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ABSTRACT

We have developed a simple approximation for the absorption, extinction and scattering coefficients, infrgred
emittance, single-scattering albedo, and asymmetry factor of water clouds within the 8-12-um spectral region.
The aforementioned cloud-scattering characteristics are obtained as continuous functions of the wavelength )\,
liquid water content W, effective radius r.y, and effective variance vgof the droplet-size distribution. The accuracy
of the proposed approximation is shown to be within 6% for most types of water clouds when compared to the
exact Mie theory calculation and integration over the size distribution. At the same time the required computer

time is reduced by a factor of 103-10°,

1. Introduction

The purpose of this note is to present a simple an-
alytical approximation for the radiative characteristics
(absorption coefficient k., emittance ¢, extinction
coefficient k.., single-scattering albedo w,, and the
asymmetry parameter g) of water clouds in the 8-12-
p#m wavelength region. We seek an approximation that
is computationally fast (does not require any Mie cal-
culation) and provides the listed radiative character-
istics to within 6% accuracy, when compared with the
exact Mie calculation integrated over typical size dis-
tributions. The approximation should lead to simple
analytical expressions for the absorption coefficient, the
extinction coefficient, the single-scattering albedo, and
the asymmetry factor as a function of the wavelength
A, the liquid water content W, and two additional pa-
rameters specifying the cloud-droplet-size distribution.

Water clouds’ infrared emittance is usually written
in the no-scattering approximation (e.g., Hunt 1973;
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Paltridge and Platt 1976; Stephens et al. 1990) in the
form

e=1— ek (1)
where z is the cloud’s geometrical thickness. The ab-
sorption coefficient k., is defined by

kW) = 7 [ PQu(r, On(ar (@)
where Qu, is the Mie absorption efficiency (e.g., van
de Hulst 1957) and n(r) is the cloud-droplet-size dis-
tribution.

The extinction coefficient k., single-scattering al-
bedo wy, and the asymmetry factor g are defined as

kN = 7 [ PQutr, nar  (3)

kuxt’ kabs

wo=———-———~

o
EVk() = 7 [ P80, N0Llr M) (5)

(4)

with the Q.. and Q. being the Mie scattering and ex-
tinction efficiency and g, the single-particle asymmetry
factor (e.g., van de Hulst 1957). The scattering coef-
ficient ke = Kexy — Kops.
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The often-used parameterization of the cloud in-
frared emittance as a linear function of liquid water
content Wis based on the linear approximation of Q,y
as a function of the droplet radius r in the form (e.g.,
Platt 1976; Chylek 1978; Pinnick et al. 1979; Chylek
and Ramaswamy 1982; Stephens 1984)

Quns(7, A) = a(M)r, (6)

where a(A) is a constant (at a considered wavelength
A) determined from the best linear fit to Q. for values
of ¥ < Fmax. The 1y, is @ maximum radius for which
(at a given wavelength ) the linear fit represents an ac-
ceptable approximation. Because the character of the
Qabs curve changes with the wavelength, this maximum
radius 7max depends on the wavelength considered.

Using the parameterization for the absorption effi-
ciency (6) in the integral for the absorption coefficient
(2) and the no-scattering emittance approximation (1)
leads to the following expressions for the absorption
coefficient k,.; and the infrared emittance:

kaps(X) = 3Wa(X)/4p )

and
eA) =1-—exp[—3Wa(N)z/4p],

where p is the specific density of liquid water.

The linear relationship (6) is reasonably well satisfied
for small droplet radii; r < 9 um at the wavelength of
A=8umandr <4 pmat X =12 um (Pinnick et al.
1979). However, most clouds have droplet-size distri-
butions considerably exceeding the stated limits on the
droplet radius 7, and therefore, the use of the afore-
mentioned parameterization is not justified.

To standardize cloud-droplet-size distributions we
chose the distributions used in LOWTRAN 7 (Kneyzys
et al. 1988; Shettle 1989). These size distributions (Fig.
1) are also very close to those used by Deirmendjian

(8)
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HG. 1. Cloud-droplet-size distributions used in LOWTRAN mod-
els and in this study. The graphs were normalized in such a way that
the area under each graph is equal to 1.
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TABLE 1. Parameters of droplet-size distributions.

w Tew
Cloud type  « 8 A (gm®) (um)  vg
Stratus 2 06 27.0 0.29 833 020
Nimbostratus 2 0425 7676  0.65 11.76  0.20
Cumulus 3 05 2.604  '1.00 12.0 0.17
Altostratus 5 Lill 6.268 0.41 7.2 0.125
Stratocumulus 2 0.75 52,734  0.15 6.67 0.20

(1969) and others (e.g., Chylek and Ramaswamy 1982)
in previous studies. We use the gamma-type size dis-
tribution (Deirmendjian 1969; Hansen and Travis
1974; Stephen et al. 1990) in the form

n(r) = Arée

with the constants 4, «, and 8 listed in Table 1.

