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Density gradient, cut-offs :
Radio Waves reflected / transmitted



Magnetosphere

[Source: Nasa - GSFC]

Presence of whistlers:
Particle precipitation in loss cones enhanced



Solar Astrophysics

[Source: Nasa - MFSC]
Alfvén Waves:

Anomalous heating of the solar corona (?)



Intertial fusion plasmas

[Source: LLNL]

[Source: U. Rochester]

Non linear laser - plasma interaction



Magnetic fusion plasmas
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The problem

Energy transfer

>

Wave § Plasma

Instabilities, emission

Maxwell equations Statistical description



Basic equations




Maxwell equations

* The heart of the problem:

Electric
displacement ~ Charge Magnetic induction
\ density \
V-D=p V-B=0
0B 3D
VXE=— VxH=],
P ot E ] \ ot
Electric field Magnetic Source
intensity current
 Continuity equation for the sources:
dp
+V:-js=0

ot



Constitutive relation

. .| D=¢cE _ _ o
* Isotropic medium: { B — ,H * Anisotropic medium: {
«Plasma: { P~ ¢ E
. B = jjf()H
Link electric field / displ t + OE '-I-aD
* LInK electric Tie Isplacement: € —
P /x'p ot ~ T o
. Coherence of current: Total current / Response” current
8E oD

» Harmonic fields: (E,B) x exp(—iwt)
(.
D =¢ (E + —J)
WeEp

i

- Constitutive relation: j=j(E)
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el



Linear approximation

« Statistical description of the plasma:
p= qu /d3v fs(r, v, t) j= qu /d3v v fs(r,v,t)

* Kinetic equation:

8f3+v-8f3+ s [(EO+E)+V><(B0+B)] s _ (8;“3)
coll.

ot or  myg avj_ ot

Yy

e

Non-linearity

* Linear approximation:

o~

SI‘,V,t EFS I‘,V,t Sravat
fs(r,v, 1) (\ ) + [ )\

Perturbation

fsocE

Equilibrium solution

* Linear response of the plasma:

(p,j) x E



The plasma medium

* Anisotropy
j(l‘, t) — ‘; ' E(I‘, t)

* Time dispersion

j(r,t) = / dt' o(r,t,t') - E(r,t')

— 00

» Space dispersion

j(r,t) = /d?’r";(r, r',t) - E(r',t)




Dielectric tensor

t p—
« Non-local current: j(r,1) —/ dt’ /dsr’a(r,r’,t,t’)-E(r’,t’)
. Stationary plasma: o (r,r',t,t') = o(r,r',t — ')
« Uniform plasma: o(r,v' t,t')=oc(—1t1t)

* Plane waves: (E,B) x exp (i(k - T — wt))
— jk,w) = ok,w) - E(k,w)

. D_fa(mij) _ED(HLE) B
WEp WEQ

/

(Dielectric tensor)
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Dispersion relation

« Wave equation (no source):

* Plane waves - Homogeneous plasma:
nxnxE+e - E=0 n=
— 1\_41(}&; -E=0
* Non-trivial solutions for the electric field:

— kik
det(My ) =0 —> det [(nzk—; — 5@'3') + e@'j(k,w)] =0

( « Characteristic waves of the uniform plasma n = n(k,w)

:

* Propagative / Evanescent modes

_* Polarization



Plasma description

» Main goal of the plasma modeling: €

* \Various available models:

* Cold plasma
» Cold plasma + thermal corrections

— Fluid modeling

» Hot plasma - linear

* Hot plasma - quasi-linear

— Kinetic modeling



Waves in a fluid plasma




Cold plasma model

e Current (fluid model): j = st — Z NgQsVs
S S \

Macroscopic velocity
* Momentum equation:

dv (Gvs

nsmg_ — nsms 8t

dt

+ (v - V)VS) =nsqgs(E+ v, xB)—-V - SS

/

_ B Pressure tensor
« Cold plasma: @, = 0
dv,

ds
e — E . X B
dt ms( +vs x B)

* Linearization: B = By + 0B, E = /E
— To first order and omitting the “8”

—iwmsVvs = ¢s(E + v, X By)



Cold plasma model (2)

» Static magnetic field: B, // e,
r
_ 4

— (Vg +ivy) - (W — Wes) = - (E; +iE,)

U vy —ivy) - (0t wes) = Tis (E, —iE,)
— VW = ds Ez ': qsBo

\ ms Wes = (Cyclotron frequency)
* Rotating field and velocity:
1 , 1 .
E* = 5(]5‘m +iE,) vt = 5(% + ivy)
.+ ds -+
— 0" (W Fwes) = —F
N ; ms




Cold plasma model (3)

» Current: 4+ %Z Nsqg E*
ms W

- Conductivity tensor:  J = o-E —— Cold dielectric tensor

S —iD 0] Neq?

