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Nonlinear vortex structures with diverging electric 
fields and their relation to the black aurora 
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Abstract. Large, radially divergent electric fields have 
been observed by the FREJA satellite and have been as- 
sociated with black auroral curls. We interpret these struc- 
tures as two-dimensional solitary nonlinear plasma waves. 
In accordance with observation, we suggest that these are 
slowly propagating vortex structures traveling along elon- 
gated density depletions perpendicular to the magnetic field. 
We demonstrate that these structures are localized in space 
(the order of 1 kin) and can have large, outwardly directed 
radial electric fields (the order of 1 V/m)--characteristics 
consistent with FREJA observations. 

Introduction 

The Atmospheric Explorer C first measured divergent 
electric field structures at low altitudes associated with a 

fallout in electron precipitation [Burchet al., 1976]. The 
absence of precipitation in these regions corresponds well 
with the events termed "black aurorae" observed optically 
from the ground [Hallinan and Davis, 1970]. Recently the 
FREJA satellite detected similar electric field structures in 

the nightside/morningside auroral region [Marklurid et al., 
1994, 1995]. Some of these structures are particularly in- 
teresting because they are very intense (approximately 1 
V/m), have narrow spatial widths (approximately I kin), 
and are radially divergent. Particle measurements also indi- 
cate a fallout of precipitating electrons associated with these 
events and a weak downward directed field-aligned current. 

In this paper we interpret the FREJA electric field ob- 
servations mentioned above in terms of a two-dimensional 

electrostatic solitary structure moving in the E-W direction. 
The solitary structure is characterized by a narrow spatial 
scale and large radially divergent electric field in accordance 
with the observations[Chang and Johnson, 1994a, 1994b]. 

Model 

The particular event discussed by Markhind et al. [1994] 
is a two dimensional vortex like electric field structure. It 

is natural to consider the structure to be two-dimensional 

in the plane perpendicular to the magnetic field. Such a 
solution does not take into account the parallel dynamics 
and the associated implications for particle precipitation, 
but it does provide a reasonable framework to describe the 
large divergent perpendicular electric fields and the small 
scale perpendicular structure observed by FREJA. 

The observations of Markhind et al. [1994] lie within a 
region of diffuse precipitation as is typical of black auroral 

curls. The wave data associated with the local FREJA ob- 

servations at the time of the event indicate that the electric 

field is embedded in a region of density depletion [Eriksson, 
private communication]; therefore, we consider wave struc- 
tures in the presence of an elongated background density 
depletion which varies with latitude. The scale of this back- 
ground density depletion is observed to be much larger than 
the local density depletion associated with the electric field 
structure [Marklund et al., 1994]. 

To model the FREJA observations, we take a simplified 
model illustrated in Figure 1 with the magnetic field along 
the z direction and a background density which varies latitu- 
dinally in the x direction. In accordance with ground based 
observations of the black aurora [HallJuan and Davis, 1970], 
we assume that the structures travel slowly along the trough 
of the density depletion in the E-W direction, y, rotating in 
an anti-cyclonic direction. 

Background density depletions give rise to a rich variety 
of plasma modes and instabilities--most notable are drift 
waves and Kelvin-Helmholtz instabilities. It is well known 

that large amplitude vortex solutions exist in the presence 
of a nonuniform plasma [Lakhin et al., 1988; Suet al., 1991; 
Petviashvili, 1980; Horihata and Sato, 1987]. We explore the 
possible wave structure in the following section. 

