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ABSTRACT

A simple approximation has been developed for the infrared emittance of clouds composed of water spheres
based on the absorption approximation for the emittance and on the polynomial approximation to the Mie
absorption efficiency. The expression for the IR emittance is obtained in a simple analytical form as a function
of the liquid water content and two size distribution parameters, namely, the effective radius and effective
variance. The approximation is suitable for numerical weather prediction, climate modeling, and radiative
transfer calculations. The accuracy, when compared to the exact Mie calculation and integration over the size
distribution, is within a few percent, while the required computer time is reduced by several orders of magnitude.
In the limit of small droplet sizes, the derived IR emittance reduces to a term proportional to the liquid water

content.

1. Introduction

Cloud emittance in the infrared region of the spec-
trum and especially within the atmospheric window
between 8 and 13 um is an important factor in any
study concerning the climate, climatic change, and
cloud-radiation feedback. Although the radiative
transfer formalism together with the Mie scattering and
absorption provide means to calculate cloud emittance
at any wavelength for given size distribution of the
spherical particles, such calculations are time consum-
ing and presently are unsuitable for use in climate or
numerical weather prediction models. Consequently,
a simple parameterization in the form of the cloud’s
bulk properties (like liquid water content) has been
sought (e.g., Paltridge 1974; Platt 1975, 1976; Cox
1976; Stephens 1978; Chylek and Ramaswamy 1982)
and used in climate modeling (e.g, Ramanathan 1983;
Stephens 1984).

With the realization that the cloud-radiation feed-
back (e.g., Schneider 1972; Paltridge 1980; Ohring and
Clapp 1980; Charlock 1982; Sommerville and Remer
1984; Stephens et al. 1990) may modify the predicted
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change of climate, a need arises for a more accurate
treatment of cloud infrared emittance. A simple
expression is needed that, however, would still allow
the study of changes of emittance connected with the
evolution of the cloud’s microstructure.

The microstructure and optical properties of water
and ice clouds have been a subject of recent intensive
research (Platt 1981; Platt and Stephens 1980; Platt et
al. 1987; Platt and Harshvardhan 1988). Most of the
ice cloud particles are obviously nonspherical. In the
region of the solar radiation, geometrical optics can be
used to account for hexagonal columns and plates
(Liou 1980; Takano and Liou 1989). However, at in-
frared wavelengths the ice crystal size is not necessarily
large compared to the wavelength, so geometric optics
is not a suitable approximation. Because of the lack of
a general approximation for the scattering and absorp-
tion of radiation by nonspherical particles, ice clouds
are often treated as if composed of effective spheres
(e.g., Stephens et al. 1990; Ackerman et al. 1990; Smith
et al. 1990; Spinhirne and Hart 1990) with a suitably
defined effective radius. Since ice crystals can grow in
size up to several hundreds of micrometers (e.g.,
Heymsfield 1986; Heymsfield et al. 1990), an emit-
tance formulation that can be extended to the region
of large radii spheres is needed.

We derive a simple expression for the infrared emit-
tance, which is computationally fast for use in numer-
ical models and shows an explicit dependence on the
liquid water content as well as on two other parameters,
specifying the size distribution that may be chosen in
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the form of an effective radius and effective variance.
We demonstrate that the proposed approximation is
accurate to within a few percent when compared to
exact Mie calculations for all droplet sizes with radii
up to 100 um. Extensions to even larger particles can
be easily achieved. In the limit of small particles our
expression for the infrared emittance reduces to the
currently used bulk approximation in the form of liquid
water content.

2. Infrared emittance and currently used
approximations

At an arbitrary wavelength in the IR spectral region
the emittance ¢ of a homogeneous cloud layer can be
written in the zero-scattering approximation (e.g., Hunt
1973; Paltridge and Platt 1976; Stephens et al. 1990)
as

e=1— g7kas?, (D)
where z is the cloud’s geometrical thickness. In the
case of spherical cloud particles the absorption coeffi-
cient k, is given by

kabs = Wf erabs(r)n(r)dr, (2)
where r is the radius of a spherical particle, #(r) is the
size distribution, and Q,,(7) is the absorption efficiency
(or the absorption cross section per unit projected area
of a particle).

The absorption coefficient k., and thus the emit-
tance ¢, can be obtained for any given size distribution
n(r) at the chosen wavelength from Mie scattering cal-
culations (e.g., van de Hulst 1957) for the absorption
efficiency Q. at each particle radius r and performing
numerical integration over the cloud particle size dis-
tribution. However, such a procedure is cumbersome
and makes large demands on computer time. It is
therefore not the best suited for cloud emittance cal-
culations in climate studies or for radiation calculations
in mesoscale cloud models. A simple expression relat-
ing the emittance e or the absorption coefficient kg, to
the cloud’s bulk property (water content W) and to a
few parameters defining the size distribution is desired.

a. Small particle case

A simple approximation eliminating the emittance
dependence on the cloud’s microstructure has been
proposed and used extensively (e.g., Platt 1975, 1976;
Chylek and Ramaswamy 1982; Stephens 1984). The
approximation is based on the observation (Fig. 1) that
for wavelengths A > 3 um the Mie absorption efficiency
Qabs can be reasonably well approximated by a linear
function of the radius r for r < r .. The value of 7.«
varies between 5 and 13 um, depending on the wave-
length within the spectral region of interest (Chylek
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FiG. 1. The Mie absorption efficiency Q. has often been approx-
imated by a linear function of radii for the case of small droplet radii
and by a constant Q. = 1 for the case of large droplets.

1978; Pinnick et al. 1979, 1980; Chylek and Rama-
swamy 1982).

Using this approximation for the absorption effi-
ciency,

Qabs =ayr, (3)

the absorption coefficient k,,; can be expressed as a
function of the water content,

4
W= —;'3 f rn(rydr, (4)
in the form
ke = 220 (5)
4p

where p is the density of water or ice, as appropriate.

The advantage of expression (5) for the absorption
coeflicient k., is its simplicity. The obvious disadvan-
tage is the fact that we are limited to the small sizes of
droplets for which the approximation is expected to be
valhd.

b. Large particle case

At least some water clouds and many cirrus clouds
have particles large enough to violate the requirement
on which the relation (5) is based. This is especially
the case when cirrus cloud particles are modeled by
equivalent spheres ( Stephens et al. 1990; Spinhirne and
Hart 1990; Smith et al. 1990; Ackerman et al. 1990).
The effective radius of these spheres (often between 20
and 100 um) is usually found to be far above the limits
of applicability of the simple approximation for the
absorption efficiency and the absorption coeflicients
represented by Egs. (3) and (5). For these large par-
ticles a different approximation to Qaps, as calculated



15 AUGUST 1992

by the Mie theory, seems to be more appropriate. As
QO.ps approaches a large-particle asymptotic limit close
to 1, we can assume that for large spherical particles

Qabs = Qo, (6)

where g, is a constant close to 1 (Fig. 1). Substitution
of this approximation for the absorption efficiency (6)
into the absorption coefficient integral (2), together
with the relation for the water content (4), leads to the
following expression (e.g., Stephens et al. 1990; Platt
and Harshvardhan 1988; Chylek 1978) for the absorp-
tion coeflicient:

300
dpreg

kabs = W, (7)
where the effective radius r.g of a size distribution n(r)
is defined (e.g., Hansen and Travis 1974) as the area-
weighted mean radius,

f r3n(r)dr

Feff = ———— .
f r’n(r)dr

The dependence of the cloud emittance on the
cloud’s microstructure is expressed in the form of the
effective radius g of the size distribution. The advan-
tage of this form of approximation is that it considers
more accurately the contribution of large particles,
which is particularly important for the case of ice
clouds. This size dependence of the emittance in the
form of 1/r.gappears to be confirmed by observations
in the case of cirrus clouds (Platt and Harshvardhan
1988; Smith et al. 1990). However, as shown by Fig.
1, the absorption efficiency of small particles is consid-
erably overestimated by this approximation, and even
the efficiency of large particles is not well represented
by a constant value of Qs = 1.

