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Motivation

Recent work on 2" stability in stellarators has shown that
— some stellarators do [WARE et al., PRL 2002],
— some stellarators do not [HEGNA & HUDSON, PRL 2001],

possess 2"d stable regions.
What property of the configuration determines 2" stability ?

Outline

The method of profile variations [GREENE & CHANCE, NF 1983] 1S applied to
stellarator configurations [HEGNA & NAKAIJIMA, PoP 1996].

The profile variations (and the self-consistent coordinate response)
produce variations in the ballooning coefficients.

Eigenvalue perturbation theory is used to obtain an analytic expression
for the ballooning growth rate, y, as a function of the pressure-
gradient and average-shear: = y (7' ,p ") (for constant geometry).

The analytic expression determines if pressure-gradient is stabilizing
or destabilizing, and suggests if a 2" stable region will exist.



Three approaches will be

compared

« Equilibrium reconstruction
— multiple equilibrium calculations
(vary p'(y) & 7(y); VMEC)
— multiple ballooning calculations
 Profile-variations
[GREENE&CHANCE,1983]
— single equilibrium calculation
(construct semi-analytic equilibria)
— multiple ballooning calculations

-+ Analytic expression

average shear

| y=y(,p)

(extension of profile-variations)
— single equilibrium calculation

T ingle ballooning calculation

pressure gradient

to be described




The pressure-gradient and average-shear profiles are varied

(method of profile variations)

We begin with a full solution to
an MHD equilibrium (vmec)

An analytic variation inp & z1is
Imposed

1 1s formally small parameter
w, 1s surface of interest

variation in the gradients is
zero-order in u

two free parameters (61, op )

p(w) = p (w)+ 1 5p(y)
() = O () + 1 Si(y)

Y —¥p
U

where y =

p'=p® p opt
=9 + U 51'/{_1
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The self-consistent coordinate response Is determined

» the coordinates are similarly adjusted to preserve Vp=JxB :
X(¥,0,8) =X (1,0,8) + 1 X9 (y,6,0),

» To zero order in x, the local shear is changed
s=5O +(1+0,D,.)51+0,Ds,:5p"

e This equation is:
— exact at the surface of interest; T e o
_ e later will keep (57)2, (57 ), (60)?, . ]
— valid for arbitrarily large (o1, op”);
— the coefficients are determined by the original equilibrium:

(simply solved using Fourier representation).
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The coefficients of the ballooning equation are changed

e The ballooning equation can be written {ai P§+Q}§ - ;/\/EZP;‘,
n on
where y = —*, and the ballooning coefficients are

2
P=

+g'/"/’|_2 , Q=2p'\/a(G+l|)(K'n+LK'g) : L:J‘:S(ry')dn'.

g"v

o After the profile variation, and induced local shear variation

0 1 1
L = L( ) + (77 + D5,-)5l + D5p-5 P, may be resolved numerically;
i i ) but further analytic progress possible
the perturbed ballooning equation may be written

{%(P+5P)%+(Q+5Q)}(§+5§):(7/+5y)\/§2(P+5P)(§+§§).

e The perturbed coefficients are
SP=P. 5p+P. 61+ Py (5p)° +Py, Sp'ot'+ P, (61,
5Q=Q, 5p+Q, 5t'+Qy (5p)° +Qpy Sp O +Q,, (517




Eigenvalue perturbation theory gives analytic
expression for change in ballooning growth rate

e The perturbed eigenvalue and eigenfunction have the form :
Sy =g OP+y, O+ 7y (OP) +¥pp SP 1+, (51)° + ho. +.
SE =&y Sp+E St Ey (Sp) + &y, Sp'OU'+ &y (81) + ho. +.
e The 1st order variations in the growth rate are :
[£10,P0,+Qy — 7Ry 1 &l |£10,R0,+Q R 1 £dn
| [¢rédy - ERE dny |

e The 1st order variations in the eigenfunction are : M
inner product

[0,P0, +Q-yRlGy =7y RS~19,P0, +Qp _7/Rp']§’;operatorinversion |
[677 Pan +Q _7/R]§z' — yl'Ré_[éﬂ Pz'an +Qz' _7Rz']§'

7p

e Higher order variations are similarly calculated.
¢ All variations are determined by a single eigenvalue-eigenvector calculation.



The theory determines. . . |
o if Increased p' Is stabilizing or destabilizing,
e if a 2d stable region will exist.

e Considering only to second order in o p"' variations

' n2
57:70 +7/p' §p +7/p'p‘ (5p)
valid if 8%y/op™ op' << 6%ylop”? ;
in general, may need (5p')3,(0p")4...

e Second stable region will existif  y ., <0

Y
y <0 y>0 y <0
y >0 :unstable < 1%t stable unstable 2"d stable >
¥ <0 :stable <87/ | '57 > p’
—>0: —<0
op' op'




Marginal stability boundary : quasi-poloidal configuration

quasi-poloidal configuration [WARE et
al. PRL, 2002] has 2"d stable region

solid curve is stability boundary
determined by exactly re-solving
ballooning equation on grid 200x200

dotted curve from analytic expression
 including 2" order terms
* single eigenfunction calculation

analytic expression accurately
reproduces exact stability boundary

2 Mar 2004

¢.00
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mibi 8 &ip010 : 2nd order

—2.58
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Stability boundary is verified by
global equilibrium reconstruction

a sequence of increasing pressure N 5 (R 08 Woom001201
equilibria is constructed with VMEC '

fixed boundary, fixed current profile ;
For each s=0.3 surface, the ballooning -=
stability is re-calculated ;

* indicated with — or +, stable or unstable -

The marginal stability diagram is
constructed /

 using original equilibrium O
» solid : exact solution to perturbed eqgn.

» dotted : from 2" order analytic expression 0 . ! .
0.00 ~1.50 ~3.00

The stability diagram gives good @  — e
prediction of global stability boundary
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Stability boundary

* _HD-like configuration * NCSX-like configuration

2Mar2004  £y14m 3009045301 m7né_org.2.5.ip008 Feb2621:59:502004 Mo 200 i383h.36.50080 Feb2622:09:332004
' | ' ] —60 ' |
_4_ — |
—AQ -
_2 — — /
) fixed-boundary 1i383;
weak 2" stable region.
- or 1~ —20F
2 — -
core-region of LHD-like; 0
strong 29 stable region; |
arbitrary pressure gradient.
| : : : 20 . ! .
0.00 —0.63 —1.26 0.00 ~1.98 ~3.97
p pl
4th order 4t orcde,

solid : exact (numerical) solution to perturbed ballooning equation
dotted : from analytic expression (4™ order)
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Summary

An analytic expression describing the dependence of the
ballooning growth rate on pressure-gradient and shear
variations is derived.

The expression agrees well with the exact numerical
solution to the perturbed ballooning equation, and agrees
with stability boundaries computed with global equilibrium
reconstructions.

The expression determines :
— if pressure-gradient is stabilizing or destabilizing
— suggests if a 2" stable region will exist.

Theory may be of use in stellarator optimization routines
and enable deeper insight into mechanism of 2" stability.

This approach ‘quantifies’ the strength of the second
stability effect.
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