z = 0. 

The radial equation of motion for guiding centers of 
particles moving in the pulse is 

-u050x( + 
--: 2 , (11) 

+ 
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Figure 2. Pulse geometry: fields are nonzero inside 
the shaded region, which has a radial width and an 
azimuthal extent 250 and is centered around midnight. 

which can be exactly solved with the solution 

1 1 

i 

where •i = ri q- Voti, • -- r q- Vot, ri is the initial particle 
position at time ti, and r is the particle position at 
time t in the pulse. We note that the solution for r(t) 
depends only on the radial electric field waveform :R(r + 
Vot) and does not depend on the azimuthal position as 
long as particles stay inside the pulse. The equation 
of the particle azimuthal motion also depends on the 
radial waveform of the pulse. To solve for O, it is easier 
to use r as the dependent variable instead of t, and the 
azimuthal equation of motion is given by 

dO_ I• (3BER• œo œo OIR) (13) dr - qœo •r 4 + Vo r2 Vor• Or ' 
In the following sections we apply this expression and 

obtain the exact solutions of the particle orbit by choos- 
ing a radial trapezoidal waveform 5[ as shown in Fig- 
ure 3. The radial pulse form at the time the par- 
ticle encounters the pulse is shown in Figure 3 with 
•=(s c-sco)/At for•o=ro+Voto_<s c<_s•t =s•o+At, 
IR = 1 for •t _< s • _< •2 -- •1 q- /•2, • -- 1 - (•- •2)//•3 
for •2 _< • <_ •3 = •2 + A3, and :R = 0 otherwise. We 
solve for the particle radial and azimuthal motion in the 
three sections of the trapezoidal pulse. While our pulse 
form is a simplified one, the results are quite general: an 
arbitrary waveform can be approximated by a number 
of pulses of trapezoidal form, and this number and the 
width of the individual pulses can be adjusted to repre- 
sent accurately the original waveform. The azimuthal 
motion in any of these pulses will be of one of the three 
kinds encountered in our trapezoidal pulse. 

There are four classes of particles that interact with 
the pulse: the first is particles that enter and leave 
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Figure 3. Radial pulse form of •R at t - to. 

the pulse radially, the second is particles that enter the 
pulse radially but leave azimuthally, the third is parti- 
cles that enter the pulse azimuthally but leave radially, 
and the fourth is particles that enter and leave the pulse 
azimuthally. The orbit solutions for these particles can 
be obtained analytically. In the following we present 
the particle orbit solutions in each of the three regions 
of the pulse. 

2.1. Motion in the First Part of the Pulse 

Considering particles that enter the first part of the 
pulse at t = to at initial position (ri = ro + A, c)i) where 
0 < A < A• and I½il < 6½, their orbit solutions can be 
obtained exactly. From equation (11) the solution for r 
is 

2VoBER• (1 1) (A) 2 
• - '.0 + •/0(t - to) 

/k 1 
(14) 

and the solution for ½ can be obtained by integrating 
equation (13) and is given by 

•/2 -6. B E lr• • /k l \) q 21/•œ0 

2 I(1 •)a/2 (1 •)a/21 +• ; - •. - 

•/2 

sin_ 1 (2ri a 

{(1 1)(œoro) ri r 2VoBER•A• 

-1)- sin-1 ( 2r 1) __ __ 

a 
(15) 

where 1/a - 1/ri - (A/G• A •)2, with (7• defined by 
G2• - 2VoBER•/(SoA•ro). The radial positions for 
particles that enter and exit the first part of the pulse 
are shown in Figure 4. If particles enter the pulse ra- 
dially, A - 0 and ri -- to. If particles enter the pulse 
azimuthally, ½i - 6½ for ions and ½i - -6½ for elec- 
trons. 

Particles can leave the pulse azimuthally (if I½l as 
given by (15) is larger than 6½), or otherwise exit radi- 
ally at 

•(tl ) __ •i , (16) 
- 1+ 

2VoA•B•R• 

where t• is the time when particles exit the first part of 
the pulse radially and is given by 

t• - t0 - [A• - A + ri - r(t•)]/Vo. (17) 

It is interesting to note that if the gradient of the 
pulse magnetic field is larger than the gradient of the 
background field so that the net magnetic field gradient 
is radially outward, ions will drift eastward with ½ in- 
creasing as r decreases as shown in Figure 5. For such 
a case the first term in equation (7) will cause the ions 
to lose energy because they move against the electric 
field (a similar argument applies for electrons). How- 
ever, the second term •OB/Ot in equation (7) is usually 
positive and larger in magnitude than the first term, 
and thus particles will move to a higher magnetic field 
location and gain energy. Similar behavior of particle 
trajectories was seen in the pulse model of [Liet al., 
1993, Figure 4]. 