(8)

3. Polynomial approximation for Q.

We propose a simple approximation for the infrared
emittance of clouds composed of spherical particles or
represented by effective spheres. Any useful approxi-
mation should retain a simple form so that it can be
used in parameterization of radiative processes in nu-
merical weather prediction and climate models. For
computational convenience it is also desirable that the
approximation retains an analytic form when inte-
grated over representative size distributions. At the
same time, a more physically rigorous approach than
that presented in section 2 is desirable.

The absorption efficiency Q. as calculated using
the Mie scattering formalism for a moderately absorb-
ing medium, does not show significant oscillations as
a function of droplet radius (Fig. 1). It can be expected
that such a curve can be accurately approximated by
an Nth degree polynomial with a moderate value of N
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for droplet radii smaller than some chosen maximum
value 7 max. For the case of water clouds we chose 7nax
= 100 pym, and we write

N
Qabs = Z anrn> (9)
n=0
where the g, are the expansion coefficients that can be
determined at required wavelengths by least-squares
polynomial fit to the Mie calculation and tabulated for
future use. Substitution of this expansion into expres-
sion (2) gives a simple expression for the absorption
coefficient of a size distribution in the form
N

kabs = Z anMp+2,
n=0

(10)

where the nth moment m, of the size distribution n(r)
is defined as
m, = f r*n(r)dr (11)
with 7 being zero or a positive integer. Equation (10)
is the basic result of the proposed approximation. In
the rest of this section we simply recast this result into
a more convenient form.
For most analytic size distributions, n(r), the re-
quired moments can be usually expressed as simple
functions of the size distribution parameters. An ar-

bitrary moment m,, can be also expressed in terms of
the third moment m;3 by a relation of the form

m, = Cnm3, (12)

where C, is a constant for a given n and a specific size
distribution.

Alternatively, one may explicitly separate out the
factors of the effective radius 7.4 from the C,, which
will permit rewriting the expression for the absorption
coefficient [Eq. (10)] as a power series in the effective
radius,

"My = Dymsy(reg)"3,

where D, = C,./riz>.

Using relation (12) or (13), the expression ( 10) for
the absorption coefficient k., of a size distribution can
be written as

(13)

k)
k(M) = 5= 2 @ (N, (14)
P u=0
or
3w X
kabs(x) = '4—— z an(A)Dn+2rgEl- (15)
P u=0

In the expressions (14) and (15) the relation between
the third moment of the size distribution and the liquid
water content W,
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3IW

3 = —,

dnp (16)

has been used. Also, the dependence on wavelength
has been explicitly shown to emphasize that the C,, and
the D, are functions only of the size distribution, in-
dependent of wavelength. Equation (15) suggests that
the expansion of the Q,,s curve in the power series of
r leads to the power series expansion of the absorption
coefficient ks in an eﬂ‘ective radius r.g where the lowest
power present is rat.
The first three terms of the power series expansion
. (15) are independent of the form of the size distribution
used. They can be written as functions of the liquid
water content W, the effective radius 7.4, and the ef-
fective variance v.g. For example, the second moment
is
w

= . 17
g 41rpreff ( )

If we further define an effective variance v.gas (Hansen
and Travis 1974)

f (r — reg)’r’n(r)dr

msm
Ve = =—-1 (8
rﬁgf rn(r)dr 3
we can write the fourth moment as
3w
My = —— Teg( 1 + Vegr). (19)

4rp

Substituting the expressions for the second, third,
and fourth moments of a size distribution, (16), (17),
and (19), into the expansion of the absorption coef-
ficient (10) leads to

Mpt2

3w
+al +aZreﬁ“(1 + veﬁ")+ 2 an >
4P n=3 ms

(20)

where the first three terms are written outside the sum
in their explicit form. We wish to emphasize that the
forms of expressions, (10), (14), (15), and (20), are
independent of the form of the size distribution used.

Comparing Eq. (20) with (14), it follows that the
first three C; are given by

kabs

C2= I/reﬁ, C3= 13 and C4=reﬂ“(l+veff), (21)
and the corresponding D;, are given by
Dy=D3;=1 and Ds=1+ ve. (22)

These values for the C; and the D, depend only on the
effective radius [Eq. (8)] and the effective variance [ Eq.
(18)] and are independent of the details of the size
distribution. To calculate the higher-order (k= 5) coef-
ficients C; and D; or the moments m,, we need to
consider the specific form of the size distribution used.
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a. Gamma size distribution

It has been shown (Deirmendjian 1969; Hansen and
Travis 1974; Chylek and Ramaswamy 1982; Stephens
et al. 1990; Stephens and Tsay 1990) that many of the
size distributions of aerosols, fogs, and cloud particles
can be well represented by a gamma-type distribution
of the form

n(r) = Arée™ ", (23)

where A, o, and § are constants specifying the distri-
bution. These parameters can be related to the total
number of particles per unit volume Ny, to the effective
radius r.q, and to the effective variance v g as follows:

No=A 5(“—;—1—) (24)
¢]
+3
e = ﬁ—ﬂ-—, (25)
and
ver=1/(a+3), (26)

where Iis the usual gamma function (e.g., Abramowitz
and Stegun 1964).

For the nth moment of the size distribution (23) we
obtain

Ma+n+1)
A Ba+n+1 *

my = (27)
Using the recurrence relation for the gamma function
I(z) = (z — 1)T(z — 1), the following expression for
the ratio of the moments, m,,,,/ms, can be derived:
(a+n+2)!
(a+3)18™"°
where the definition of the factorial function is extended
to include noninteger values (Abramowitz and Stegun
1964).

Substituting the ratio of the moments [Eq. (28)]
into the expansion of the absorption coefficient in terms

of the moments [Eq. (10)] leads to the following
expression for the absorption coefficient:

3w Yo (atn+2)
a0 2T et

Mpyi2 _
3

(28)

Kabs = (29)

If we write the first three terms explicitly in terms
of W, res, and veg, we can rewrite (29) as
3 w

ka S
b 4p

[ + a; + azreff(l + Ueﬂ‘)
Teff

N (¢ +n+2)
§ (a+3)‘ﬁ,,_} (30)

Other useful forms of the absorption coefficient ks
can be obtained from the general expressions ( 14) and
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(15) using the form of C, and Dy coefficients appro-
priate for the gamma size distribution

[CRE E R
Cr= @+3) 3 Cr (31)
(a + k)! _(a+k) ‘
D @t ) (@t 3) P
_{atk)atk—1) - -(a+4)

(a + 3)*3 (32)

Consequently, regardless of how many terms in the
polynomial expansion (9) of the absorption efficiency
are kept, the absorption coefficient k,,, and the emit-
tance e can be always written as a function of total
water content W and two additional parameters char-
acterizing the size distribution. These two parameters
can be chosen in any suitable form, which either char-
acterizes the mathematical form of the size distribution
(like « and B) or, as physically more meaningful quan-
tities, the effective radius r.qand effective variance v.g.
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We should remember that the coefficients a,,, appearing
in expressions for k.., are constants that are deter-
mined in advance and tabulated for any desired wave-
length.

b. Lognormal size distribution

The lognormal size distribution is frequently utilized
to represent aerosol size distributions (for example, see
Clark and Whitby 1967 or d’Almeida et al. 1991). A
discussion of the properties of lognormal distributions
is given by Aitchison and Brown (1957) and Allen
(1968).

In the case of the lognormal size distribution,

(Inr — lnrg)?
252

n(r) = rsl/—— [ ] (33)

we obtain for the effective radius and effective variance,

ret = o exp(5s5?/2) (34)

TABLE 1. Moments m,, effective radius r.q, effective variance v.y, and expansion coefficients for absorption,
Cy and Dy, for different size distributions.