Basic Equations 

The electric field structures at FREJA altitudes are es- 

sentially stationary compared with the ion gyroperiod, but 
the length scale of the structures is comparable to the ion 
gyroradius, p. However, the length scale, L, of the density 
depletion is much larger than the ion gyroradius. Hence, 
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Figure 1. This figure illustrates our model for the electric 
field structures. The magnetic field is along the z axis, the 
density varies along the x axis, and the structure travels 
slowly in the y direction with the velocity u. The electric 
field points radially outward from the structure so that they 
are anti-cyclonic. 
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We normalize the potential, density, velocity and position 

= = --,v = -,a - = •0 Cs Ps 

where T• is the electron temperature, n0 is a background 
• T•/mi is the ion acoustic sound velocity, and density, c.: 

p, • c,/•i is the ion acoustic tyroradius. 
Initial analysis of the observed magnetic fluctuations in- 

dicates that they are not strongly correlated with the strong 
electric field structures [Marklund, pri•te communication], 
therefore we limit ourselves to the study of electrostatic 
structures. The ion motion is described by the norm•ized 
continuity •d momentum equations 

dlog N 
= -V.V (•) d• 

= + v x (4) 
d• 

where b is the direction of uniform background magnetic 
field. To lowest order in the tyrofrequency, the ion velocity 
consists of the "E x B" drift •d the pol•ization drift 

d 

v = x 
We follow the st•dard theory for •alyzing solitary vor- 

tex solutions of the nonlinear drift equations [Lakhin et al., 
1988; Suet al., 1991, 1992; Horihata and Sato, 1987]. •om 
the continuity equation, we form a conserved quittry 

q • V• - log N (6) 

such that ignoring compression due to the polarization drift 

dq -0, d 0 
Conservation of q may be interpreted as the conservation law 
of enstrophy in a compressible fluid [Hasegawa and Mirna, 
1978]. To proceed, we specify that the structure drifts along 
the density trough in the y direction so that q,(x, y,t) = 
q, (x, r/) where rl = y - ut and u is the normalized velocity of 
the structure (Mach number). Then (7)becomes 

10• Oq : (10• - l ) Oq (8) 
so that 

q(x, rl) = g(x - •/u) (9) 

for an arbitrary function g. 
In the simplest model we assume that quasineutrality is 

valid. More elaborate models for the electron and ion distri- 

butions coupled with the Poisson equation would be neces- 
sary if we were to include parallel dynamics. However, our 
approximation is sufficient to explain the large-scale perpen- 
dicular fields. We specify the electron distribution function 
from kinetic theory so that 

(10) 

Equations (6), (9), and (10) are dosed for g,(x,v) once 
we specify the form of N and g. The electron distribu- 
tion function is constructed from the constants of the mo- 

tion. A Boltzmann distribution for electrons gives a density 
N = No(x)exp(•I'/T(x)). Another interesting case involves 
trapped electrons. Large electric field structures which de- 
velop slowly compared to an electron transit time trap the 
low energy electron core. Because trapped electrons can 
maintain the potential at large values with only modest 
density enhancements [Schamel, 1979; Bohrn et al., 1990] 

it is interesting and important to consider their effect. A 
model distribution which allows continuous variation from 
a Boltzmann distribution to "adiabatic trapping" [Bohrn 
et al., 1990] to an electron hole [Schamel, 1979] is obtained 
from the free and trapped populations 

fsr(x,v) = N(x) exp(-(v 2 - 2•)/2) Ivl > 
(11) 

f,r(x,v) = N(x) exp(fl(v 2 - 2•)/2) Ivl < 
The free and trapped densities are respectively 

NS• = No(x) exp(•)erfc(v•) 
ß 

N,• = N0(x) •erf(i •v/'•) fi > 0 (12) 
1 erf(v••) /•<0 = 

The limiting forms of the densities are Boltzmann for/• = 
-1, adiabatic trapping for/• = 0, and an electron hole as 

An appropriate form for the function g is obtained from 
the requirement that ß --> 0 as •. One function 
which satisfies this form is logNo(x) [Horihata and Sato, 
1987]. Hence, we obtain the differential equation, 

V•'• - logNo(z) - log Nv(•) = log N0(x - •lu) (13) 
where Nv represents the contribution to the density in the 
absence of density gradients (N = No (x) N• (•)). To model 
a density depletion we take the approximation, No(x) = 
exp(x•'/L 2) which appropriately models a density depletion 
at x = 0 and is reasonable as long as the structure is well 
confined spattally to [x[ < < L as is the case for the solution. 

