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Calculations of collisional diffusivities in toroidal magnetic plasma confinement devices order the
toroidal gyroradius to be small relative to the poloidal gyroradius, i.e.,rif

!riu
, where rif

;mivthi
/qBf and riu

;mivthi
/qBu. This ordering is central to what is usually referred to as

neoclassical transport theory. This ordering is incorrect at low aspect ratio(with aspect ratioA
;R/a, whereR is the major radius of the torus anda is the minor radius), where it can be the case
thatrif

.riu
. The correction to the test particle diffusivities is numerically calculated by comparing

the diffusivities as determined by a full orbit code(which we refer to as omniclassical diffusion)
with those from a gyroaveraged orbit code(neoclassical diffusion), and then corroborated by an
analytic calculation. The omniclassical diffusion can be up to 2.5 times the calculated neoclassical
value. The implications of this work for the analysis of collisional transport in low aspect ratio
devices are discussed. ©2004 American Institute of Physics. [DOI: 10.1063/1.1781165]

The theory of diffusion of particles across a uniform
magnetic field(referred to as classical diffusion) was devel-
oped nearly 50 years ago,1,2 but was found insufficient to
explain the observed diffusion in toroidal devices. The theo-
retical basis of collisional transport in high aspect ratio mag-
netic plasma confinement devices has been well established
for at least 30 years(see, e.g., Refs. 3–5). Transport theory at
high aspect ratio is based on the “small gyroradius expan-
sion,” which assumes thatri /a;r* !1. In addition, it is
generally assumed thatuBu /Bfu!1 (whereBu is the poloidal
magnetic field andBf is the toroidal magnetic field), which
is in turn the result of two additional assumptions—e
;a/R,1 (wherea is the minor radius of the torus andR is
the major radius) andq;dF /dc=Os1d (whereF is the to-
roidal flux andc is the poloidal flux). In low aspect ratio
tokamaks,6 often referred to as spherical torii, thee!1 as-
sumption is explicitly violated. As a result, the assumption
that uBu /Bfu!1 is also invalid. These assumptions are fun-
damental to the derivation of the gyroaveraged kinetic equa-
tion, also known as the drift kinetic equation. The drift ki-
netic equation is the basis of neoclassical transport theory.

In order to determine the magnitude of the correction to
collisional transport due to finite gyroradius, we first com-
pare the result of the gyroaverage orbit codeORBIT (Refs. 7
and 8) with those from the full orbit codeGYROXY.9 We coin
the word omniclassical to refer to transport calculations
based on full particle orbits in general toroidal geometry with
arbitrary aspect ratio. The collision frequency and tempera-
tures are set to be the same in both codes and the diffusivities
are calculated. Care was taken to verify that the same pitch
angle scattering rate was obtained in each code, due to the
very different scattering operators used. It is useful to note
that the actual value of the collision frequency falls out of
this ratio as long as the collisionality is well into the banana
regime (i.e., nie!vb), since we are only interested in the
ratio of omniclassical to neoclassical diffusion(and diffusion
is linear in collision frequency). The correction is therefore
essentially a geometric correction factor, arising from the

now widely differing full and gyroaveraged orbits. We re-
strict ourselves to considering only modifications to the ion
transport. In a real plasma, however, the collisionality regime
may vary across the minor radius, which may modify the
resultant correction factor profile. We then compare these
results to an analytic theory valid for arbitrary aspect ratio.
The analytic calculation is based on angular momentum con-
servation and is valid at arbitrary aspect ratio andb.

Two equilibria from the National Spherical Torus Ex-
periment (NSTX) (Ref. 10) were chosen as representative
low aspect ratio equilibria. Isoflux contour plots of the equi-
libria used are shown in Figs. 1 and 2. These particular equi-
libria were chosen because they have very different values of
uBu /Bfu, so as to determine in a rough manner how strongly
the transport correction scales with this ratio. The
double null discharge (equilibrium 1) has Bfs0d
=0.3 T [whereBfs0d; the applied vacuum toroidal field at
the vessel midpoint, i.e.,R=0.86 m] and with Ip=1.2 MA
(whereIp; the toroidal plasma current), whereas the single
null discharge (equilibrium 2) has Bfs0d=0.5 T and Ip

=0.8 MA. The ratio ofuBu /Bfu,m0Ip/ s2paÎ1+k2Bfd (with
k=b/a andb the plasma height) varies more than a factor of
2 between the chosen equilibria(the relevant geometric fac-
tors vary between these discharges on the order of 10%).