Parameter Gamma distribution Lognormal distribution Modified gamma Sum of lognormal distributions
. No _ {lor — Iy . N; [_ (inr — Inr,)?
n(r) Ar® exp(—8r) oD exp[ 757 ] Ar® exp(—8r") glrs,-m €Xp) Zsf
+ k)t 5%k sik?
T e R
( +k+l) er exp(gf_kf)
\ . 2 s2N2 ! 2
UL (o + k)' . gk rl exp[(k s ] g T 7
m; (a + ) 2 +]+1 ’212
Z Nir; exp( 5 )
+4 95>
r 3 exp| 2L
(@ +3) 557 ( ) 2 Niri e"p( 2 )
Ter T Yo €XP| -2— _‘_*__.
ﬁlhp(a + 3) Z Niri exp(2s])
7 i
r("‘ *+ S\pfet 3) (3 Nirf expBsDIT Nor! exp(ds) )]
1 Y Y ! :
Ueg exp(s?) —~ 1 -1 P
@+ [I‘(a t4 ]2 [Z N exp(gzi)]
0% i
2
+hk+1 K (sik?
I‘(a ) SN exp(—)
! 2 _ g)s2 - 2
G (o + k) Bs_k rgk_g) exp k s 6(3'_1‘)/" Y i
(a + 3) 2 2
a+4 3 95,-
r 2 Niri exr)(—)
24 ; 2
k-3 272
F(a + 3) F(a +k+ l) s N,-rf exp(ﬂ)
(a + ) (k — 2)(k — 3)s? Y Y i 2
Dy exp| Sk
(o + 3) (e + 3 2 a+4 a+4 2 eff

Z Nir; exp(—z'-)
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FIG. 2. At wavelength A = 11 um, the Mie absorption efficiency
Qs Can be very accurately approximated by the sixth-order poly-
nomial for droplet radii up to 100 um. For the purposes of compar-
ison, the fourth-order polynomial fit is also shown.

and

Vet = €xp(s®) — 1, (35)

and for the moments of a lognormal distribution,

m, = riNy exp(s2n?/2) (36)

D2 = gt exp[s?(n? + 4n— 5)/2]. (37)

Finally, the absorption coefficient k. for the lognormal
size distribution (33) is given by

aw
e [_a_o + ay + @reg(1 + Veg)

kabs =
Test

N
+ > a,r§ " expls*(n? + 4n — 5)/2]] . (38)
n=3

Alternative forms of k., are obtained from ( 14) and
(15) using

Cr = r§3 exp[s?(k* — 9)/2] (39)

and

Dy = exp[s*(k — 2)(k — 3)/2]. (40)

¢. Comparison of gamma and lognormal
distributions

The coefficients D, in the expansion of the absorp-
tion coefficient [Eq. (15)] as a power series in 7., for
both the gamma and lognormal size distributions, can
be written in terms of vz instead of the parameters «
and s that define the size distributions. When this is
done, with the use of the expression for ves [ Eq. (26)]
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for the gamma distribution, the expression for Dy [ Eq.
(32)] (for k > 4) becomes

D=1+ veg)(1 + 20) - - (1 + [k — 3]veg). (41)

Similarly, with the use of the expression for vg [Eq.
(35)] for the lognormal distribution, the corresponding
expression for D, [Eq. (40)] becomes

Di= (1 + ng) 20912, (42)

While these two expressions for Dy differ, as would
be expected since the higher-order moments of the log-
normal and gamma distributions differ, it can be shown
that for v.g < 1, both expressions (41 ) and (42) for the
coefficients D, can be approximated by

D=1+ (k—2)(k —3)vea/2. (43)

For typical cloud-droplet size distributions, the ef-
fective variances v g are generally small. For example,
the cloud models developed by Carrier et al. (1967)
have values of v.g ranging from 0.11 to 0.25, and the
cloud models from LOWTRAN 7, (Kneizys et al. 1988),
used later in this paper, have values between 0.11
and 0.20.

d. Other size distributions

One can calculate the required moments or the C;
and D, coeflicients for any other desired form of the
size distribution. We have done so for the cases of the
modified gamma size distribution and for the multi-
modal size distribution composed of the superposition
of the lognormal size distributions. The absorption
coefficient k.., can be calculated from expressions (10),
(14), (15), or (20) using the C; and Dy, coefhicients or
the required moments presented in Table 1.

Absorption Efficiency
o
o]