Boltzmann Electrons. For the Boltzmann distribu- 
tion we find 

V2•I, - ,•(x)•I, + u2L2 = 0 (14) 
where ,•(x) = 1/T- 2x/uL. Because ,• is a slowly varying 
function of x it is appropriate to consider a WKB approx- 
imation to the solution. For low amplitudes, equation (14) 
implies that Debye shielding dominates and no wave struc- 
tures exist. For larger amplitudes the density gradients focus 
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Figure 2. Phase space plot for the _radially symmetric so- 
lution (16). Solitary solutions have •p,=2.392... and ap- 
proach the fixed point •p = 0 (1). Solutions with smaller 
½, are oscillatory about the aea point at ½ = 1 (2), 
while solutions with larger •p, are divergent (3). 
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the structure in the center of the region of depleted density 
and overcome the Debye shielding. 

To first order, the vortex structures are azimuthally sym- 
metric. If we were to consider other modes, the azimuthal 
wave number could be included in the parameter •. With 
the scaling 

•(•) _ •½.•,.•(•x/,.•) (•5) 

we obtain the dimensionless equation 

+ -0 

The one dimensional analogue of this equation admits peri- 
odic solutions and a solitoh solution which may be solved ex- 
actly. The radially symmetric solution has two fixed points 
at •b - 1,0 which correspond to oscillato_ry solutions and a 
solitoh. A phase space plot (d•ldv vs. •) of the solutions 
in Figure 2 demonstrates these properties. For a maximum 
potential less than 2.392 the solutions oscillate about • - 1. 
For a l•ger maximum potential the solutions diverge, and 
for •,=2.392... the solution represents a solitoh. The 
spatial structure of the electric field is shown for these solu- 
tions in Figure 3. 

In the preceding analysis we took a depleted background 
density profile and expanded about the minimum. Near the 
minimum the exposion is even so that the linear term cor- 
responding to the drift velocity, va• - -TdN/dz, vanishes. 
The character of our solutions is therefore determined by the 
curvature of the density. For a density depletion, the elec- 
tric field is outwardly directed in the radial direction and 
the rotation anti-cyclonic. Furthermore, our choice for the 
background density profile corresponds to a densky mini- 
mum and does not limit the amplitude of the structure as 
long as its spatial extent is well contained within the back- 
ground density scale length, L, which is the case for the 
FREJA observations. 

Our analysis differs koma situation with a line• back- 
ground density profile [Su el al., 1991, 1992] where the char- 
acter of the solution is determined by •he difference between 
va• and •. For the linear profile, the rotation of the vortex is 
anti-cyclonic (cyclonic) depending on whether the velocity 
of the structure is greater (less) than the drift velocity of 
the plasma. Those solutions also have a larger spatial size 
with a width of several •p,L• where L• is the scale of the 
density gradient. 

(3) 
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Figure 3. Electric field as a function of radius. For the 
solitary structure, (1), the field is radially divergent. 

Trapped Electrons. For trapped electrons the equa- 
tions become explicitly dependent upon the gradient scale 
length which can be important at relatively large values of 
q' as the density actually decreases with increasing q' for 
• > 0. The rescaled analogy of (16) is approximately 

I log(N,,(A•)) + •' -- 0 (17) - X 
where ß = A• and A =_ 1/u2L 2. The phase space and 
real space analogues of Figures 2-3 are essentially the same 
except that the fixed points are at 0 and a value less than 
1. The central amplitudes are reduced and the width of 
the structure is slightly increased. For large values of A 
the trapped electron potential cannot balance the nonlin- 
ear term due to the density gradients therefore only small 
potential solutions are allowed. However, for A -• 10, a typ- 
ical value based upon the observations, and for the most 
realistic values of/3 (0 < /3 < 1) the amplitude of the po- 
tential remains the order of unity. It is interesting to note 
that whereas for parallel double layers and also 1D electro- 
static shocks the trapped population increases the potential 
substantially [Schamel, 1979], in this case there is a modest 
decrease in the size of the potential. We point out that for 
/3 0• I the central density is depleted by as much as 20 per- 
cent of the ambient background density. This is entirely the 
result of the trapped electron population which decreases for 
large potentials unlike the Boltzmann case. We emphasize 
that there is an observed decrease in not only the back- 
ground density, but also a further decrease in the density 
at the location of the electric field structure. The observa- 

tions are consistent with the existence of a strongly trapped 
electron population. It would therefore be important to con- 
sider measurements of the electron distribution function at 

the location of these events to determine whether the density 
depletions result from strong electron trapping. 

