A novel solution for the computation of three-dimensional ideal MHD equilibria with nested surfaces
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1. Exact computation of current sheets in 3D equilibria

2. Existence of 3D MHD equilibria with nested surfaces

3. RMP penetration and amplification with 5 in an ideal fluid

» 3D MHD equilibria with nested surfaces exhibit singular currents at resonant surfaces [1]: » A physically valid equilibrium must have finite integrated current densities: » Screw pinch axisymmetric equilibrium with finite pressure,

- A Pfirsch-Schliter 1/x-current, which arises as a result of finite pressure gradient. ~ 0-current densities are always integrable. f(r) = 10— 11 (r/@)? + A

. . ~ 1/x pressure-driven current densities give divergent currents.
~ A §(x)-current which is necessary to prevent the formation of islands. /xp J J

p(r) = po(1 = 2(r/a) + (r/a)*)

» Historical conclusion: 3D equilibria have either fractal [9] or stepped [10] pressure profiles.
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i uB i, . ~ vdiff‘fre“ﬁal cquation » The solution to Newcomb’s equation, £(r), gives the response to a resonant magnetic perturbation (RMP).
VU=Vl e e .
V-j=0,V-B= — (B x Vp)/ B’ » QUESTION: are there 3D MHD equilibria with nested surfaces and smooth pressure profiles?
. JL = X VD
JxB=Vp mastaces ¢ - | » Very large penetration and amplification of the RMP, even for low values of 5 ~ 1% (interchange stable).
, . / \ » ANSWER: we present a new class of 3D MHD equilibria [11] with
Magnetic coordinates — Vg B -V =10+ 0y )0
(1,0, ) (1) nested surfaces, arbitrary 3D geometry, and arbitrary smooth pressure,
. . o . . . o » SPEC nonlinear simulations reproduce the same results.
Fourier decomposition ~— ——=>  (¢m—n)Umn = (/9 Vi1 )mn (2) agreement between linear and nonlinear equilibrium calculations in the appropriate limit.
U = Z umnei(me—ngb)
e - » Idea: consider 3D MHD equilibria with discontinuous transform across resonant surfaces. 3t 1 é\oo— .
Equation type — U (T) = il(x)/w + Jmnd() ’ ﬁlFe)vagomb % *
zf(x) = h(x) V4 / 0.6 2.5} ;80 . !
r = em—n, h(z) ~ p' Pfirsch-Schliiter current  Djrac 8-current » Screw pinch axisymmetric equilibrium with p(r) = 0 and 0.5 Al \L =1/2 2 ,
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» Singular current densities, or current sheets, are critical for : (1) =tw0=ulr/a ool ™ 15l ] B=1% =~ : ::““Stab'e
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e " " 0.1r § * % :
 The ideal and resistive stability of 3D MHD equilibria [2-4]. where A results from a "DC" current sheet. o 1f = 2 ein w0
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» The computation of the ideal response to RMP perturbations in tokamaks [3]. = | et j: A !
» Linear response to boundary perturbation £, cos (mé + kz): 0 , | S5 B35S B SN . ! .
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» QUESTION: How to numerically compute singular current densities in ideal MHD equilibria? d (. .d¢ B , . ’ r/a
— == ) —g&£ =0 (Newcomb’s equation) e
dr \ dr ] L
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» ANSWER: Multiregion Relaxed MHD [6] allows for discontinuities and converges to ideal MHD. o
where f(r) and g(r) depend on the equilibrium. o 0.6 ~ Newcomb . . .
w . spEC » Pressure-driven parallel current shows ~ 1/x behaviour but is bounded by ~ 1/A¢.
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: [bennis, o3 » Radial displacement, £(r), gives overlap of surfaces unless ¢ » al 10
Taylor’s theory . MRxMHD . Ideal MHD
: : dg = 8t slope -1
i i —| < 1 (sine qua non condition) 0.0 S l l l I \
N J 1 U Y ol < 2
Fewer constraints i i More constraints 0.0 0.2 0.4 r/O 0.6 0.8 10 —_ 61
Helicity is conserved globally | Helicity is conserved discretely | Helicity is conserved locally S, 1r =
: N : 2 » Analytical expression for |d¢/dr|,— ol
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Topology: B - n‘av =0 i Topology: B - n‘avl =0 i Topology: B -V =0 103 -1r
Given p, Ay, Hy - Given py, Aoy, App, Hio 1 Given p(1), ¢ (1)) provides a minimum current sheet o Ll of
SF =0 :[VszuB] 55F202>[V><B:WB }iawzo :[ij:vp} At > Apri — D € s 4! 10—5"’ . . . . . . . -2 ' ' '
5 o+ B*/2) =0 min = Etsls 7 tsba -0.03 -0.02 001 _0_ 001 002 003 -7 0 g0 -4 -3
[Taylor, 1974] ! [Dewar, Hole, Hudson, 2006] ! [Kruskal, Kulsrud, 1958] , . . L 107 _ S S
as the sine qua non condition for the existence of equilibria. s
107°

» The SPEC code [7] is a numerical implementation of MRxMHD. » CONCLUSION: RMP significantly penetrates all the way into the centre of a tokamak, even within ideal MHD.

» Confirmed by linear and nonlinear simulations [11]. _ o o , _ .
. First numerical proof of the mutual existence of singular current densities [8]. » Note: The nonlinear code VMEC [12] shows qualitatively similar behaviour for the displacement solution.
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