Representative particle orbits are shown for equilibrium
1 in Figs. 3 and 4. The plot region in Fig. 4 is indicated by
the box in Fig. 3. In Fig. 3 the black trace is the full orbit,
whereas the red trace is the gyroaveraged orbit. It is evident
from this picture alone that the diffusion step size will vary
substantially between the two models. In Fig. 4, which has a
plot region corresponding to the box drawn in Fig. 3, the
black trace is the downward drifting part of the full orbit and
green is the upward drifting part, whereas the red dashed line
is the gyroaveraged orbit. Note that the maximum orbit
width for the full orbit varies by nearly a factor of 5 over the
banana width(denoted in Fig. 4 asDb for the banana width
andDtot for the full orbit width).

To carry out the numerical simulations, 2000 particles

PHYSICS OF PLASMAS VOLUME 11, NUMBER 9 SEPTEMBER 2004

1070-664X/2004/11(9)/45/4/$22.00 © 2004 American Institute of PhysicsL45

Downloaded 10 Feb 2005 to 198.35.4.95. Redistribution subject to AIP license or copyright, see http://pop.aip.org/pop/copyright.jsp

http://dx.doi.org/10.1063/1.1781165


with energy 1.1 keV are deposited as ad function in c with
uniform poloidal distribution, but with a random initial ve-
locity space pitch angle distribution. This distribution is then
allowed to evolve under the influence of pitch angle scatter-
ing and, for the full orbit code, gyrophase scattering. The
effect of energy scattering is ignored, an assumption that
permits simplification of both the numerical and analytical

calculation. The effect of energy scattering on diffusivity will
be the topic of future work. The mean square normalized flux
deviation from the initial flux surface is plotted vs time for
equilibrium 1 for the flux surface with an outboard major

FIG. 1. (Color). Isoflux contour plot for NSTX shot number 108 989,
Bf sR=0.86 md=0.3T, Ip=1.2 MA, bt=35%.

FIG. 2. (Color). Isoflux contour plot for NSTX shot number 108 730,
Bf sR=0.86 md=0.45 T, Ip=0.8 MA, bt=15%.

FIG. 3. (Color). Representative calculated particle orbits for the full orbit
code (black) and the gyroaveraged orbit code(red) for the equilibrium in
Fig. 1. The particle hasE=2.0 keV, l0=vi0

/v=0.3. The inner particle is
born on the flux surface located atR=115 cm,Z=0 cm, while the outer
orbit is born atR=145 cm,Z=0 cm.

FIG. 4. (Color). Expanded view of the orbits in Fig. 3(the plot region
corresponds to the region of the box shown in Fig. 3). Notice the large
difference between the maximum orbit widths for the full orbit,Dtot, and the
gyroaveraged orbitDb.
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radius located atR=130 cm in Fig. 5 for both the neoclassi-
cal and the full omniclassical case. After filling in the orbit
widths from the initiald-function distribution(typically in
one to two bounce times) the particles then diffuse radially.
A line is fitted to each time sequence, the slope of which is
the diffusivity and the offset is the mean orbit width in flux
coordinates.

The calculation is then repeated at ten flux surfaces
which are equally spaced in outboard major radius, one ev-
ery 5 cm starting atR=110 cm (thereby avoiding both the
magnetic axis and the last closed flux surface). Checks of the
variation of the diffusivity with collisionality in the banana
regime indicate that the dependence is linear with unity slope
to better than 5%. Checks were also performed with analytic
high aspect ratio equilibria to verify that the omniclassical to
neoclassical diffusivity ratio approaches 1 at high aspect ra-
tio and that the neoclassical high aspect ratio result is in
agreement with analytic diffusion coefficients as given in, for
example, Ref. 11. Also, we verified that the ratio of omni-
classical to neoclassical(test particle) thermal diffusivity is
the same as the equivalent ratio for the particle diffusivities
to a high degree of accuracy(thermal diffusivity is calculated
using a Maxwellian initial energy distribution and weighting
the square of the displacement with energy).