2.2. Motion in the Second Part of the Pulse 

For particles entering the second part of the pulse at 
time ti and position (ri, ½i), where ri - r• + A2 - A, 
0 • A • A2, and ]½il • 5½, the radial solution is 
obtained from equation (11) and is given by 

1 1 S0 

• •: •• [• - •i + u0(t- ti)], (lS) 

•_/•o i •-t• t-to 
• / 

o.oi .... 

Figure 4. Particle that enters at ro + A at time to and 
exits radially from the first part of the pulse, at t - t•. 
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Figure 5. Motion of an equatorially trapped ion in the 
pulse. The initial energy of the ion is 58 keV. The ion 
initially drifts azimuthally at 9 RE, until it meets the 
pulse and enters it radially at q•: 0 (midnight). The ion 
subsequently stays in all three parts of the pulse, until it 
goes out of the pulse also radially, at 6.6/•E, and then 
drifts around the Earth at that distance. The different 

motions in the three parts are numbered accordingly. 
The final ion energy is 150 keV. The pulse parameters 
are S0: 7 mV/m. 9 RE, 2•½: 30 ø , V0: 200 kin/s, 
A• =A2=A3 =9000km. 

and the azimuthal solution is given by 

q SO r i 

Particles which exit this second part radially do so at 
r2 - r(t2) - ri- V0(t2 - ti) + A at time t2, and r2 is 
obtained from equation (12) and is given by 

position (r,, 0i), where ri - r2 + As - A, 0 _< A _< As, 
and •, < 5•, the radial solution of equation (11) is 

1 1 

(21) 

and the azimuthal solution is obtained by integrating 
equation (13) and is given by 

/•v• 2r - b + v/(2r - b) 2 - b 2 (22) + In 
qVoG3 A3 2ri -- b + V/(2ri - b) 2 - b 2 

where G3 2 - 2VoB•t?•/SoA3 and lib- A2/A•G• + 
1/ri. For particles exiting from the pulse radially (as 
shown in Figure 7) at r3 - r(t3) - ri + A - V0(t3 - ti), 
we obtain from equation (12) 

r3: (23) 
SoAri 

+ 
For particles entering the third part radially, the so- 

lutions are obtained by setting ri = r2, A = A3, and 
ti: t2. In Figure 5 one can see that in the third part 
of the pulse the background field and pulse field gradi- 

r2 = SoAr i . (20) 1+ 

If particles enter this second part radially at ti: tl, 
then ri : r• and A: A2 in the above orbit solutions. 
The radial positions for particles that enter and exit 
the second part of the pulse are shown in Figure 6. 
The azimuthal drift is mostly given by the background 
magnetic field (the gradient of the pulse field is smaller); 
ions drift westward (see Figure 5) and electrons drift 
eastward. 

2.3. Motion in the Third Part of the Pulse 

The equations of motion in the third part of the pulse 
(with decreasing field) are similar to the ones in the first 
part. For particles entering this third part at time ti and 

Figure 6. Particle that enters the second part of the 
pulse at ri - r• + A2 - A and time ti and exits radially 
at time t2. 
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Figure 7. Particle that enters the third part of the 
pulse at ri = r2 + A3 - A and time ti and exits radially 
at time t3. 

ents give rise to drifts in the same azimuthal direction, 
and so the westward (for ions) drift is more pronounced 
than that in the second part. 

2.4. General Discussion of Particle Orbits 

For particles that enter the first part of the pulse 
radially and do not exit azimuthally from the pulse, the 
final radial exit position r3 is related to the initial radial 
distance ro only through the radial integration of the 
entire electric field structure as shown in equation (12). 
For a trapezoidal pulse the integration can be easily 
performed, and we can express the initial coordinate r0 
as a function of r3: 

•3 
ro = , (24) 

1- •o(A1 q- 2A2 + A3)r3 

where the sum A• +2A•+A3 is just the value of the elec- 

tric field integral h•/:R(•)d• for the trapezoidal pulse. 
Thus the initial particle radial distance is related to the 
final particle radial distance through the ratio of this 
electric field integral to the pulse velocity Vo. For a 
general pulse form (as shown in Figure 8) the electric 
field integral can be approximated by a finite-difference 
integration of the shaded area delimited by the curve 
representing rE between the points of entrance and exit 
from the pulse. This integral is equivalent to a number 
of trapezoidal pulses. The generality of the solution 
makes it straightforward to calculate the particle mo- 
tion in other situations such as a train of pulses or when 
a reflected pulse is present, etc. 