A=17 um

0.6 , -

Exact Mie Calculations

0.4 —~— Eighth Order Fit I
----- Tenth Order Fit

0.2 1 L

0 T T T T T T T T T
0 10 20 30 40 50 60 70 80 90 100
Water Sphere Radius (um)

FI1G. 3. At the wavelength A = 17 um, the tenth-order polynomial
fit to the Mie absorption efficiency Qu is needed to achieve a suffi-
ciently high degree of accuracy. For comparison the eighth-order
polynomial fit is aiso shown.
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TABLE 2a. Expansion coefficients, ag~as, from the tenth-order polynomial fit to water drops with r < 100 ym.
Wavelength
(um) ag a a as a4 as
3.0 6.9815E—1 3.4005E—1 —7.1149E-2 6.6926E—3 —3.5002E—4 1.1132E-5
35 —3.7180E-2 1.1072E-1 —8.6505E~3 4,7492E—4 ~1.7057E-5 3.9811E~7
40 -9.6181E-3 3.4409E-2 4.4013E-4 —1.8546E—4 1.2994E—~5 —4.7269E~7
4.5 —2.2915E-2 8.6545E—2 —-1.2638E-3 -2.8739E—-4 2.3789E-5 —9.0303E-7
5.0 —-1.2561E~2 6.2228E-2 1.6466E—3 —4,6510E—4 3.0146E—5 ~-1.0410E—6
5.5 —5.3218E-3 4.6155E—2 2.2442E-3 —3.8078E—4 2.1056E—5 —6.4755E~7
6.0 —3.2700E—2 4.0000E—1 —5.2563E~2 3.7182E-3 —1.6065E—4 4.4652E—6
6.5 —4.1663E—2 1.6364E—1 —6.5303E~3 —2.0327E-4 2.8063E—5 ~1.1529E-6
7.0 —2.5295E-2 1.1287E—1 —1.3311E-3 ~3.7327E-4 2.6748E—5 —9.0158E~7
75 —2.4799E--2 1.0648E—1 —1.6453E-3 —2.4226E—4 1.6773E-5 —~5.2631E-7
8.0 —2.5546E~2 1.0472E~1 -2.1762E-3 —1.4286E—4 1.0485E~5 —3.1804E~17
8.5 —2.5596E~2 1.0379E~1 ~2.3913E-3 ~1.0720E—-4 8.7520E—6 —~2.8032E-17
9.0 —2.4838E-2 1.0392E—1 ~2.4856E—-3 —1.0346E—-4 9.2521E~-6 ~3.2065E—7
9.5 ~2.3760E~2 1.0607E~1 —2.7200E-3 —-9.9199E-5 9.8648E—6 ~3.6047E-17
10.0 ~2.2574E-2 1.1175E-1 —3.4213E-3 —6.3962E—5 9.0329E-6 —3.5283E-7
10.5 —~2.3256E-2 1.3538E-1 —6.3175E-3 1.0099E—4 3.3355E-6 —2.2171E-7
11.0 —2.5803E-2 1.8682E—1 —-1.3771E-2 6.0111E—4 —1.6791E-5 3.0421E-7
11.5 -2.4114E-2 2.5643E—1 —2.6010E-2 1.5583E-3 —6.0079E-S 1.5373E—-6
12.0 —1.2646E-2 3.3011E~1 —4.0730E-2 2.8203E~3 -1.2106E-4 3.3597E—6
12.5 3.0035E-3 3.9705E~1 —5.4744E-2 4.0682E—3 —1.8309E—4 5.2531E—6
13.0 1.2844E~2 4.4196E—1 —6.4208E—-2 49197E-3 —2.2580E—4 6.5657TE—6
13.5 1.5736E-2 4.7796E—1 —7.15T1E-2 5.5748E-3 —2.5846E—4 7.5661E—6
14.0 1.0228E~2 5.0398E~-1 ~7.6483E~2 5.9943E—-3 —2.7884E—4 8.1788E—6
14.5 —1.0387E-3 5.2183E~1 —7.9414E-2 6.2230E-3 ~2.8924E—4 8.4760E—-6
15.0 —1.4490E—-2 5.3560E—~1 —8.1383E—-2 6.3598E—3 —2.9485E—-4 8.6217E—6
15.5 —2.8565E—2 5.4678E—1 —8.2779E-2 6.4429E-3 ~2.9768E—4 8.6806E—6
16.0 —4.5099E-2 5.5482E~1 —8.3341E-2 6.4422E—-3 —2.9602E—4 8.5948E—6
16.5 —6.1469E—2 5.6013E—1 —8.3308E—-2 6.3862E—3 —2.9152E—-4 8.4203E—6
17.0 —7.8866E—2 5.6057E—1 —8.2104E-2 6.2172E-3 —2.8110E-4 8.0587E—6
17.5 ~9.5654E—-2 5.5933E~1 —8.0536E—2 6.0139E—3 —2.6891E—4 7.6416E—6
18.0 —1.1096E~1 5.5380E—1 ~7.8066E—2 5.7290E-3 —2.5262E—4 7.0986E—6
18.5 —1.2451E~1 5.4493E~1 ~7.4923E-2 5.3845E-3 —2.3339E-4 6.4665E—6
19.0 —1.3602E~1 5.3259E-1 —7.1098E-2 4.9809E-3 -2.1129E—4 5.7485E—6
19.5 —1.4485E—1 5.1540E—1 —6.6326E-2 4.4962E—-3 ~—1.8528E—4 4.9150E—6
20.0 —~1.4756E—1 4.9338E~1 —6.0930E-2 3.9763E-3 —1.5825E—-4 4.0664E—6
20.5 ~1.4876E—1 4.7650E—1 —5.6828E-2 3.5835E-3 —1.3792E-4 3.4304E—-6
21.0 —1.4898E—1 4.5930E—1 —5.2740E-2 3.1963E-3 —1.1802E-4 2.8111E-6
21.5 —1.4947E~—1 4.4356E—-1 —4.8945E-2 2.8349E—-3 -9.9395E~-5 2.2302E-6
22.0 —1.4915E~1 4.2759E~1 —4.5168E-2 2.4786E-3 —8.1146E—5 1.6638E—6
22.5 —1.4812E—-1 4.1307E~1 —4.1789E-2 2.1628E-3 —6.5078E—S5 1.1673E—6
230 —1.4652E—1 3.9849E~1 —3.8450E-2 1.8536E~3 —4.9433E~5 6.8604E—7
23.5 —1.4427E—1 3.838SE—-1 —3.5162E-2 1.5525E-3 —3.4328E-S 2.2407E-17
24.0 —1.4156E—1 3.6922E-1 —3.1929E-2 1.2592E-3 ~1.9703E-5 —2.2109E-7
24.5 —1.3862E—1 3.5526E—1 —2.8874E-2 9.8401E-4 —6.0481E—6 —6.3518E—7
25.0 —1.3532E~1 3.4139E—1 ~2.5881E-2 7.1663E—4 7.1340E—6 —1.0330E—-6

4. Numerical results

The derived expressions for the absorption coefli-
cient ks can be used to calculate the cloud emittance
¢ [Eq. (1)] as a function of the bulk parameter ¥ (total
water content) and as a function of the size distribution
parameters o and 3, or rp and s, or r.g and veg.

The derived expressions for the absorption coeffi-
cient k., are relatively simple when compared to the
Mie scattering calculation and integration over the size
distribution. The number of terms N kept in the sum-
mations for the absorption efficiency [Eq. (9)] or the
absorption coefficients [ Egs. (30) and (38)] is deter-
mined by the required accuracy.

Within the atmospheric window from 8 to 13 um,

the Q.ps behavior as a function of the droplet’s radius
is similar to that shown in Fig. 2. The dashed lines
represent the fourth- and the sixth-order polynomial
fits of the type of Eq. (9) to the Mie Q,, curve (solid
line). It is apparent that the sixth-order polynomial fit
provides an acceptable approximation to the exact Mie
calculations at all radii r < 100 ym. Unfortunately, at
some wavelengths outside the atmospheric window the
sixth-order polynomial does not provide an equally ac-
curate approximation to the Mie calculated Q, curve.
The situation depicted in Fig. 3 gives an example of
such a case occurring at the wavelength of 17 um. The
tenth-order polynomial is required to approximate the
Qavs curve at A = 17 um with a sufficient accuracy at
radii 7 < 100 pm.
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For the sake of uniformity we have decided to use
the tenth-order polynomial fit at all wavelengths. The
coeflicients a, of the polynomial fit for water droplets
at a set of wavelengths between 3 and 25 pm are listed
in Tables 2a and 2b. Refractive indices of water are
taken from Hale and Querry (1973). When the values
of refractive indices at the half-micrometer steps were
not available, the values used were obtained by linear
interpolation between the nearest available wave-
lengths.

The test of the approximation comes, of course, from
the comparison of the approximate results for the ab-
sorption coeflicient k. and the exact Mie calculations.
We have chosen several typical size distributions

VoL. 49, No. 16

(Shettle 1989) of cumulus, stratus, stratocumulus, al-
tostratus, and nimbostratus clouds, as well as size dis-
tributions representing a moderate radiation fog and
a heavy advection fog for which the absorption coef-
ficients from exact Mie scattering calculations were al-
ready available in the LOWTRAN7 atmospheric trans-
mittance/radiance code (Kneizys et al. 1988). The
gamma-size distribution parameters for these models
and the corresponding values of vy and rg are listed
in Table 3.

The values of the absorption coefficient k,y for these
cloud models at wavelengths that are integer multiples
of 0.5 um were selected for comparison with the values
of the absorption coeflicient calculated using the ex-

TABLE 2b. Expansion coefficients, ag—~a,9, from the tenth-order polynomial fit to water drops, with r < 100 um.