The resultant omniclassical to neoclassical diffusivity ra-
tio is plotted vs normalized poloidal flux for both equilibria 1
and 2 in Fig. 6. The peak ratio is,2.5, for the higher current
low toroidal field case(equilibrium 1). The higher field lower
current equilibrium(equilibrium 2) also has a small correc-
tion over the neoclassical value with a mean value of,1.1.
The omniclassical to neoclassical diffusivity ratio rises
strongly with radius for equilibrium 1, while for equilibrium
2 the peak correction factor is more flat. Equilibrium 1 is a
paramagnetic plasma, so the toroidal field falls off faster than
1/R, whereas equilibrium 2 is nearly diamagnetic giving rise
to a smaller variation in toroidal field asR increases.

Also shown in Fig. 6 are the results of an analytic cal-
culation of the test particle diffusion, using a method similar

to that described in Ref. 12, but using a simplified integra-
bility condition. The focus of Ref. 12 was not low aspect
ratio, and assumed expressions for the radial fluxes were
valid only for very low b. The analytic expression repre-
sented in Fig. 6 is valid for highb. The analytic calculation
indicates that the correction to neoclassical arises from the
appropriate generalization of classical transport to this low
aspect ratio geometry. Omniclassical diffusion can therefore
be thought of as the sum of classical and neoclassical diffu-
sion when the two terms are of the same order.

The effect of finite gyroradius at low aspect ratio has
been investigated previously13 for slowing down of fast(neu-
tral beam) particles. In this work, the effects of finite gyro-
radius on diffusion were ignored, since the slowing down
rate is typically larger than the pitch angle scattering rate for
fast ions. The result of this work was that the gyroaveraged
orbit model was sufficient for modeling fast particle slowing
down (i.e., for calculating plasma heating from fast par-
ticles). The reason that diffusion is not well represented by
gyroaverage orbits, while slowing down is, can be simply
understood. On average the region over which a particle will
deposit its energy is centered about the mean location of the
particle. Since the gyroorbit is still roughly circular, the av-
erage particle location is still very near the location of the
gyroaveraged orbit(accurate to within the approximation
that the field does not vary over the gyroradius, i.e., the
rif

/a!1). Diffusivity, on the other hand, scales asx
,neffreff

2 wherereff is a measure of the rms deviation of a
particle from a flux surface andneff is the effective pitch
angle scattering rate. However, as is apparent from Fig. 4,
the rms deviation from a flux surface varies significantly be-
tween the full and gyroaveraged orbits.

An important implication of this work is that the omni-

FIG. 5. (Color). Time history of the mean square deviation from the starting
flux surface measured in units of normalized flux. The red line is a least
squares fit to the data aftert=0.15 ms. The slope of this line is the particle
diffusivity in flux space.

FIG. 6. (Color). Radial profiles of the diffusivity correction factor due to
finite gyroradius for the two equilibria above. Black lines are for the nu-
merical calculation and red lines are for the analytical calculation.
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classical ion test particle transport is measurably higher than
predicted by neoclassical theory. This is particularly impor-
tant given recent experimental results from NSTX that have
shown measured ion temperatures well in excess of those
predicted by neoclassical theory as calculated by theNCLASS

code14 (see Ref. 15 for NSTX results). (The ratio of test
particle diffusivities can be considered an approximation for
the ratio of ion thermal diffusivities.) The omniclassical cor-
rections calculated above motivates the reexamination of the
theoretically predicted ion temperature for the plasmas given
in Ref. 15(equilibrium 2 is in fact the same equilibrium for
which the neoclassical ion temperature was calculated in
Ref. 15). This will increase the magnitude of the apparent ion
temperature anomaly by widening the gap between the pre-
dictions of the maximum possible ion temperature and those
measured in the experiment. This expected increase in om-
niclassical thermal diffusivity therefore strengthens the argu-
ment for the possible existence of an additional ion heat
source in low aspect ratio tokamaks heated by neutral beams
(see, e.g., Ref. 16). Similarly, comparisons to neoclassical
theory in other spherical torus devices such as the small tight
aspect ratio tokamak bear reexamination.17 A detailed com-
parison to experimental data will require a more complete
theory of omniclassical transport, including electric field ef-
fects and energy scattering as well as multispecies effects.
Finally, we note that theORBIT andGYROXY results for boot-

strap current are in close agreement, consistent with what
one expects from analytic theory.
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