It is to be noted that if A1 and Au of the trapezoidal 
pulse are too small, the large gradients in the first and 
final part of the pulse will eventually cause the parti- 
cles to exit the pulse azimuthally. Figure 9 shows the 
variation of the final radial distance r3 versus the ini- 
tial distance r0, and we see that for any set of pulse 
parameters, there is a maximum final distance to which 
particles that stay all the time in the pulse can be swept: 
this distance is the limit of ra given by (24) as ro --> c•. 
This limiting value is 

(25) r3max = •0(A 1 + 2A2 + A3)' 
There are different kinds of particle orbits (as defined 

by how they enter/exit from the pulse). Particles that 
enter and exit the pulse radially are the ones that will 
travel the largest distance and have their energy en- 
hanced by the largest factor. Because the background 
particle distribution decreases with both energy and ra- 
dial distance, the energetic particle flux enhancement at 
the observation point will be mainly due to these parti- 
cles. Particles that enter or exit the pulse azimuthally 
contribute less to the enhanced particle fluxes. 

We now take a closer look at the azimuthal motion. 

We discuss ions only, and the electron case is similar 
except for the different drift direction. In parts 2 and 
3 of the pulse, ions drift westward, but in the first part 
they can drift either eastward or westward depending 
on whether or not the gradient of the pulse magnetic 
field is larger in magnitude than the gradient of the 
background field. A case where the azimuthal drift 
is entirely eastward is that of particle 1 in Figure 10, 
while particle 3, starting at a closer distance, encoun- 
ters a much stronger background magnetic field (and 
gradient), and its azimuthal drift is westward. It is 
possible for an ion to arrive at the distance where the 
background and pulse field gradients are equal but op- 
posite, while the ion is still in the first part of the pulse, 
in which case it will reverse its azimuthal motion from 

an eastward direction to a westward one (particle 2 in 
Figure 10). For this case the ion will be able to stay 
even in a very narrow pulse, because the net azimuthal 
drift is much lower than that in the other two cases. 

The condition for particles not to exit azimuthally 
from the pulse is Iq•l •_ 5•b, which gives for each ini- 
tial angle the maximum/• particles entering the pulse 
may have in order to stay in all three parts of the pulse. 
The value of I•max can be obtained from equations (15), 
(19), and (22). Higher-energy particles with/• > I•raax 
will exit the pulse azimuthally. These particles, in. order 
to be swept to the same location as the particles exit- 

Figure 8. Arbitrary pulse form that can be decom- 
posed into a large number of trapezoidal pulses, the 
motion in which has been completely solved. 
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Figure 9. Final versus initial radial distance for par- 
ticles that stay in all three parts of the pulse (with the 
starting position of the pulse taken at a distance greater 
than r0). The pulse parameters are the same as in Fig- 
ure 5. 

ing the pulse radially, must come from initial distances 
closer to the Earth, and their energy enhancement will 
be smaller. 

Because the number of particles that enter the pulse 
azimuthally is usually small for fast pulses, their contri- 
bution to the flux increase will not be large; however, 
they can account for the initial flux increase. Entering 
the first part of the pulse is only possible at distances 
for which the gradient of the pulse field is smaller than 
the background field gradient. Particles that cannot az- 
imuthally enter the first portion of the pulse will stay at 
I½l = 6½ until they enter the pulse in the second part. 

Another point to discuss is the discontinuity in the 
pulse fields across the azimuthal boundary at ½ = 4-6½. 
As particles enter the pulse azimuthally, they experience 
a transition in our model fields from zero to nonzero 

values in the ½ direction. The particle drift due to that 
gradient is ignored. We can ignore it because in reality 
the field would have a very smooth variation across ½, 
variation so smooth that the additional radial drift due 

to the azimuthal gradient would be small and would not 
significantly change the particle orbits. 

2.5. Particle Flux 

Having derived the analytical orbit solutions, we now 
want to obtain the particle flux at the observation point 
(geosynchronous orbit usually), in order to compare 
it with the flux measured by satellites. Some satel- 
lites measure the omnidirectional flux [Roedeter, 1970], 

which is the flux that covers all solid angles. Be- 
cause we only consider 90 ø pitch angle particles, in 
order to make a meaningful comparison between the- 
ory and observation we will calculate the directional 
flux which is the number of particles per unit time, 
energy, area, and solid angle coming from a given di- 
rection: j = 02J/(Ol2OW)[Roedeter, 1970], where J 
is the omnidirectional flux, i.e., the number of parti- 
cles per unit time and area. In our case, the direc- 
tional flux for 90 ø pitch angle particles is jñ [Reedever, 
1970]. For an isotropic flux, J = 4•j, but the magneto- 
spheric particle population is not isotropic, and further- 
more particles with nonzero vii will move differently in 
the pulse compared with the particles we study, so we 
cannot infer the omnidirectional flux from our model. 