The absorption coeflicient ks, calculated exactly
by using the Mie theory and numerical integration over
the size distribution (2) was compared to the results
obtained from (7) for the size distributions given in
Table 1. The percentage error of this approximation
reaches over 140% (Table 2).

If the Nth-degree polynomial approximation

(9)

N
Qaps(r, A) = 2 an(A)r”

n=0

(10)

is used instead of the linear relationship (6), the region
of the validity can be extended to arbitrarily large (de-
pending on N) droplet radii (Chylek et al. 1992).

The expansion coefficients a,(\) with N = 2 and N
= 10 were determined by least-squares fit to the Mie
absorption efficiency Q,,s(r, \) at a given wavelength
A in half-micrometer steps (Tables 2 and 4 of Chylek
etal. 1992). Within the 8-12-um region the expansion
coefficients a, are slowly varying functions of the
wavelength A. This suggests that within the 8-12-um
region the Q,,, may be approximated by a continuous
function of two variables, the wavelength A and radius
r in the form

N J

Qus(r, A) = 2 2 anjrn)\j.

n=0 j=0

(11)

Similar polynomial approximations will be used for
the extinction coefficient Q.,, and the asymmetry pa-
rameter g, in the form

Qext(r s )‘) =

byr™  (12)

i ™M =
i M~

[=]

n=0 j=0

N o
(Qext — Qans)gA7, N) = z 2 c,,jr")\f (13)
n=0 j=0
where b,; and c,; are the expansion coefficients to be

determined from the least-squares fit to the exact Mie
calculations of Qeyx and (Qext — Qups) &
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TABLE 2. Percentage error (Kyie — Kabs)/Kmie Of the kyps = 3Wa(N)/4p approximation (7).
Values of a(\) used are those given by Pinnick et al. (1979).
A (um) Stratus Nimbostratus Cumulus Altostratus Stratocumulus
8.0 -6 -22 —-22 —-04 0.4
9.0 -5 —20 -20 0.4 1.2
10.0 -8 -24 —24 —-1.9 -0.9
11.0 -25 -53 —54 -14 —-12
12.0 —82 —141 —-143 -6 —55

2. N =4, J = 4 approximation

Numerical calculations indicate that the smallest
values of N and J that lead to an accuracy of 6% in

Kabs, Kext, and g within the 8—12-um wavelength interval
are N=J=4,

Substitution of (11) with N = J = 4 and the gamma-
type size distribution (9) into (2) for the absorption
coefficient k. leads to

3W 1 4 ) 4 ) 4 )
Kavs(A, e, Ver) = —— [— 2 agN + 2 ayN + reg(l + veg) 2 ayh’

dp |7er j=0 j=0

4

Jj=0
4

+ rgﬂ‘(l + Uéﬂ‘)(l + 2Ueﬂ‘) }: a3j)\f + rgg(l + Ueﬂ‘)(l + 2veg)(1 + 3Deﬂ') 2 a4j)\j] . (14)

j=0

j=0

Similarly, the extinction coefficient and the asymmetry factor g are obtained in the form

4

+ r2e(1 + veg) (1 + 20eg) 2 by + rig(1 4 veg)(1 + 20.5)(1 + 3ve5) 2 b4j>\’] (15)

Jj=0

aIwrlilp & .2 . 4 :
Kext(X, Tegr, Ver) = v [—‘ 2 b + 2 byN + reg(l + veg) 2 by’
P LTeff j-0 =0 =0
4
j=0
wwf1 g . . 4 .
8(Kext — Kas) = s [— > N+ 2 cyN + reg(l + veg) 20 oM
R j=0 j=0

4

4

+ ria(1 + 0eg) (] + 20g) 2 cy)) + rie(1 + ver)(1 + 205)(1 + 3v5) 2 C4j>\’]- (16)

Jj=0

The expansion coefficients a,;, b,;, and ¢, are listed
in Table 3. They were obtained by the least-squares fit
to the Mie calculation of the Q.x, Qavs, and (Pex
— Qabs) &, in the radii range r < 30 um. Consequently,
the derived expressions (14)-(16) should not be used
for the cloud (or fog) size distributions with consid-
erable fraction of droplets having radii » > 30 um.