Comparison with Data 

To compare our results with data we take parameters 
characteristic of the auroral region at 1700 kin. The scale 
size of the solutions is determined primarily from the ion 
acoustic gyroradius. For electron temperatures ranging from 
1-50 eV the gyroradius ranges from 30-100 m at these alti- 
tudes. Our solutions typically have a width of approximately 
5 p8 so that the width of these structures is approximately 
100-500 m which is consistent with the observations of the 

FREJA satellite. (The remarkable point about the observa- 
tions was the thinness of the structures.) 

The electric field for our structures can be estimated to be 

E • 1.5u 2 L2T•/eps. The velocity of black auroral structures 
tends to be much smaller than the ion acoustic speed. Based 
upon the observations of Hallthan and Davis [1970] the nor- 
malized velocity u • 0.1--much slower than the FREJA 
satellite so that the structures appear stationary. The back- 
ground density is depleted by an order of magnitude in the 
region where these events occur--the background depletion 
being much larger in spatial extent than the depletion associ- 
ated with the electric field structures [Eriksson, private com- 
munication]. In accordance with FREJA plasma wave ob- 
servations we take the background scale length, L/p• ,,• 50, 
and for typical parameters we find electric fields 25T•/p• 
0.1-1V/m which is comparable with the FREJA observa- 
tions. 

Future Considerations 

Although the nonlinear 2-D structures that we have found 
exhibit the appropriate spatial size and large divergent elec- 
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tric fields which characterize the structures observed by 
Marklund et al. [1994], there are a number of features that 
require further investigation and refinement. It is obvious 
that parallel dynamics are important for correlating the ab- 
sence of precipitation with the large perpendicular electric 
field structures and for providing a consistent explanation of 
the upward directed field-aligned currents. Assuming that 
the electric fields map into the ionosphere they will drive 
Pederson currents out of the electric field structure. Hence, 
there will be a downward directed field-aligned current as is 
observed. This interpretation is simply the analogue of the 
interpretation of the well known inverted V event [Burch 
et al., 1976]. The obvious improvement for our model is to 
incorporate proper coupling between these structures and 
the ionosphere using a 3-D model. Moreover the dropout of 
electron precipitation is most likely the result of a parallel 
electric field which is determined by the parallel dynam- 
ics. Coupling between the magnetosphere and ionosphere 
remains an area of active research. 

Another important consideration is the time dependence 
and stability of the structures. In previous studies [Suet al., 
1991] it has been shown that such structures can be main- 
rained for about 100 cyclotron periods which is the timescale 
of the satellite measurements. Individual curls tend to exist 

for the order of seconds which appears to be consistent with 
the disruption time of the vortex structures. 

The generation mechanism for these structures is an im- 
portant area for future consideration. The structures can 
presumably develop as the nonlinear stage of an instabil- 
ity (perhaps Kelvin-Helmholtz, drift-wave or ion acoustic) 
or perhaps be driven by a process at the solar wind mag- 
netosphere interface. These structures are almost entirely 
observed on the nightside and are seasonally dependent, so 
it is important for the generation mechanism to satisfy these 
characteristics. 

Finally, although preliminary observations indicate little 
correlation between magnetic fluctuations and the large elec- 
tric field structures it appears that significant field-aligned 
currents are associated with these structures, and thus, it 
may be important to also consider electromagnetic effects. 