However, we can obtain the ratio of injected flux for 
particles with energy within a certain energy range to 
the background flux in our model and compare it with 
the relative level of the injected omnidirectional flux 
to the background omnidirectional flux obtained from 
satellite observations. Some satellites measure the di- 

rectional flux, though, and in this case the problem is 
simpler: the comparison can be made directly between 
our calculated and observed fluxes. 

10 

-5 

-lo 

-lO 

Mot. ion in the first port of the pulse 

Earth 

-5 o 5 lO 

x 

Figure 10. Different kinds of azimuthal motion in the 
first part of the pulse. Particles 1, 2, and 3 start mov- 
ing into the first part of the pulse, having the same 
½in = 0 and the same initial energy W = 500 keV, but 
from different initial radial positions: 10, 8.7, and 7 
respectively. Particle 1 drifts entirely eastward, parti- 
cle 2 starts drifting eastward and then reverses its drift 
as it arrives in regions of higher background field, and 
particle 3 has an entirely westward drift. The pulse 
parameters are œ0 - 3 mV/m. 10 RE, 2•0 - 50 ø, 
V0 - 200 kin/s, A• - A2 - Aa - 9000 kin. The 
pulse starts at 10 
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The directional flux is related to the particle distri- 
bution function by [e.g., Lyons and Williams, 1984] 

m 2 

F(r, v, t) - •-•j. (26) 
Liouville's theorem states that the particle density 

in phase space is conserved along the trajectory, which 
can be written as dF/dt = 0 if we neglect collisions on 
the short timescale of the injection. So F(ri,vi,ti) = 
F(ry,vy,ty). Then from equation (26), •/I/V is con- 
stant along the particle trajectory. Because the particle 
energy I/V at r f is related to its initial energy at ri by 
the ratio of the magnetic field intensity at these posi- 
tions, the differential flux can be obtained in each region 
of space. 

To use the invariance of the phase space density along 
the particle trajectory, we transform the distribution 
function from a function of velocity to a function of 
energy: F(v,r)- 1/(4•r)v/m/(2W)f(W,r,c)); so the 
directional flux j at r for a particle with energy W can 
be expressed as 

J - wx/W• •mm f(Wi, ri, •i, ti), (27) 
where W - WiB(r, qS, t)/B(ri, qSi, ti). For particles out- 
side the pulse in a dipole-like background field W = 
Wi(ri/r) 3. The above formula is valid for any posi- 
tion along the trajectory of a particle that starts at 
(ri, q•i) with energy Wi. One notices that the injected 
flux varies as r-3[Lyons and Williams, 1984], and it is 
to be added to the background particle flux of the same 
energy at the injection position. 

3. Particle Injection in a Substorm 
Event 

The solutions obtained in the previous section are 
restricted to nonrelativistic particles, which is correct 
for ions with enhanced flux observed during strongly 
disturbed magnetospheric events and is a good approx- 
imation for electrons with energy of the order of 100 
keV observed during substorm injections. 

3.1. Ion Injection 

We first present an application of our analytical model 
to an energetic proton injection event observed by the 
Los Alamos National Laboratory (LANL) geosynchro- 
nous satellite sensors on January 10, 1997 (see the 
left panel in Figure l l) during a substorm. For this 
event, we consider a three-part trapezoidal pulse of 
the form shown in Figure 3, centered at midnight lo- 
cal time (q5 - 0) with the pulse parameters œ0 = 
7.5 mV/m. 9 RE, A• - A2 - Aa - 6000 km, and 
26½ - 30 ø. The pulse earthward propagating speed is 
chosen to be V0 - 200 km/s. The pulse electric field will 
produce a particle ExB speed between 60 and 100 km/s 
for BE -- 0.22 G, which is consistent with the observed 
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Figure 11. Proton flux at geosynchoronous orbit, in- 
tegrated over the following energy ranges (from top to 
bottom): 113--170 keV, 170--250 keV, and 250--400 
keV. (left) Flux measured by sensors on LANL satellite 
1991-080 (at local time LT = UT + 0440). (right) Sim- 
ulated flux at the satellite position. Both the satellite 
data and simulated flux plots have a time resolution of 
100 s. 

plasma flow speed in the region between 6.6 RE and 
9 RE. 