The effective radius r.gand the effective variance v g
of the size distribution n(r) are defined as (Hansen
and Travis 1974)

J r3n(r)dr

Teg = 77— (17)
f r’n(r)dr
[ &= reayrneryar

Veff = (18)

f rigr’n(rydr

j=0

In the case of the gamma-type size distribution (9) the
effective radius and effective variance are given by

a+3
Teff = 8 (19)
and
1
Veff = at3 (20)

For the case of lognormal size distribution (e.g.,
Clark and Whitby 1967; d’Almeida et al. 1991)

n(r) = No exp[
rsV2r
the effective radius and effective variance are given by
Tew = ro €Xp(5s?/2) (22)
(23)

_ (Inr — Inrp)®
2s?

] (21)

Verr = €xp(s?) — 1,
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TABLE 3. Expansion coefficients ay;, b,j, and ¢y, for the case of fourth-order (N = J = 4) polynomial approximation.

n=0 1 2 3 4
Anj
J
0 0.94806170E+01 —0.21931424E+02 0.19660563E+01 —0.62014638E—-01 0.68698068E—03
1 —0.41634116E+01 0.91221234E+01 —0.80040623E+00 0.24668745E—01 —0.26635909E—03
2 0.68140117E+00 —0.13981211E+01 0.12007009E+00 —0.36040262E—-02 0.37704380E—04
3 ~0.49433860E—01 0.93819222E—01 ~0.78506056E—02 0.22790775E~03 —0.22849189E—05
4 0.13421123E-02 ~0.23176709E—02 0.18766039E—03 —~0.52080450E—05 0.49035119E—07
by
j
0 0.27962992E+03 —0.24032838E+03 0.36339932E+02 —0.16179387E+01 0.21595318E-01
1 —0.11446695E+03 0.10017690E+03 —0.15468189E+02 0.70343154E+00 —0.96306080E—02
2 0.17250787E+02 —0.15317580E+02 0.24187682E+01 —-0.11216999E+00 0.15689274E—02
3 —0.11392849E+01 0.10232578E+01 —0.16521647E+00 0.77997602E—02 —~0.11109834E—-03
4 0.27899660E~01 —0.25266750E—01 0.41692608E—-02 —0.20006167E—03 0.28946701E—-05
Cpj
J
0 0.26993250E+03 —0.21900073E+03 0.34515903E+02 —-0.15656232E+01 0.21082708E—01
1 —0.11031200E+03 0.91363848E+02 —0.14724015E4+02 0.68250383E+00 —0.94318875E—-02
2 0.16589127E+02 —0.13990895E+02 0.23086207E+01 —0.10916428E+00 0.15417866E—02
3 —0.10924881E+01 0.93640279E+00 —0.15818703E+00 0.76165008E—02 —0.10957452E—-03
4 0.26655854E—01 —0.23184370E-01 0.40069610E—02 —0.19612247E-03 0.28665195E-05

and the factors (1 + veg)(1 + 2v5) and (1 + veg)(1

+ 2v.5)(1 + 3v) in expressions (14)-(16) have to "

be replaced by (1 + veg)>and by (1 + veg), respectively
(Chylek et al. 1992). A bimodal size distribution can
be treated as a superposition of the lognormal size dis-
tributions. The corresponding expressions for the ef-
fective radius and the effective variance can be found
in Table 1 of Chylek et al. (1992).

3. Numerical results

The upper part of Fig. 2 shows the absorption coef-
ficient k,p, for the case of cumulus and stratus clouds
calculated from the exact Mie calculation and integra-
tion over the size distribution (solid line) and from the
proposed approximation (14). The middle and the
lower part of the figure show an error for all cloud
types considered to be below 3%. Similarly, the per-
~ centage error of the extinction coefficient k.. is below
5% (Fig. 3).

The error in the single-scattering albedo wp is also
below 5% except at the wavelength of 12 pm, where
the error reaches almost 7% for the case of stratocu-
mulus size distribution (Fig. 4). The slightly larger error
of the single-scattering albedo is due to the use of (4)
to calculate the albedo from the extinction and ab-
sorption coefficients. This implies that the errors in Kex
and ks will add up to give a larger error for the single-
scattering albedo.

Finally, Fig. S compares the asymmetry factor g ob-
tained from the derived approximation (16) and from
the exact Mie calculation. The error is within 1% for
all considered cloud types and at all wavelengths within
the 8-12-um interval.