Wavelength
(um) as & as as aio
3.0 —2.2389E-07 2.8622E-09 —2.2544E—11 9.9746E—14 —1.8966E—16
35 —~6.0609E—09 5.9481E-11 —3.6081E—~13 1.2218E—~15 —1.7486E—18
4.0 1.0261E—08 —1.3766E—-10 1.1202E~12 ~5.0720E-15 9.8090E—18
4.5 1.9928E-08 —2.6942E—10 2.2012E-12 ~9.9883E—~15 1.9341E-17
5.0 2.1738E—-08 —2.8289E—10 2.2459E—12 ~9.9626E—15 1.8936E—17
5.5 " 1.2276E—08 —~1.4685E—10 1.0815E~12 ~4.4834E—-15 8.0127E—18
6.0 ~8.1347E-08 9.6468E—10 —7.1655E—-12 3.0252E~14 -5.5365E—-17
6.5 2.5868E—08 -3.4911E-10 2.8294E—-12 -1.2710E~14 2.4354E—-17
7.0 1.7944E-08 -2.2171E-10 1.6744E-12 —7.0907E—-15 1.2918E—17
7.5 9.7169E—09 ~-1.1158E—10 7.8579E-13 —3.1149E~15 5.3321E—18
8.0 5.6288E~09 ~6.2224E—11 4.2516E—13 —1.6499E—15 2.7899E—-18
8.5 5.3008E—~09 ~6.3495E—11 4.7454E—13 —-2.0219E-15 3.7498E—18
9.0 6.5504E-09 —8.4066E—11 6.6509E-13 —2.9626E—15 5.6808E—18
9.5 7.6356E~09 —-1.0032E—~10 8.0478E—13 —3.6110E-15 6.9446E—18
10.0 7.6913E-09 —1.0243E-10 8.2657E—13 '—3.7160E—15 7.1456E—18
10.5 5.6257E-09 —8.0418E—~11 6.7535E—13 -3.1129E—-15 6.0877E—18
11.0 —3.4994E-09 2.3784E~11 ~7.6205E—~14 —1.2891E-17 5.1931E~-19
11.5 —2.6303E—08 2.9690E~10 ~2.1192E—-12 8.6571E—15 —1.5412E~-17
12.0 —6.1215E—08 7.2636E~10 —5.3985E—12 2.2803E—14 —4.1747E~17
12.5 —9.8069E—08 1.1853E-09 —8.9365E—12 3.8182E—14 —7.0562E—-17
13.0 —1.2376E—07 1.5065E—-09 ~1.1421E-11 49013E-14 —9.0900E—-17
13.5 —1.4329E-07 1.7503E-09 —1.3305E—11 5.7215E—-14 —1.0629E—-16
14.0 —1.5509E—-07 1.8960E—09 —1.4422E—11 6.2045E—14 —1.1530E—-16
14.5 —1.6058E—07 1.9617E-09 —14911E~11 6.4115E—-14 —1.1909E—16
15.0 —1.6305E-07 1.9890E—09 —~1.5101E—~11 6.4862E—14 —1.2037E-16
15.5 —1.6380E—07 1.9945E—-09 —-1.5119E~11 6.4858E—14 —1.2023E—-16
16.0 -~1.6162E—-07 1.9625E—-09 —1.4842E—~11 6.3550E—14 —1.1762E—16
16.5 ~1.5769E-07 1.9083E-09 —-1.4393E~11 6.1484E—~14 ~1.1357E—16
17.0 ~1.5002E—-07 1.9067E—09 —1.3573E~11 5.7789E~14 —1.0645E—16
17.5 ~1.4125E-07 1.6913E—-09 —1.2644E~11 5.3619E~14 -9.8429E—-17
18.0 ~1.3002E—-07 1.5452E—09 —1.1480E—11 4.8421E-14 ~8.8483E—-17
18.5 ~1.1707E—07 1.3778E—09 —1.0152E—-11 4.2520E-14 ~7.7227E-17
19.0 —1.0248E—~07 1.1902E-09 —8.6712E—12 3.5962E-14 —~6.4754E-17
19.5 —8.5696E—08 9.76 10E—10 —6.9894E—12 2.8545E—14 —5.0697E-17
20.0 —6.8867E—08 7.6375E~10 —5.3363E—-12 2.1306E—-14 —3.7054E~17
20.5 —5.6286E—~08 6.0532E—-10 —4.1048E—12 1.5919E-14 —2.6915E~17
21.0 —4.4081E~08 4.5209E~10 —-2.9165E—-12 1.0732E—14 —1.7164E~17
21.5 —-3.2619E~08 3.0803E-10 —1.7986E—12 5.8488E—15 ~7.9824E—~18
220 —2.1481E-08 1.6844E—~10 -7.1772E-13 1.1361E~15 8.6640E—19
22,5 —1.1753E-08 4.6831E—-11 2.2203E-13 -2.9546E—15 8.5368E~—18
23.0 —2.3533E-09 —7.0363E~11 1.1258E—12 —6.8819E—15 1.5891E~17
235 6.6294E—09 —1.8198E~10 1.9841E—-12 -~1.0604E—14 2.2847E-17
240 1.5254E-08 —2.8884E~10 2.8041E—12 ~1.4152E-14 2.9469E-17
245 2.3254E—-08 —3.8774E-10 3.5615E—12 ~—1.7426E—-14 3.5570E—17
25.0 3.0913E-08 —4.8214E-10 4.2829E—12 ~2.0537E—14 4.1360E—17




15 AUGUST 1992

TABLE 3. Parameters for the model cloud and fog size distributions.

CHYLEK ET AL.

1467

w Ter
Cloud type @ 8 A (gm™) (pm) Veg
Cumulus 3 0.5 2.604 1.00 12.0 0.167
Altostratus 5 L.111 6.268 041 7.2 0.125
Stratus . 2 0.6 270 0.29 8.33 0.200
Stratus/stratocumulus 2 0.75 52.734 0.15 6.67 0.200
Nimbostratus 2 0.425 7.676 0.65 11.76 0.200
Advection fog 3 03 0.027 0.37 20.0 0.167
Radiation fog 6 30 607.5 0.015 3.0 0.111

pansion, Eq. (29) or (10), based on the tenth-order
polynomial fit (9) to Q.. Restricting the comparisons
to only these wavelengths avoided introducing uncer-
tainties due to possible inaccuracies in interpolating to
other wavelengths, either the values for LOWTRAN or
for the expansion. The appropriate values for the a,
from Table 2 were used in (29).

Except for the radiation fog model, the error is within
1.1% at most wavelengths. For the wavelengths of 3
pm and 20 um < A < 25 um, the maximum error
reaches a value of 2.7%. At the same time, the computer
time required to perform the calculation of k. is re-
duced by a factor of 104 to 10° compared to the Mie
calculations with integration over the size distribution.

The case of radiation-fog size distribution shows an
error twice as large as any other considered case (up
t0 2.6% for 3.5 < A <20 um and 6.5% at A = 25 um).
This is caused by the fact that this narrow (veg = 0.11)
size distribution is dominated by small droplets (7 moqe
= 2 um) and that the polynomial fit to the Qy,, as
given by expression (9), is not constrained to go to
zero at r = 0. The latter could be accomplished by
presetting ao = 0, which on the other hand would de-
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FIG. 4. An example of a quadratic fit for the case
of small water droplets with radii r < 20 um.

TABLE 4. Expansion coefficients for three-term quadratic fit to
water absorption efficiency [Eq. (9)] for r < 20 um.