With the above parameters (which a posterJori are 
found to give flux levels consistent with those observed), 
the maximum initial radial distance ri of protons that 
can be swept by the pulse to the geosynchronous or- 
bit (rgeo = 6.6 RE) is calculated from equation (24) 
to be 8.6 RE; so the front edge of the pulse must be 
at a radial distance greater than or equal to 8.6 RE 
in order to sweep these particles to the geosynchronous 
orbit. Because the pulse spans about 3 RE, the sub- 
storm formation region (the center of the pulse) will be 
at a distance greater than about 10 RE. The maximum 
increase in the particle energy due to betatron accel- 
eration is about (ri/rgeo) 3 • 2.2 times. If t - 0 is the 
moment the pulse arrives at 8.6 RE, the pulse will arrive 
at 6.6 RE at t • 1 min. Protons with initial distances 
very close to 6.6 RE will arrive at the geosynchronous 
orbit first. Protons from 8.6/i•E are swept to the geo- 
synchronous orbit at about t3 • 2 min 30 s, and these 
particles exit from the tail edge of the pulse. This means 
that the initial injection event will span a time interval 
of less than 2 min. During this short time interval, 
protons with a wide range of energies will be swept to 
geosynchronous orbit, thus accounting for the "disper- 
sionless" nature of the injection. One should keep in 
mind that these protons arrive at geosynchronous or- 
bit with different azimuths, and they subsequently drift 
around the Earth to the observing satellite location. 

To find the energy range for which protons will not 
exit the pulse azimuthally, we compare • obtained from 
equations (15), (19), and (22) to the pulse azimuthal 
limits. For our pulse parameters, the "maximum en- 
ergy" for such protons at r• and • = 5• is l/Vlmax • 
90 keV; so the maximum final energy these protons 
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can have at their final position is W•max' (r•/rgeo) 3 
160 keV. Thus higher-energy protons will have to be 
swept from a distance closer to the Earth in order to 
arrive at 6.6 

Now we want to obtain the injected flux. We model 
the initial background proton distribution to be uni- 
form azimuthally and as a kappa distribution in energy 
[ Vasyliunas, 1968]: 

f (W, r) - fo ' g(r) [1 
W 

(n- 1.5)e 
(28) 

with c being the average energy, n a parameter, and f0 
a constant. To model a moderately active plasma sheet, 
we choose • = 6 and c = ? keV for protons in our region 
of interest (6.6 RE to 9 RE), similar to values reported 
by Christon et al. [1991] and used by Birn et al. [1997]. 
The radial dependence g(r) is taken to be the one used 
by Liet al. [1998], g(r) - (r/RE - 3) 4/(r/RE)•ø for 
r < 12 RE. 

In order to obtain the proton flux as a function of 
energy and time at the observing satellite location, 
we need to obtain the proton flux at the (rgeo,-5c)) 
location as a function of energy and time while the 
pulse moves across the geosynchronous orbit and at 

I½1 locations when the tail edge of the pulse 
just leaves the geosynchronous orbit. These particles 
will then V B drift around the Earth to the observing 
location. We perform numerical calculations by em- 
ploying our analytical orbit solutions for a distribution 
of particles in the region of interest. We take parti- 
cle cells every 1000 km between 6/•E and 9 /•E, every 
1.5 ø in azimuth and with 20 different energy channels 
within the energy range of interest. The cells have to be 
spaced densely enough so that the motion of phase space 
points from the same cell is not chaotic; i.e., a slight 
variation in the initial location and energy does not in- 
fluence much the final values [Birn et al., 1997]. Each 
particle cell is "labeled" by its initial radial distance and 
energy, and equation (27) is used to obtain the particle 
differential flux corresponding to that cell at the obser- 
vation point. After that, we integrate the flux over the 
energy range of interest. We follow the motion of the 
cells during the injection event and the subsequent drift 
echoes, recording the cells that are injected at the ra- 
dial region [rgeo -dr, raeo + dr], with dr = 500 km, and 
calculating the corresponding flux at the satellite (the 
geosynchronous motion of the satellite is also included 
in the calculation). We obtain an integrated flux over 
the energy range of interest, and we plot this flux with 
a time step of 100 s. After we obtain the particle flux 
at the observing satellite location, we multiply the par- 
ticle flux by an exponentially decaying function in time 
with an e-folding time for protons of 40 min. for our en- 
ergy ranges. This modification of particle flux after the 
particles are swept to the geosynchronous location is to 
simulate the subsequent loss (mainly by pitch angle dif- 
fusion due to cyclotron instabilities, as shown by Schultz 

and Lanzerotti [1974]). This practice was also used in 
previous calculations [Liet al., 1998]. We also note that 
in our model particles interact with the pulse only once 
because the drift period at rgeo is about 11 rain for 600 
keV particles and is much larger than the time (about 
2 min) needed for all three parts of the pulse to pass 
through the geosynchronous orbit. 