The computer time saved by replacing the Mie cal-
culation, integrated over the size distribution, by the

TABLE 4. Expansion coefficients a;, b,;, and ¢,; for the quadratic
(N = J = 2) approximation.

n=0 1 2
. ay
J
0  0.23001212E+01 0.45398385E+00 —0.27361086E—01
1 —0.51263886E+00 —0.81865476E~01 0.56357206E—02
2 0.28277523E-01 0.46949275E—02 —0.31701530E-03
by
J
0  0.87214441E+01 0.13441900E+01 —0.15449543E+00
1 —0.19858738E+01 —0.61443227E—01 0.21777984E~01
2 0.10672116E+00 —0.30417028E—02 —0.77316651E—03
Cnj
J
0 0.57503994E+01 0.66822133E+00 —0.11331277E+00
1 —0.13526513E+01 0.50084508E—01 0.14081642E—01
2 0.72916082E—-01 —0.86975960E—~02 —0.37865551E—03
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FiG. 2. Comparison of the absorption coefficient ks calculated
using the exact Mie calculation plus integration over the size distri-
bution and the proposed (N = J = 4) approximation (14). In the
middle and the lower parts of the figure the percentage error for all

considered size distributions is shown.

developed approximation, is about a factor of 10>~103
depending on the wavelength, the cloud type, and the

method of integration.
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FIG. 3. Comparison and the percentage error of the extinction

coefficient k., in the N = J = 4 approximation (15).

4. Quadratic approximation

Although relations (14)-(16) for the absorption and
extinction coeflicients and the asymmetry parameter
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FIG. 4. Comparison and the percentage error of the single-scattering
albedo wy in the N = J = 4 approximation.

are computationally fast and simple, they are a bit
cumbersome if they are to be carried through in theo-
retical analysis. For this purpose we may be willing to
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FIG. 5. Comparison and the percentage error of the asymmetry
parameter g in the N = J = 4 approximation [Eq. (16)].

accept a larger error on the account of simplification
of the aforementioned expressions for Ky, Kexi> and g.

If the double series expansions (11)-(13) for the
Qavs; Qext, and (Qexs — Qaps )8, are truncated at N = J
= 2, we obtain
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FIG. 6. Comparison of the absorption coefficient k. obtained using
the Mie calculation (solid line), the quadratic {dotted line) approx-
imation [(24) or (27)], and the often-used parameterization as a
linear function of liquid water content W (dashed line).

w1 A o2 .
aps = —— [_ 2 agN + 2 aN
4p eff j=0 j=0
2 .
+ reg(l + vegr) 2 azjk’] (24)
j=0
3wl 2 o2 ,
=—|— 2 boiN + b\’
kext 4p [reﬂ' Z:o 0 J§o 1j

2
+ req(l + Ver) 2 sz)\J] (25)

=0

3wl 2 .2 .

8(kext — Kavs) = —— [_ 2 M+ 2 ey
4o Lrem joo =0

2

+ reg(1 + Vegr) 2 Csz]- (26)
j::o

The expansion coefficients a,;, b,;, and ¢,; for n = 0,
I,and 2andj =0, 1, and 2 are given in Table 4. They
were obtained from a least-squares fit to the Mie cal-
culation of Q,ps, Qext, aNd ( Qext — Oaps) - in the radii
range r < 20 um (to obtain a reasonable accuracy with
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the N = J = 2 expansion we had to restrict the droplet
sizes to below 20-um radius).

Using the numerical values of the expansion coef-
ficients (Table 4), (24)-(26) may be rewritten in the
form

Kavs = W [—2'3001 + 0.45398
4p Test

0.51264
Tesr

0.028278

Test

= 0.027367g(1 + Veg) — )\[ + 0.081865

- 00056357reﬂ(1 + veﬂ')] + )\2[

+ 0.0046949 — 0.00031702r(1 + veg)“ (27)

with similar expressions for k.. and g(ke — Kabs).

Results obtained from the k,, approximation as
given by (24) are compared with the exact Mie cal-
culation and integration over the size distribution in
Fig. 6. The relative error of k. for wavelengths between
8 and 12 um (Table 5) is below 4% for all considered
cloud types. The accuracy of 4% is more than sufficient
for all practical applications in the field of radiative
transfer and climate modeling.