Wavelength
(um) a a a

3.0 1.0752E+0 1.8942E-2 —1.3104E-3

3.5 1.9418E~2 7.1036E—2 —1.8280E-3

4.0 —1.0043E-2 3.6936E-2 —7.4394E—4

4.5 —8.7037E-3 8.1747E-2 —2.1420E-3

5.0 —1.6449E-2 7.0899E-2 —1.6838E-3

5.5 —1.6316E—2 5.8596E—2 —1.1650E-3

6.0 3.0081E—-1 1.5072E-1 —5.8461E-3

6.5 1.6005E—-2 1.3270E-1 ~4.1574E-3

7.0 —9.6504E-3 1.0972E-1 —3.0003E-3

7.5 —1.2594E-2 1.0362E~-1 —2.6884E—3

8.0 ~1.3211E-2 1.0026E—1 -2.5135E~3

8.5 —1.2544E-2 9.8262E-2 ~2.4076E-3

9.0 —1.0594E—-2 9.7506E—2 ~2.3650E-3

9.5 —7.0447E-3 9.8052E-2 —2.3886E—-3
10.0 —4.0922E—4 9.9981E-2 ~2.4881E~3
10.5 1.9190E—-2 1.0929E~1 —2.9496E-3
11.0 6.6452E—-2 1.2421E~1 ~3.7771E-3
11.5 1.4524E—1 1.3467E—1 —~4.5311E-3
12.0 2.4481E-1 1.3844E~1 —5.0234E-3
12.5 3.4206E—1 1.3956E~1 ~5.3509E-3
13.0 4.0654E—1 1.4020E—-1 —5.5531E-3
13.5 4.5224E—1 1.4173E-1 —5.7438E—-3
140 4.7611E—~1 1.4456E—~1 —5.9388E-3
14.5 4.8337E—-1 1.4833E-1 —6.1360E-3
15.0 4.8317E—1 1.5243E—1 —6.3304E-3
15.5 4.7913E—-1 1.5659E~1 ~6.5183E—3
16.0 4.6823E—1 1.6 140E—-1 —6.7193E-3
16.5 4.5414E~1 1.6623E—1 —-6.9127E-3
17.0 4.3258E—1 1.7157E—1 —7.1088E~3
17.5 4.0957E—1 1.7693E—1 -7.3017E-3
18.0 3.8280E~-1 1.8221E~1 —~7.4778E—-3
18.5 3.5380E-1 1.8733E—1 —7.6374E-3
19.0 3.2274E-1 1.9222E—-1 ~7.7772E-3
19.5 2.8857E-1 1.9679E—1 —7.8872E-3
200 2.5584E—1 1.9978E—1 -79170E-3
20.5 2.3169E—1 2.0194E—1 -7.9331E-3
21.0 2.0840E—1 2.0379E-1 ~7.9353E-3
21.5 1.8657E—1 2.0571E—1 —7.9455E—3
22.0 1.6545E—1 2.0738E—-1 —7.9454E-3
22.5 1.4713E-1 2.0871E~-1 —7.9368E—~3
23.0 1.2945E—1 2.0983E—1 —7.9198E-3
23.5 1.1257E—~1 2.1069E—1 ~7.8911E-3
240 9.6363E-2 2.1134E~1 ~7.8537E-3
24.5 8.1372E-2 2.1182E~1 ~7.8117E-3
25.0 6.6971E-2 2.1215E—-1 —7.7632E—-3
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TABLE 5a. Expansion coefficients, a,-as, from the tenth-order polynomial fit to ice spheres, with r < 100 um.

Wavelength

(perm) a @ @ a a, as

3.0 8.9107E-1 1.6530E-1 —3.7508E—2 3.6395E—~3 —1.9366E—4 6.2286E—6
3.5 —~5.7954E-2 2.0296E-1 —2.2180E-2 1.5170E—3 —6.6013E—5 1.8606E—~6
4,0 —~2.7474E-2 8.3809E—2 —3.4359E-3 ~5.2990E~6 7.8409E—6 ~3.8786E~7
45 —~5.6616E—2 2.0473E-1 —1.5734E—2 5.9829E~4 —9.5388E—6 --8.4868E—~8
5.0 —~1.2676E-2 6.0765E~2 1.6553E-3 —4.5993E~4 2.9855E—5 ~-1.0334E~6
55 —~1.7730E-2 9.6300E-2 ~1.7298E—4 —4.3812E—4 3.0518E—5 ~1.0537E—6
6.0 ~5.5578E~2 2.8438E~1 ~2.7057E~2 1.3910E-3 —4,3868E—5 8.9189E—7
6.5 ~5.4572E-2 2.3325E—1 ~1.7265E~2 5.7691E—4 ~5.6062E—6 —2.2378E-7
7.0 ~5.0451E~-2 2.1098E—1 ~1.3570E—~2 3.1979E-4 4.3274E—6 —4,5926E~7
1.5 —4.3692E-2 1.7941E—1 —9.0475E~3 4,6696E—5 1.3304E~5 —6.3184E—7
8.0 —3.5263E-2 1.4141E-1 —4.5979E~3 —1.6103E—4 1.7624E~5 —6.4189E—7
8.5 —2.8235E~2 1.1215E~1 —2.7109E~3 —1.3103E—4 1.0889E~5 —3.5197E~7
9.0 —2.7612E-2 1.1313E—1 —3.0835E~-3 —-9.5918E—5 9.7101E~6 —3.4219E—7
9.5 —2.5015E-2 1.1047E—1 —3.0437E-3 —9.0775E-5 9.8476E—6 —3.6493E-7
10.0 —2.0375E-2 1.1000E—1 —3.5467E-3 —~4,0922E-5 7.7393E-6 —3.1188E—7
10.5 —2.1607E-2 2.0223E~1 —1.6960E—2 8.6724E—4 —2.9286E—5 6.6965E—7
11.0 2.9596E—2 3.9822E~1 —5.7009E—2 4.3543E~3 —1.9985E—4 5.8168E—6
1.5 8.2413E-2 5.0745E~1 —8.1752E-2 6.6671E~3 —3.1876E—4 9.5357E—6
12.0 7.5458E-2 5.7059E~1 —9.4667E-2 7.8252E~3 —3.7690E—4 1.1326E-5
12.5 2.2052E—2 6.1442E~1 ~1.0147E—1 8.3351E~3 —3.9923E-4 1.1942E-5
13.0 —5.9200E—2 6.3032E~1 —1.0043E—1 8.0336E~3 —3.7724E—4 1.1115E-5
13.5 -1.3165E—-1 6.1274E~1 -9.1711E-2 6.9954E~3 —3.1670E—4 9.0693E—-6
14.0 —~1.7738E—~1 5.6126E-1 ~7.6248E—2 5.3609E-3 —2.2675E—-4 6.1354E~6
14.5 ~1.8483E—1 4.6432E—1 —~5.2605E~2 3.0688E—3 —1.0703E-4 2.3682E—6
15.0 ~1.5743E~1 3.5311E-1 ~2.9141E-2 9.8515E—4 —4.8332E—6 ~6.9700E~7
15.5 ~1.2435E—1 2.6912E—1 ~1.3768E~2 —2.3246E—4 4.9399E—5 —2.1949E—6
16.0 ~1.0097E~1 2.1765E—1 ~5.5976E~3 —7.9049E—4 7.0690E—5 —2.6945E—6
16.5 —8.7180E~-2 1.8861E—1 ~1.5200E-3 —1.0262E—3 7.7784E—5 —2.8080E—6
17.0 —7.4294E~2 1.5896E—1 2.4995E~3 —1.2532E-3 8.4492E—5 —2.9130E—6
17.5 —5.7231E-2 1.2262E~1 6.2487E~3 —1.3727E-3 8.3415E—5 —2.7352E—6
18.0 —4.2640E-2 9.2520E—2 8.0308E~3 —1.3026E-3 7.3106E~5 —2.2921E-6
18.5 —3.4318E-2 7.5940E—2 8.2279E-3 —~1.1722E-3 6.2842E~5 —1.9207E—6
19.0 —3.0230E-2 ~ 6.8795E-2 8.1714E-3 - —1.1059E-3 5.8413E~5 —1.7791E—6
19.5 —2.8816E—2 6.6579E~2 8.4796E—3 —1.1282E-3 5.9604E~5 —1.8228E—6
20.0 —2.3196E-2 5.3772E-2 8.5749E-3 —1.0412E-3 5.3268E~5 —1.6052E—6
20.5 —1.5725E-2 3.7466E~2 7.6962E—3 —8.3747E—4 4.1373E~5 —~1.2392E-6
21.0 —1.0164E-2 " 2.6553E~2 6.8723E—3 ~7.0518E—4 3.4928E—5 ~1.0705E~6
21.5 —6.2522E-3 1.9677E~2 6.4045E—3 —~6.4095E—4 3.2236E-5 —1.0091E—6
22.0 —2.9938E—3 1.3785E~2 5.8087E—3 ~5.6911E—4 2.8945E—5 —9.1667E~7
22.5 —~1.0285E-3 1.0359E-2 5.2738E-3 ~5.0751E—~4 2.5793E—5 —8.1411E-7
23.0 —1.3748E—4 9.2250E-3 4.9834E-3 ~4.7251E~4 2.3769E—5 —7.4112E-7
23.5 3.6987E—4 8.8727E-3 4.8006E—3 —4.4914E~4 2.2313E-5 —~6.8647E—~7
24.0 7.9012E—4 8.7828E-3 4.6980E—3 —4.3504E~4 2.1388E-S5 —~6.5096E—7
24.5 1.2440E—3 8.6896E—3 4.6314E-3 —4.2580E—4 2.0793E—-5 ~6.2877E~7
25.0 1.7141E-3 8.7478E—3 4.6382E—3 —4.2512E—4 2.0693E—5 ~6.2406E~7

crease the accuracy of the fit at larger values of the
droplet radius.