The simulation result is presented in Figure 11. We 
notice that the flux enhancement is quite large, almost 
2 orders of magnitude larger than the background flux 
in the same energy range. The small-scale fluctuations 
observed in later drift echoes are due to the finite num- 

ber of cells considered and the time step used for plot- 
ting and become smaller as the cell number is increased. 
From comparison of the simulated particle fluxes with 
the observed ones we find very good agreement in the 
major features of the particle flux even for such a sim- 
ple pulse form. These features include the ratio of the 
injected flux versus the background flux and the rela- 
tive positions of the drift echoes. There are also differ- 
ences between theory and observation mainly because 
our model only treats 90 ø pitch angle particles, while 
the satellite sensors register all particles. Another cause 
for the difference is that our pulse form is a simplified 
one. Another difference, the higher flux between two 
adjacent drift echoes in the observed flux, can be due 
to a physical mechanism that is not included in our 
model; i.e., the higher-energy particles (which arrive 
earlier) through other processes can modify the back- 
ground population and thus increase the flux for lower- 
energy ranges [Bogott and Mozer, 1974]. 

In order to explain the very large increase in the flux 
of particles with energy greater than 300 keV observed 
in some events, our pulse parameters have to be mod- 
ified, to have a larger E field and/or azimuthal extent. 
For example, if the azimuthal extent of the pulse is 
taken to be 2•½ = 100 ø with the other parameters un- 
changed, particles can be swept from 8.6 RE with ener- 
gies reaching 530 keV at 6.6 RE because particles with 
higher initial energy can stay in the pulse and be swept 
to the geosynchronous location. The flux increase de- 
pends even more sharply on the E field of the pulse. 
A field of 15 mV/m at 9 RE (with the other parame- 
ters unchanged) can sweep particles from about 12.3 RE 
to geosynchronous orbit. For the maximum initial en- 
ergy of about 16 keV, betatron acceleration will ener- 
gize such a particle to 105 keV at geosynchronous orbit. 
These extreme field values, however, are not expected 
to appear during many substorms, which is consistent 
with the observations of Belian et al. [1978], who no- 
ticed that such very high energy injections occur in less 
than 10% of the total number of substorms surveyed. 
However, in some substorm events [Aggson et al., 1983] 
the E field can be higher (30 mV/m) at about 15 RE, 
which corresponds to 50 mV/m at 9 RE in our model, 
due to the 1/r dependence, and also V0 can be much 
higher (500 km/s). A pulse with these parameters can 
energize particles to much higher energies and may be 
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responsible for the 10• of the cases mentioned. Inter- 
mediate values of the electric field (15 mV/m at 15 
have also been reported by $heperd et al. [1980] and can 
be responsible for higher energization than presented in 
this example. 

It is to be noted that the pulse parameters we chose 
above are not the only ones to give flux levels consis- 
tent with observations. Observations show that there is 

a wide range for the values of the electric field observed 
at the time of substorms as well as the plasma earth- 
ward flow speed. Thus it is instructive to show how a 
pulse with lower velocity and electric field can affect the 
proton flux. We choose both V0 and œ0 to be close to 
one half of the values in the previous simulation case 
(V0 = 100 km/s, which is also chosen by Liet al. [1998] 
in their simulation, and œ0 = 3.5 mV/m. 9 RE) with 
all other pulse parameters taken to be the same. The 
simulated proton fluxes are shown in Figure 12 and are 
very similar to the previous case. All energized particles 
in this case also arrive from distances of less than 9 
The small difference in the flux enhancement between 

these two cases is mainly due to the different particle 
azimuthal motion. With a lower propagating velocity in 
the second case, more particles will enter the pulse az- 
imuthally in the radial distance of 6.6--9 RE. However, 
because more particles also exit the pulse azimuthally, 
on average the number of particles staying in all of the 
pulse is about the same. Thus as can be seen in Fig- 
ure 12, the obtained flux levels in the second case are 
very close to those obtained in the first case. 
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Figure 13. Electron flux (left) in the vicinity of 6.6 RE 
as measured by three LANL satellites (left panel) and 
(right) simulated at that satellite position. Numbers l, 
2, and 3 correspond to satellites 1990-095 (LT = UT - 
0230), 1991-080 (LT = UT + 0442) and 1994-084 (LT 
= UT + 0654), respectively. The three energy ranges, 
shown in different shades of grey, are (from top to bot- 
tom) 105--150 keV, 150--225 keV, and 225--315 keV. 