] . 2 Sis

€ =¢y | 1D S 0 Wps = ms€o
0 0 P | (Plasma frequency)

“

2 w2 2

S L S L Whs
REl_Zw(w—iwcs) LZl_Zw(wichs) PZI_ZMPZ

S5 5 S5

S=_(R+1L) = ~(R- L)

N.B.: The cold plasma is not space dispersive



Dispersion relation

€z A —
k nxnxE+e-E=0
ng = ncos(6)
n, = nsin(Q)

S —n2cos?(@) —iD n?cos(f)sin(6) E,
iD S —n? 0 | E, | =0
n? cos(0) sin(0) 0 P — n2sin?(6)

* Dispersion relation:

An* —Bn?+C =0 —» 2 propagation modes
A = Ssin*(#) + P cos?(8)
B = RLsin*(0) + PS(1 + cos?(0))
C = PRL



Cut-offs - Resonances

P(n?— R)(n* - L)
(Sn2 — RL)(n? — P)

- Dispersion relation (alt. form): tan®(f) = —

nZ, , n2,

Cut-off: n2 =0 Resonance: n’? — 0o
iEvanescent

B

' . i .
wram_ i Parameter

|E|

Incident i Incident

Propagative zone

|E|

-

sl Transmitted
D e

- 1 Transmitted
Reflected | — - Reflected

: -
Parameter "Parameter




Parallel propagation

» Wave equation (6=0):

(S —n*)E, —iDE, = 0 ,
iDE, + (S — n?)E, )
PE, =0 (1)

1. Langmuir wave

* Dispersion relation: P=0 —— w = \/w + w
* Phase and group velocities undefined (non-propagative phenomenon)

- Oscillation parallel to B, €,




Parallel propagation (2)

2. Whistlers
- Wave equation: (L—n®)ET =0 (1)
(R—n*)E~ =0 (2)

* 1) lon whistler (L-Wave):

+ Dispersion relation: n? = L

Fa




Electron whistler

« 2) Electron Whistler (R-Wave):

- Dispersion relation: 12 = R
e, A
E k
:} e,
&, Bo

Et=0 (E,=—iE,)

* Phase velocity - group velocity:

C WW e Ow WWee
Vp = — R C 5 X VW vgza—NQC 5 X VW
n Wie k Wae

— Large dispersivity




Whistlers in the magnetosphere

Electron population in the Van Allen belts

Collisions: pitch angle scattering: (1) — (2)

—» Weak losses



Whistlers in the magnetosphere (2)

Ducted whistlers

Electron lifetime
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[Source: R.W. Abel and R.M. Thorne

Interaction with the electrons J. Geophys Res. 103 (1998) 2365]

trapped in the radiation belts



Perpendicular propagation

» Wave equation (6=nr/2):
SE, —iDE, =0 ,
iDE, + (S —n2)E, =0 [©
(P—n?)E. =0 (1)

1. Ordinary wave (O):

. : : 2
- Dispersion relation: n° = P A

1

* Propagative for wz > wﬁe + wﬁi
T k




Perpendicular propagation (2)

2. Extraordinary wave (X):
- Dispersion relation: n®*=RL/S

emA \

k
— éz
= o
By
Em_%,R—L
E, R+L

« Screening phenomenon:
W—We: By —0 (Ep— —iEy)
W—Wee: E.—0 (E;,—iEy)

|
|
I
I
|
I
]
I

Resonance

{u%h}

Resonance

A

-t -

W/

ce



Arbitrary angle propagation

« Continuity between
0=0 et 0= m/2:

Q

/
log [k/kmanw\ log [k/k min].sin 0
g [Source: D.G. Swanson, Plasma Waves

(A.P., San Diego, 1989)]

- Example: MHD waves: (0<<mn)

r (32
( —n?cos(f) + 1+ —) -F, =0  (Torsional Alfvén wave)

Vg

L

2
( —n?4+14+ C—Q -E,=0  (Compressional Alfvén wave)