5. Small- and large-particle approximations

For the purposes of theoretical investigation, as well
as for simplicity of the modeling, it is sometimes useful
1o obtain a simple analytical form (valid within a re-
stricted region of r) for the k,y, even if the high degree
of accuracy has to be compromised.

If the radii of most of the particles present in the
cloud are below 20 um, the first few terms of expression
(20) will be sufficient to determine the absorption coef-

ficient. Keeping only terms up to the second power in
radius r, we obtain

3IW lap
Kaps = —— | — + a; + ares(l + veﬂ“)] - (44)
4p | rem

The aq, a;, and a, coefficients in Eq. (44) have to
be determined by the best quadratic fit {Eq. (9) with
N = 2] to the Mie absorption efficiency Qs within the
radii range 0 < r < 20 um. Figure 4 shows an example
of a quadratic fit to the Mie absorption efficiency for
water droplets with 0 < r < 20 um. The coefficients at
the half micron steps for the wavelengths from 3 to 25
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TABLE 5b. Expansion coefficients, ag—a,o, from the tenth-order polynomial fit to ice spheres, with 7 < 100 pm.

Wavelength

(um) as a; ag ay a0
30 ~1.2627E-07 1.6239E—-09 —1.2850E—11 5.7068E—14 —1.0884E~-16
35 ~3.4310E—08 4.1052E—10 —3.0679E—12 1.3003E—14 —2.3852E—17
4.0 9.6259E—09 —1.3951E—-10 1.1947E~12 —-5.6112E~15 1.1157E-17
4.5 6.6071E—09 —1.2691E—10 1.2391E—12 —6.2740E—15 1.3091E—-17
5.0 2.1626E—08 —2.8198E—-10 2.2424E—-12 —9.9617E—15 1.8959E—17
55 2.1671E—08 —2.7685E—10 2.1579E-12 —9.4087E—-15 1.7603E-17
6.0 ~1.1846E-08 1.0116E—-10 —5.2673E~13 1.4794E—15 —1.6184E—18
6.5 9.0737E-09 —1.5143E-10 1.3711E~12 ~6.5925E—15 1.3225E-17
7.0 1.2630E-08 —1.8564E—10 1.5729E—-12 ~7.2516E-15 1.4125E-17
7.5 1.4536E—08 —1.9578E—10 1.5707E-12 —6.9686E—15 1.3187E—-17
8.0 1.3104E—08 ~1.6359E—10 1.2422E—-12 —~5.2813E-15 9.6579E—18
8.5 6.6279E—09 —7.8216E—11 5.7184E—13 —2.3747E-15 4.2885E—18
9.0 6.9789E—09 —8.8893E—11 6.9707E—13 —3.0792E—-15 5.8621E—18
9.5 7.7636E—-09 —1.0215E-10 8.1995E-13 —3.6800E—15 7.0785E—-18
10.0 6.8737E~09 —9.1971E~11 7.4375E—-13 —3.3464E—15 6.4364E—18
10.5 —1.0396E—-08 1.0775E~10 -7.1287E—-13 2.7199E—-15 —4.5510E—18
11.0 —1.0977E-07 1.3379E-09 —1.0154E—11 4.3620E—14 —8.0970E—17
11.5 —1.8350E—-07 2.2690E—09 —1.7414E—11 7.5464E—14 —1.4108E—16
12.0 —2.1858E—07 2.7083E—09 —2.0817E—11 9.0312E-14 —1.6898E—16
12.5 ~2.2962E-07 2.8364E—09 ~2.1746E—11 9.4145E~14 —1.7584E—~16
13.0 ~2.1122E-07 2.5850E—09 ~1.9669E—11 8.4622E~14 —1.5723E-16
13.5 —1.6850E—-Q7 2.0249E-Q9 —1.5179E—11 6.4496E—-14 —1.1858E—16
14.0 —1.0869E—07 1.2546E—09 ~9.0860E—12 3.7477E-14 —6.7148E—17
14.5 —3.3904E—08 3.1078E—-10 —1.7413E-12 5.3340E—15 —6.6234E—-18
15.0 2.4693E—08 —4.0649E—10 3.7025E—12 —-1.7997E—-14 3.6537E—17
15.5 5.1361E—08 —7.1333E—10 5.9083E—12 -2.7009E—14 5.2514E—-17
16.0 5.8834E—08 —7.8453E—-10 6.3238E—~12 —2.8348E—14 5.4310E—17
16.5 5.9562E—08 —~7.7974E—10 6.2052E—-12 ~2.7556E~14 5.2415E—17
17.0 6.0192E—-08 —7.7450E~10 6.0881E—-12 —2.6789E—14 5.0596E—17
17.5 5.477SE—08 —6.8966E—10 5.3361E—12 —-2.3202E—-14 4.3423E—-17
18.0 4.4567E—08 —5.4979E-10 4.1931E—-12 —1.8047E—14 3.3529E-17
18.5 3.6803E—08 —4.5050E—-10 3.4242E-12 —1.4729E~14 2.7395E-17
19.0 3.4171E—-08 —4.2053E-10 3.2177E-12 —1.3936E—-14 2.6094E—17
19.5 3.5192E-08 —4.3533E-10 3.3462E—12 —1.4549E—14 2.7328E—17
20.0 3.0821E-08 —3.8110E-10 2.9362E—-12 ~1.2813E~14 2.4165E—17
20.5 2.3997E—08 —3.0115E-10 2.3585E—12 ~1.0454E—14 1.9992E—-17
21.0 2.1297E—08 —-2.7367TE-10 2.1831E-12 —9.8071E—-15 1.8932E-17
21.5 2.0402E—-08 —2.6464E—10 2.1196E—~12 —9.5254E—15 1.8355E—-17
22.0 1.8624E—-08 —24133E-10 1.9238E~-12 ~8.5878E~—15 1.6425E—-17
225 1.6407E—08 -2.1031E-10 1.6566E—12 —7.3089E—-15 1.3826E—17
23.0 1.4734E~08 —1.8633E—-10 1.4494E—12 —6.3236E—15 1.1845E—17
23.5 1.3468E—08 —1.6824E—10 1.2947E—12 —5.5961E—15 1.0400E—17
24.0 1.2644E—08 —1.5659E—10 1.1966E~—12 —5.1437E—-15 9.5178E—18
24.5 1.2148E—-08 —1.4989E—-10 1.1430E-12 —~4,9095E—-15 9.0880E—18
25.0 1.2041E-08 —1.4862E—10 1.1354E~12 —4.8916E~15 9.0898E—18

um are given in Table 4. From the parameters for the
droplet size distributions, given in Table 3, it is apparent
that the small droplet approximation { Eq. (44)] cannot
be applied to the advection fog size distribution, which
has 7. = 20 um and a considerable contribution from
droplets with radii r > 20 um, outside the range for
which the Q. fit was made. For the other model size
distributions the error is within 3.5% for wavelengths
within the atmospheric window. At other wavelengths
the error is within 7%, with the exception of radia-
tion fog where the maximum error of 13% occurs at A
= 3 um.

If the ap and a, terms in Eq. (44) for the absorption
coeflicient are neglected, we recover the simple ap-
proximation (5) in the form of liquid water content
W. In the case of all droplets being very small (let us
say with radii » < 7 um) this approximation leads to
accurate results.

It is interesting to note that an approximation in the
form of Eq. (44), for the absorption coefficient, can
also be derived for large spherical particles if all the
radii of the size distribution are larger than about 15
um. In this case the quadratic fit to the Mie absorption
efficiency between 15 um < r < 100 um is sufficiently
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FIG. 5. A quadratic fit to the Mie Q,, curve for the case of
equivalent ice spheres with radii 15 ym < r < 200 pm.

accurate and the ay, @,, and a, coeflicients have to be
determined by such a fit.