3.2. Electron Injection Event 

While our calculations have been performed tbr non- 
relativistic particles, our orbit solutions for electrons 
with the energy range of 100--300 keV are good ap- 
proximations to the exact relativistic ones. Thus we 
look at the first electron injection event on January 
10, 1997 (see Figure 13), which is the one studied by 
Liet al. [1998] in •heir particle simulation model. We 
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Figure 12. Observed and calculated proton fluxes at 
geosynchronous orbit for a pulse with velocity 100 km/s. 
All other parameters are the same as in Figure l l, ex- 
cept that for this case œ0 - 3.5 mV/m. 9 RE. 

note that while they claim that their fields are obtained 
from the spherical symmetry of the problem, they use 
a plane-wave-like E field (it does not have the 1/r 2 de- 
pendence one would expect for a spherical wave). In 
our model we consider that the geometry of the prob- 
lem requires a cylindrical waveform (with a field of the 
form E½(r + Vot, c)) - -(œo/r)J•(r + V0t)•(•b), as given 
by equation (10)), because a large portion of the par- 
ticle trajectory takes place at distances from Earth of 
less than 9 RE, where the background field has a signif- 
icant cylindrical symmetry in the equatorial plane. A 
plane wave solution is not suitable in such a geometry 
for pulses of large azimuthal extent, and in general a 
wave solution with constant V0 and an E field not vary- 
ing along the radial direction of propagation will not 
conserve the field energy in a cylindrical (or spherical) 
geometry because the field energy density would be the 
same in such a wave, but the volume where the wave 
energy is confined decreases as the wave propagates to- 
ward lower r. 

The pulse parameters for this electron injection event 
are œ0 = 4.4 mV/m. 9 RE, V0 = 100 km/s, A 1 = A 2 = 
As = 11,000 kin, and 25½ = 30 ø . The background 
magnetic field parameter is chosen as BE = 0.3 G, and 
this was taken to give a value of the field at geosynchro- 
nous orbit equal to the average of the values in the more 
complex field model used by Li et al. [1998] in their sim- 
ulation work. The electron distribution parameters are 
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taken to be n = 4 and s = 2 keV, which is larger than 
the value used by Li et al. [1998] because our region of 
interest is closer to Earth than the one in their model. 

This value for c is consistent with reports that the aver- 
age electron energy in the 6 to 9 RE region at the begin- 
ning of the substorm onset can be as large as several keV 
[Lui, 1996; Chen9 and Lui, 1998]. To model the particle 
loss after injection by the pulse, we use a decay factor 
having an e-folding time of 3 hours, which is the value 
used by Liet al. [1998] for the same event. With these 
parameters the largest distance electrons are injected 
from is 8.9 RE, corresponding to those electrons that 
enter and exit the pulse radially. These electrons will 
experience an energy increase of 2.45 times via betatron 
acceleration (actually a little less, due to relativistic cor- 
rections). Other electrons will arrive at 6.6 RE from 
distances closer to the Earth and will be less energized 
but will account for the initial flux increase. 

Figure 13 shows the observed and simulated fluxes 
at geosynchronous orbit for three satellites. The first 
satellite (1990-095) is near midnight (at about 0200 lo- 
cal time) at the time of the injection, and thus the first 
peak at its position is quite narrow. The other two 
satellites are located eastward in relation to the first 

one, and so there is a larger dispersion seen at these 
locations, due to the different azimuthal drifts for dif- 
ferent electron energies. In all graphs, the simulated 
flux peaks are narrower than the observed ones as in 
the ion injection case, and this is due to the reasons 
already presented. 

A more realistic model would have to consider the 

possibility of a small number of particles being injected 
at azimuths outside the finite azimuthal extent of the 

pulse considered here. Also, the higher-energy particles 
arriving earlier at the satellite location may energize 
particles in the local population there (perhaps by the 
instabilities they drive); thus the observed fluxes will be 
wider than our calculated ones. Another possible im- 
provement is to include relativistic effects on the elec- 
tron calculation in these energy ranges. For relativistic 
particles, the radial equation of motion is the same as 
for nonrelativistic ones (the ExB is the same); so most 
of the particles (the ones that enter and exit the pulse 
radially) will come from the same distance as in the non- 
relativistic case. A simple calculation shows that the en- 
ergization our highest-energy electrons (Wi = 315 keV 
and so ?• = 1.6) undergo is lowered from the calculated 
nonrelativistic value of 2.45 to 2.2, and so the change 
in the initial distance (to obtain the same energization 
as before) is less than 0.5 R•. 

In conclusion, one sees that while all of those effects 
mentioned would provide a "smoother" flux, they will 
not have a large effect on the peak flux values, and our 
model gives a good approximation for the injected flux 
levels. 