The same or better accuracy is obtained for the cloud
infrared emittance (1) as is demonstrated in Table 6.
From (1) it follows that

é - Zkabs dkabs
€ exp(zKabs) — 1 Kabs )

Since zkups > 0, we always have {zkuus/[exXp(zKabs)
— 1]} < 1; and we obtain

de _ dhsn

€ kabs

(28)

Thus, the relative error in the emittance e is always
smaller than the relative error in the absorption coef-
ficient k,ps. This fact is sometimes misunderstood and
claims of the relative error in ¢ being larger than that
in k. (because of the exponential dependence) are
made. Comparison of infrared emittance (1) calculated
using the approximation (24) and the exact Mie cal-
culation is shown in Fig. 7. For comparison, the emit-

TABLE 5. Percentage error (Kuie — Kans)/kmic Of the quadratic (N = J = 2) kg, approximation [(24) or (27)].

A (um) Stratus Nimbostratus Cumulus Altostratus Stratocumulus
8.0 -1.6 0.6 0.9 =22 -1.8
9.0 20 1.0 20 2.3 3.2
10.0 -~2.7 -2.1 -2.5 -3.0 -3.7
11.0 2.5 3.6 2.3 2.8 34
12.0 1.4 1.2 0.1 2.5 4.0
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TABLE 6. Percentage error of the emittance ¢ in the quadratic approximation (N = J = 2) for the case of stratus, nimbostratus, and
cumulus cloud-droplet-size distributions and for the cloud geometrical thickness of 20, 50, and 100 m.

Stratus Nimbostratus Cumulus
Cloud type:
Thickness (m) 20 50 100 20 50 100 20 50 100
Wavelength
(um)
8 -1.3 -1.0 -0.6 0.4 0.3 0.1 0.5 0.2 0.3
9 1.8 1.4 0.9 1.7 0.4 0.1 0.4 0.2 0.1
10 -2.3 -1.7 -1.0 -1.5 -0.8 -0.5 -14 -0.5 -0.1°
11 2.0 1.4 0.8 2.0 1.0 0.3 1.2 0.4 0.1
12 1.1 0.7 0.3 0.7 0.3 0.1 0.1 0.1 0.1

tance obtained from (8) (parameterization as a func-
tion of W only) is also shown.

The accuracy of the k., and g in the quadratic ap-
proximation [(25) and (26)] is not so good as the ac-
curacy of the absorption coefficient and the emittance.
For the considered cloud-droplet-size distributions
(Table 1) and the wavelength region of 8-12 um the
errors in the extinction coefficient and the asymmetry
factor are within 15% and 12%, respectively.

The error in the single-scattering albedo wy is within
20% in the wavelength interval from 8 to 11.5 um;
however, the error reaches 35% at the wavelength of
12 um. As mentioned, the larger error in the single-
scattering albedo is due to the fact that the albedo is
calculated using the developed approximation for ex-
tinction and the absorption coefficients. A more ac-
curate approximation for the single-scattering albedo
can be developed if the Mie single-particle single-
scattering albedo wo(r) is parameterized in a form of

0.2 1 - Exact Mie Calculations -
——— Linear Approximation
011 Proposed Approximation (N=2,J=2) {
0 T T v T
7 8 9 10 11 12

Wavelength (um)

FIG. 7. Stratus emittance for geometrical thickness of the cloud ¢
using the exact Mie calculation (solid line), the quadratic approxi-
mation (dotted line), and the often-used linear parameterization of
kavs as a linear function of the liquid water content W (dashed line).

a polynomial expansion analogous to expansions
(11)-(13).

The usefulness of the quadratic approximation (N
= J = 2) is mainly in the calculation of the absorption
coeflicient k,,; and the emittance ¢, both of which are
obtained with an error of less than 4%.

S. Summary

We have developed the fourth-order polynomial ap-
proximation (in droplet radius and in the wavelength)
for the single-droplet absorption efficiency Q.us, €x-
tinction efficiency Q.., and the asymmetry factor in
the spectral interval 8-12 um. These polynomial ap-
proximations can be easily integrated over the gamma-
type or the lognormal size distributions to provide the
scattering characteristics of the cloud of droplets in the
form of the absorption coefficient k., the extinction
coefficient k.,,, and the asymmetry parameter g as a
function of the wavelength, liquid water content, ef-
fective radius, and the effective variance. For the size
distributions of typical clouds used in LOWTRAN
models the errors in Ky, Kexi, and g are less than 3%,
5%, and 1%, respectively. The single-scattering albedo
wp can be calculated from the k., and k., with the
accuracy better than 7%.

The quadratic polynomial approximation for Q,y,
Qx> and g, leads to errors in ks of about 4% and in
the k., and g of less than 15%.
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