6. Infrared emittance of cirrus clouds

Although the prime goal of this work is to develop
a suitable parameterization for the IR emittance of wa-
ter clouds, the formalism of the preceding sections can
be extended to include ice clouds if the ice particles
are spherical or if they are modeled by equivalent
spheres (Stephens et al. 1990; Ackerman et al. 1990;
Smith et al. 1990; Spinhirne and Hart 1990). The for-
malism described in sections 3 and 5 can be used to
obtain the absorption coeflicient for considered size
distributions of ice spheres. However, the coefficients
a, appearing in expressions (10), (14), (15), and (20)
are now determined by the appropriate polynomial fit,
[Eq. (9)], to the Mie absorption efficiency for ice
spheres. The coeflicients for the case of spherical ice
particles with radii smaller than 100 microns are listed
in Table 5. Refractive indices of ice are taken from
Warren’s (1984) compilation. Similarly, the coeffi-
cients of the small or large particle approximations [ Eq.
(44)] are now determined by a quadratic polynomial
fit to the Mie absorption efficiency curve in the limited
region of ice sphere radii. Figure 5 shows an example
of a quadratic fit in the large particle approximation.
The appropriate expansion coefficients for large cirrus
spheres with radii in the region between 15 and 200
um are given in Table 6.

This approach can also be applied to size distribu-
tions of nonspherical ice crystals if suitable results for
the absorption efficiency as a function of particle size
(Mugnai and Wiscombe 1986; Takano and Liou 1989;
Chylek and Klett 1991) are available.
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7. Discussion

It seems that the most important result of the re-
ported research is an approximate formula for the ab-
sorption coeflicient k,,,, given by Eq. (44). This expres-
sion combines acceptable accuracy and a simple ana-
lytical form displaying explicit dependence on the cloud
water content 1 and the size distribution parameters
reg and vg. Furthermore, it is sufficiently accurate for
use in numerical calculations and simple enough to be

used in theoretical investigations. Equation (44) for

TABLE 6. Expansion coefficients for three-term quadratic fit to
absorption efficiency [Eq. (9)], for ice spheres with 15 < r < 200

um.
Wavelength
(um) 2] Q 23]
3.0 9.5794E-01 —9.2305E—-04 3.0468E—06
3.5 9.4296E—01 2.6706E-04 —1.8421E—06
4.0 7.1377E-01 4.1147E-03 ~1.5766E—05
4.5 1.0458E+00 —9.5638E-04 2.5674E—-06
5.0 . 7.3208E—-01 4.0563E-03 —1.5683E—05
5.5 9.5774E-01 7.9723E-04 —4.2035E—-06
6.0 {.1456E+00 —2.3116E-03 7.4975E—-06
6.5 1.1427E+00 —2.2295E—-03 7.0843E—06
7.0 1.1491E+00 ~2.2477E-03 7.0580E—06
7.5 1.1460E+00 —2.0909E-03 6.3558E~06
8.0 1.1208E+00 —1.5564E—-03 4.2178E-06
8.5 1.0764E+00 —6.4835E—-04 6.7678E—-07
9.0 1.0904E+00 —7.2532E—-04 8.4518E~07
9.5 1.0913E+00 —5.6236E—04 1.0025E—-07
10.0 1.0777E+00 —7.9458E—-05 —1.8668E—-06
10.5 1.1252E+00 —1.0303E-03 2.1463E~-06
11.0 1.1359E+00 —2.0739E-03 6.4355E~06
11.5 1.1601E+00 —2.7683E-03 8.8891E-06
12.0 1.1803E+00 —3.1864E-03 1.0316E-05
12.5 1.1991E+00 ~3.4947E-03 1.1353E-05
13.0 1.2187E+00 ~3.7425E~03 1.2182E-05
13.5 1.2381E+00 ~3.9599E~03 1.2912E-05
14.0 1.2572E+00 ~4.1655E~03 1.3606E—05
14.5 1.2780E+00 ~4.3677E~-03 1.4284E—05
15.0 1.2961E+00 —4.5100E~03 1.4728E—-05
15.5 1.3069E+00 —4.5381E-03 1.4732E-05
16.0 1.3121E+00 —4.4952E-03 1.4470E—05
16.5 1.3159E+00 —4.4543E-03 1.4227E-05
17.0 1.3130E+00 —4.3234E-03 1.3642E—05
17.5 1.2944E+00 —3.8994E-03 1.1928E—05
18.0 1.2569E+00 —3.1544E—03 9.0080E—06
18.5 1.2214E+00 —2.4586E—03 6.3079E-06
19.0 1.2063E+00 -2.1121E-03 4.9325E-06
19.5 1.2117E+00 —-2.1365E—03 4.9546E—~06
20.0 1.1589E+00 -1.2267E-03 1.5315E~06
20.5 1.0303E+00 8.4171E-04 —-5.9814E~06
21.0 8.9607E—01 2.8562E-~03 ~1.2973E-05
205 7.9121E-01 4.3166E—-03 ~1.7775E-05
22.0 6.7011E—-01 5.8045E~03 —2.2261E~-05
22.5 5.7890E—01 6.7967E~03 —2.4954E—05
23.0 5.4330E—01 7.2149E~03 —2.6136E—05
23.5 5.2952E-01 7.4439E~03 —2.6910E-05
24.0 5.2612E—01 7.5908E~03 —2.7529E—05
24.5 5.2431E-01 7.7275E-03 ~2.8136E—05
250 5.3065E—01 7.8034E-03 —2.8639E—-05
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F1G. 6. Comparison of exact Mie calculations (solid line) with the
tenth-order polynomial approximation (dotted line) and with the
second-order polynomial approximation (dashed line). The cumulus
cloud has the minimum error (the dotted line cannot be distinguished
from the exact Mie calculation), and the radiation fog has the max-
imum error from the set of considered size distributions.

the k., coefficient is also independent of the specific
form of the size distribution used. The accuracy of Eq.
(44) is within 7% in the small particle approximation
for all considered cloud types at the wavelengths be-
tween 3 and 25 um. The only information required
is the cloud water content, the effective radius, and the
effective variance (W, 1., and veg), or the second, third,
and fourth moments of the size distribution.

This result supports the conclusions of Hansen and
Travis (1974) that the Mie scattering properties of dif-
ferent size distributions were nearly the same if the size
distributions had the same values of effective radius
and effective variance, with the effective radius being
the most critical parameter. To examine this further,
the cloud model size distributions were replaced by
equivalent monodisperse distributions with 7.g as the
radius and the effective variance v.g = 0. This is equiv-
alent to using Eq. (15) for the absorption coefficient
with all the D, = 1. Using the second-order approxi-
mation for the absorption efficiency [Eq. (44)] gave
rms errors compared with the exact Mie results of 10%
or better. This was true even for the advection fog
model, where the effective radius was 20 um. Using
the correct value of the effective variance in a small
particle approximation given by Eq. (44) would give
a maximum error of nearly 60%. This is because any
polynomial expansion, such as Eq. (9), for absorption
efficiency will often have an extreme divergence from
the correct values outside the range of the fit, which
here was restricted to r < 20 um.

If the more accurate results are desirable or if the
size distributions of water drops with r > 20 um are
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considered, the higher-order expansion, Eq. (10) or its
equivalents in the form of Egs. (14), (15), (20), (29),
(30), or (38), can be used. These expressions are suit-
able for fast numerical calculations and are accurate
within 3% for considered cloud types. However, a sim-
ple analytical dependence of ks on the size distribution
parameters is lost. Alternatively, the equivalent of sec-
ond-order expansion, Eq. (44), can be fit for large water
droplets. Comparison of the absorption coefficient,
calculated using the exact Mie calculation (2), the
tenth-order polynomial fit (10), and the quadratic fit
(44) is shown in Fig. 6 as a function of wavelength for
the cases of the cumulus cloud and the radiation fog.
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