Summary 

In this paper we have proposed an explanation of the 
large, divergent, vortex-like electric fields observed by the 
FREJA satellite [Marklund et al., 1994]. We analyze a model 
with an elongated density depletion perpendicular to the 
Earth's magnetic field. We have found solutions of the rele- 
vant equations which correspond to large vortex structures 
with outwardly directed radial electric fields traveling in the 
E-W direction along the density trough. We find that the 
spatial scale of these structures is small (the order of I kin) 
and the electric fields can be enormous (the order of I V/m). 
These characteristics correspond well with the FREJA ob- 
servations. 

Acknowledgments. We are indebted to GiSran Mark- 
lund and Anders Eriksson for useful discussions and for 

showing us data before it was published. We also thank 

C.Z. Cheng for useful discussions. This work was partially 
supported by NASA Grant Nos. NAG5-2255 and NAGW 
1532, by the Air Force Office of Scientific Research Grant 
No. F49620-93-1-0287 and the Phillips Laboratory Contract 
No. F19628-91-K-0043. 

References 

Bohm, M., N. Brenning, and C. G. F'&lthammer, Dynamic 
trapping: Neutralization of positive space charge in a col- 
lisionless magnetized plasma, Phys. Rev. Left., 65, 859- 
862, 1990. 

Burch, J. L., W. Lennartsson, W. B. Hanson, R. A. Heelis, 
J. H. Hoffman, and R. A. Hoffman, Properties of spikelet 
shear flow reversals observed in the auroral plasma by 
Atmosphere Explorer C, J. Geophys. Res., 81, 3886-3896, 
1976. 

Chang, T., and J. R. Johnson, Nonlinear wave description 
of the "black aurora", EOS Trans. A GU, 75, 320, 1994a. 

Chang, T., and J. R. Johnson, Nonlinear waves with diver- 
gent electric fields with applications to the black aurorae 
and non-neutral periodic propagations in the acceleration 
region, Freja International Scientific Workshop on Small- 
Scale Auroral Physics, 1994b. 

Hallinan, T. J., and T. N. Davis, Small-scale auroral arc 
distortions, Planet. Space Sci., 18, 1735-1744, 1970. 

Hasegawa, A., and K. Mima, Pseudo-three-dimensional tur- 
bulence in magnetized nonuniform plasma, Phys. Fl'uids, 
œ1, 87-92, 1978. 

Horihata, S., and M. Sato, On the solitary vortex solutions 
of nonlinear drift wave equations, J. Phys. Soc. Jpn, 56, 
2611-2614, 1987. 

Lakhin, V. P., A. B. Mikhailovskii, and O. G. Onishchenko, 
Drift soiltons, Plasma Phys. Controlled Fusion, 30, 457- 
470, 1988. 

Marklund, G., L. Blomberg, C.-G. F'althammar, and P.-A. 
Lindquist, The occurrence and characteristics of intense 
low-altitude electric fields observed by Freja, Geophys. 
Res. Left., œ1, 1859-1862, 1994. 

Marklund, G., L. Blomberg, C.-G. F/•lthammar, and P.-A. 
Lindquist, On intense diverging electric fields associated 
with black aurora, Annales Geophysicae, in press, 1995. 

Petviashvili, V. I., Red spot of Jupiter and the drift soliron 
in a plasma, JETP left., $œ, 619-622, 1980. 

Schamel, H., Theory of electron holes, Physica Scripta, œ0, 
336-342, 1979. 

Su, X. N., W. Horton, and P. J. Morrison, Drift wave vor- 
tices in inhomogeneous plasmas, Phys. Fluids B, $, 921- 
930, 1991. 

Su, X. N., W. Horton, and P. J. Morrison, Drift wave vor- 
tices in nonuniform plasmas with sheared magnetic fields, 
Phys. Fluids B, J, 1238-1246, 1992. 

Jay R. Johnson, Princeton University, Plasma Physics 
Laboratory, Princeton, NJ 08543. (e-mail jrj•pppl.gov) 

Tom Chang, Center for Space Research, Massachusetts 
Institute of Technology, Cambridge, MA 02139. (e-mail 
tsc•space.mit.edu) 

(received January 12, 1995; revised March 16, 1995; 
accepted April 6, 1995.) 