It is to be noted that this energetic electron flux en- 
hancement event has also been modeled by test particle 
simulations [Liet al., 1993, 1998] with good agreement 
with observations. However, there is a clear difference 

between our model and the test particle simulations by 
Liet al. [1998]. In our model we use an electric field 
pulse with a 1/r factor multiplying a constant radial 
form in the pulse propagating frame so that the peak 
electric field amplitude increases as the pulse propa- 
gates toward the Earth, consistent with the basic idea 
of energy conservation. In the simulation study of Li 
et al. [1998] a much more complicated (but basically 
a plane wave) electric field was used. Another differ- 
ence between our and Li et al.'s model is the fact that 

we use a small number of parameters, which makes it 
easier to grasp physical insight from the dependence of 
the solutions on these parameters. The differences in 
our models manifest themselves in the conclusions as 

well: in our model we find that the initial radial dis- 

tance from which the particles are swept to geosynchro- 
nous orbit is approximately 8-9 RE and thus the flux 
enhancement observed at geosynchronous orbit is due 
to electrons with an initial distance of between 6.6 RE 
and 9 RE. On the contrary, the simulation results of Li 
et al. [1998] indicate that more than 90% of the ener- 
getic electron flux enhancement is due to electrons with 
an initial distance greater than 9 

4. Summary and Conclusions 

Energetic particle flux enhancement events in a wide 
range of magnetospheric disturbances can be modeled 
by considering particle interaction with an earthward 
propagating pulse with consistent E (westward directed) 
and B fields. Particle interaction with this pulse can 
account for the observed dispersionless injection events 
associated with these disturbances. As particles are 
swept earthward by the pulse via E x B drift motion 
to a higher magnetic field location, their energy will be 
greatly increased owing to the conservation of magnetic 
moment. Depending on the azimuthal extent of the 
pulse and the magnetic moment of the particles, parti- 
cle azimuthal drift motion determines how long particles 
can stay in the pulse, and thus their final position and 
energy gain. Analytical orbit solutions for nonrelativis- 
tic particles interacting with a cylindrical wave pulse of 
a trapezoidal radial field profile and a finite azimuthal 
extent have been obtained. The model was then applied 
to energetic particle flux enhancement events associated 
with substorms, and the simulated particle fluxes are in 
good agreement with satellite observations. 

Several general features of the particle orbit and en- 
ergization can be drawn from this study. First, the 
particle energy gain depends only on the initial and 
nal values of the magnetic field at the particle positions. 
Particles entering and exiting the pulse radially will be 
swept the longest distance, and their energy gain will be 
the largest. Second, above a critical energy (which de- 
pends on the pulse parameters), particles cannot stay 
in all three parts of the pulse and will exit the pulse 
azimuthally, and they will not be as highly energized. 
These particles azimuthally exiting the pulse at the ob- 
serving satellite radial distance contribute to the ini- 
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tial phase of the flux enhancement but have a small 
contribution to the overall observed flux level. Third, 
particles swept to the final location (ry,Oy,ty) come 
from a larger initial radial distance at (ri,Oi,ti), which 
is determined by the pulse parameters and the parti- 
cle magnetic moment; in general, ri will be larger if the 
pulse propagating speed V0 is lower and the radial pulse 
length is larger because particles will stay longer in the 
pulse. Also, ri will be larger if the electric field am- 
plitude is larger because the larger E x B drift will be 
closer in magnitude to V0, thus allowing the particles to 
remain in the pulse longer. 

A great advantage of our model is that analytical par- 
ticle orbit solutions are obtained and provide valuable 
physical insights into the problem and greatly reduce 
the amount of numerical computation needed for ob- 
taining the injected fluxes at the observing satellite lo- 
cation. The approach of our model is also general in the 
sense that any radial waveform can be approximated by 
linear segments that we considered, and analytical orbit 
solutions are available. Thus the injected fluxes can be 
easily obtained numerically by decomposing the pulse 
into a number of linear segments depending on the re- 
quired accuracy for approximating the pulse form. 

The good agreement between our simulated particle 
fluxes and the observed fluxes as well as other compar- 
ison studies of test particle simulations [Liet al., 1998] 
indicates that dispersionless energetic particle flux en- 
hancement associated with substorms can be modeled 

by an earthward propagating pulse with a westward 
electric field. Thus more complex models such as the 
injection boundary model [Mcllwain, 1974] are not nec- 
essarily needed in order to explain the dispersionless 
particle injection events. However, there is a clear dif- 
ference between the results of our model and the results 

of test particle simulations by Li et al. [1998]. From our 
model we find the initial radial locations from which the 

particles are injected to the geosynchronous orbit to be 
at around 8-9 RE, which is much closer to the Earth 
than those obtained from the simulations by Li et al. 
[1998], who conclude that more than 90% of the ener- 
getic electron enhancement is due to electrons with an 
initial distance greater than 9 RE. 
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