(%
| P-E.=0

a




Low frequency: Alfvén waves

Torsional Alfvén wave

Compressional Alvén wave

Field lines torsion

Field lines compression




Flight map: the CMA diagram

Example: EC Waves in a tokamak

(mpeZ +©2)/0*—> 2 (Ope/ ®)°

pi

" Fig. 2-1. €MA diagram for a two-component plasma. The ion-to-electron mass =
ratio is chosen to be 2.5. Bounding surfaces appear as lines in this two-dimen- RaY't raCI n g
sional parameter space. Cross sections of wave-normal surfaces are sketched and
labeled for each region. For these sketches the direction of the riagnetic field is
vertical. The small mass ratio can be misleading here: the L=0 line intersects
P=0at Q/o;=1—(Zm,/m). : T

Reference: Stix (1992)



The homogeneity hypothesis

* Plane waves: (E,B) = (Eg, By) - exp (i(k - r — wt)) / At > 2 [x]
w

— Valid in a stationary and homogeneous plasma
S Ar >\ [o]

« Wave absorption: w — w, — 1y, k — k, +ik;

— gilkr—wt) — gilkrr—wrt)  oyp(—k; - 1) - exp(—t)

+ WKB hypothesis: (E,B) = (Eo(r,t), Bo(r,t)) - exp(iy))

. : X
“TRARN Eikonal function
Ekﬂdﬂ n fVT,[)Ek(I‘,t)
w Do
_ﬂ -JL_U_JL ﬂ___ e —w(r,t)

X o * Fast: W
—* Time-scale splitting: |} [ g . E B Kk o
. 0’ 0 I

—» Applicable outside: cut-offs, resonances, M Ar



Energy balance

oH oD
B2 22|~ g
ot T o Js
a X

(1) (2)

* Poynting theorem: V - (E x H) +

 “Classical” medium (solid...):
(1) Atoms, nuclei motion...: polarization current (reversible)

(2) Free charges motion: conduction current (irreversible)

Generally: A, << A — Quasi-instantaneous equilibrium

(e.g.: Joule effect)
* Plasma:

* No clear separation between conduction current / polarization current

* All charges are free, but contribute to the polarization (A .. >> \)

mfp
—> No equilibrium over one wave period

— No equivalent to the electromagnetic energy density,
to the instantaneous Poynting vector over one wave period

— Use of averaged quantities is necessary



Energy balance (2)

e Two conditions:

* Weakly inhomogeneous plasma: Q = Qq x exp(it)) k; = Vi),
V=Y. +1h;, —»
LU
» Use of averaged quantities (over many wave periods) T ot
* Poynting theorem:
_1[B3 3 2 L W 3L [ Kinetic flux ]
[ EIectromagnetlc ,4/
energy ] W +V - (Sog+ T) = —Ppups
4 %
/ ” —a
S, = _gR(EO w BO) Pabs = (.:JEO - € - Eg
Ho [ Absorbed power ]
[Poynting flux ]
—h =a

. Dielectric tensor: € = € + 1€



Collisional absorption

 Cold plasma: E“ =0 —= Pup.=0

_h _ No absorption,
e _ e —0 — T=o0 | Noenergyexchange
ok ok
* Friction term (Crook): Vs _ 4 (E+ vy x B)—v vy
dt M
* Dielectric tensor:
2 2 \
w w
L=1- £ — 11— b2
ZS: w(w — Wes) ZS: w(w — wes+ivs)
2 2
w w —
R=1-— 22 — 11— b
ze: W(W + Wcs) XQ: W(W + wcs"'iys) €
| w? _ w?
P=1- 25 11— =
Z w? Z w(w+ivs)

s S 1

» Absorbed power:
sz [ 4B 4 A B + As|ELJ7]

—> Absorptlon directly proportional to friction coefficient

S



Thermal corrections

* Momentum conservation:

dt ot

 Cold plasma: i's =0
—> —iwmgvs = ¢s(E + vy x Bg)

nsmsdvs — NgMg (% + (Vs ) V)Vs) — nst(E + Vg X B) - V. Ss

« Thermal effects: &, = p; x 1

1
—> —iwmgvs = gs(E + vy x Bg) — —Vpy

s

» Closure: Ps = CNgMyg, Co = s - - zero for transverse
s 5 o~ Perturbations
, c
> V=i~ (E+4vs xBo) + (k- v,) -k
msw w

: i = = = A ke =(1) ke\® -
* New dielectric tensor: € = e(k) = €fpig+i|l —)-€ —|— | -€

/

Space-dispersive



Thermal correction: HF waves

1. High frequency: extraordinary wave

Dispersion relation

 Cold plasma (electrons only): 10 , —TT .-

) 5 5 9 5 o I | | Cut-off 4
‘TLQ o (w _ wpe : (w _ we) _ wcewpe 8| | | -

X,ce — 2. 2 2 | I

W (w we) i Cold branch | I

wg = wﬁe + wfe I I

l l

l l

* Including thermal corrections:

2 2 2 9 2 2
‘TLQ o (w2 _ wge ) (w — W — k Ce) - wcewpe Y=
X;h w? - (w? —w?2 — k2c¢2) I
a 4r

Thermal velocity 0.75 1 105 15

—» Resonance disappears
— A new branch appears



Thermal corrections: MHD waves

2. Low frequency: MHD waves

» Cold plasma: 2 modes

Stringer diagram

* Torsional Alfvén wave: 10
keg Vg

v o_ ( € ) : (—) - cos(f)

Wes Wes Cs 10

» Compressional Alfvén wave:

10
w (ke Vg 3’
Wei B Wei Cs 3

10
* Hot plasma:
: : : 10
Dispersion relation
of 3" order in n?
10
— New branch. 102 10" 10 10 10° 10° 10



Waves in a kinetic plasma




Kinetic effects

» Microscopic effects not considered in a fluid model

» Non-collisional absorption phenomena
* Finite Larmor radius effect

* Non-Maxwellian distributions
— The particles must be described individually

* General procedure
* Vlasov equation:

Afs Ofs | 4s dfs df s
+ v + E+vxB)- =0 ) =0
ot M or ms( M ) ov dt |g
: . dr dv g Unperturbed
Unperturbed trajectories: 7=V = msv x By trajectories
Equilibrium

« Perturbation (1st order) of the distribution function
t

1 ds / T, / !l OF,
s\l,V, - E ; B ; :
fo(r,v, 1) ms/oodt[ (', ) + v x B(x',t)] o

x~ distribution

—» New dielectric tensor



Non-collisional absorption

- New dielectric tensor: e =1+ >  x,

» Susceptibility:

o — Ldgs = > > Wes =
Xs = E d‘UJ_QTT‘UJ_ d’b’” : Sn
WiWes 0 o W — NWeg — kH’UH

- - (QF, OF.
Tlm((l)) Sn= Sn(aﬁj_’%’ kJ_ak|)
- f -\ -
—_— \
Re(w) Resonance
1 1
lim — =P — i (w — Nwes — k:H’UH)
v—=0 W — NWes — kv + v W — Nwes — kv

e

* Doppler effect (k,v,)
* Cyclotron absorption (n # 0) } Non-collisional
- Landau damping, TTMP (n = 0) absorption processes

A




Cyclotron absorption

* Interaction with particle gyration: w=nw_.+k,v,

* Particle acceleration:

AW, d (m3\ |
dt _dt( 2 )_qm'E c

ﬁ

dW

> — o < Jn(kLpr)




First harmonic absorption

TE+ v TE+

L

\"/

E=E,exp(inot) —» No energy is transferred

Y TE+
: wf
E+l v -

E=E, exp(i(k.x-wt)), k,=n/2p, — Particle gets accelerated




Landau damping, TTMP

- Landau damping: o=k,v,
* Oscillating field: E=E cos(wt-k,z)

— Interaction with the particles
having v,=w/k,, (+dv,)

— Emission / Absorption

- Parallel energy modification (W,):

dW” ww2 8FS
=W, xm- r_.
dt VT Rylkyl 9y

— Sensitivity to the detailed shape of F,

—  Linear theory framework
becomes inadequate

-> Vo
ﬂ-—
3
>

\7"“:7‘ =5

v|=w/k)

f(v)

 Transit Time Magnetic Pumping: w=k,v,
— Similar to Landau damping, but with q_.E — -uVB



Limitations of a linear description

Energy transfer

>
Instabilities / Emission

Wave

Plasma (F><S)

\
Fixed a priori

Ex: unstable distribution function

L] ] I ] I L] I ]
* Linear growing rate \A /- -
- | . -
2 Bump on tail
. wwp 8FS | (unstable) -

T2 RE v |,

st
« Instability amplitude: N S
A x |E]* x exp(27t) N i
—» Infinite growth 1? I
05 0 0.5 1 1.5 2
v

i

* Up to what level does the instability really grow ?

A

« What is the saturation mechanism ?

| * How is the equilibrium distribution function modified ?



Quasilinear theory

* A few features:

- Feedback of the wave on F_
— F diffuses in velocity space

f(v)

— Flattening in the vicinity of resonances

- Diffusion coefficient: D a |E;; |2

« Fundamental hypotheses:

 Moderate amplitudes
— zero-th order orbits still defined =
~° I
 Dense wave spectrum

— No coherent phenomenon
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