0.1 stepped pressure equilibrium code : maOlae
1. Constructs matrix that represents the Beltrami linear system.
0.1.1 gauge and boundary conditions
1. The helicity integral, [ A - Bdv, depends explicity on the vector potential. The gauge must be constrained and the
boundary conditions enforced. First we consider an annular volume.
0.1.2 annular volume - gauge
1. The coordinates, (s,,(), are adapted to the interfaces, so that the interfaces coincide with coordinate surfaces s = const.
and 6,( are poloidal and toroidal angles.
2. In the [-th annulus, bounded by the (I — 1)-th and I-th interfaces, a general covariant representation of the magnetic
vector-potential is written
A= ASVS + fleVH + AQVC (1)
To this add Vg(s, 6, (), where g satisfies
059(5,0,¢) = —Ay(5,0,C), 99g(s1-1,0,() = —Ag(s1-1,0,¢) + Y11, 9cg(s1-1,0,¢) = —Ac(s1-1,0,() + thp—1, (2)
for arbitrary constants v ;—1, ¥pi—1, which are the toroidal and poloidal-fluxes on the interior of surface [ —1. Then
A=A +Vgisgiven by A = AyV0+ AV ( with
Ap(s1-1,0,C) = Yri-1, Ac(51-1,0,0) = Ypi-1. (3)
This specifies the gauge.
3. The magnetic field is \/gB = (9pA¢ — Oc Ag)es — 0sAceq + 0sAsec.
B® = B°B°s +2B°B’gs9 + 2B°Bgs + B*Bgge + 2B Bgoc + BB gcc (4)
\/§A -B = —AgasAg + AcasAg. (5)
4. For stellarator symmetric equilibria, Ag and A may be represented by cosine series
(s,0,¢) = ZAQJ ) cos(m;60 —n;(C), Ac(s,0,¢) = ZACJ cos(m;0 — n;(Q), (6)
where Ay ;(s) and A¢ ;(s) are represented using finite-elements, as described below.
5. Within each annulus, a regular, radial-sub-grid, s;; = ss(1)%s(i), for ¢ = 0, Ni, is established, see al00aa.
0.1.3 interface boundary condition
1. The condition that the field is tangential to the inner interface is

—m;A¢j(s1-1) —njAg j(s1-1) = 0. )

Combing the gauge constraints and the flux surface condition we have
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Apj(sia) =4 Vet o (8)
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Acj(sio1) = { o ? o1 9)



2. The condition that the field is tangential to the outer interface is similar to Eq.(7), but it cannot be simplified further and
so at the outer interface we must constrain the vector potential to be of the form

Ag(s1) = 00f(0,C) s Ac(st) = 0cf(6,€), (10)

for arbitrary f of the form

f=00a0+ i+ frjsin(m;0 —n;C) (11)
J
and ¢y = Ag,1(s;) and ¥, = A¢ 1(s;). We have

. _ wt,l ; J: 1,
anson={ 05 3T 12

. _ qZ}p,l ) ]: 17
Aeals) = { —nifi; . 3>1, (13)

0.1.4 finite element radial basis functions

1. Within each annulus a regular, radial-sub-grid, s;, is established.

2. In the region s € [s;_1, s;], the vector potential is A = ApV0 + AV ( where

Ag(5,0,0) =D Apji141p rp(s) cos(m;f —n;Q), (14)
Jbp

Ac(5,0,0) = Acji-r1t1p Prp(s) cos(m;f —n;C), (15)
Jibp

where j labels the Fourier harmonic, and [ = 0,1 and p identify the radial basis functions, ¢ ,(s).

3. Near the coordinate singularity (described in more detail below) this representation needs to be modified.

0.1.5 metric information

1. The geometric information required in the following is
gss = gss/\/g = ngs,i(s) cos(mlﬂ - nzC)a (16)
Gso = gso/\/9 = nge,i(s) sin(m;6 — n;¢), (17)

Gs¢ = gsc/VG = Z Gsc,i(s) sin(m;6 — n;Q), (18)

Goo = geo/ /9 = Zf]ae,i(s) cos(m;f — n;(), (19)
9oc = 9o¢/ V9 = deg,i(s) cos(mifl — ni¢), (20)
Jec = 9¢¢/V9 = Z?cc,i(S) cos(m;f — n;(). (21)

2. For any function f(s,6,(), in particular the metrics, we write
(5710150 = fhdsac sin(msd — ;) £(5,6.0) sin(md — i)
(si1flex) = Ffdbac sinm; —n;C) £(5,6.0) cos(mut ~ msc)
(es171r) = FdodC costmst —ni6) £(5,6,0) cos(ms — nag)



0.1.6 volume integral
1. Consider the integral P = Zi\il P;, where
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0.1.7 derivatives of volume integral — annular regions

1. The first derivatives are as follows:

9
3A0,j,1'71+l,p Si
_ / ds #d@d( DA n; Py S Gas
S?s_il
+ /ds #d@d( OcAg nj Qrp Sj Jss
Si—1

+ /ds #d@d( 0;A¢ ny; @ip S; Gso
Si—1

+ / ds #d&d( Do A¢ Plp G Gs
375—_1

_ / ds dpdod. D, Ae n; @iy S5 Gec
Si—‘1

- / ds #d&dg dcAg Clp € Jsc
Si—1
Sq

_ / ds #d@d( D4 A, P, ¢ gec
Si;1

0sA¢ Plp €

P =

+
=
o

Y
QU
)
=¥

~

/ .
Prp G

\
N
T
L % o
Q.

I
.
~
S
e



0

Y p _
OA¢ ji—1+1,p ' s,
_ /ds #d@dé OpAc mj Qip Sj  Jss
Si—‘l
4 ds #d@d( 0cAg m; @ip Sj Jss
+ /ds #d&dg 0sAc mj ip  Sj Gso
Si—1

_ / ds #d&dg‘ Dy A¢ G, ¢ G
Sifl

+ /ds #d&dg‘ a<A9 502,13 Cj  Ggso
'Sifl

— /ds #d@d( 83149 m; Pip Sj §s<
Si—1

+ ds #d@dg 0, A¢ ¢, ¢ Goo
- / ds #d&d( 0, Ay ¢, ¢ Joc

_|_
[N
T
| &3

VY
U
D
I

N

/
A0 le,p ¢j

/ d #d@d{ 0. A, oLy

2. The second derivatives are required for construction of the Beltrami matrix, which are given
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0.1.8 matrix elements — annular regions

Orp (85 Gss| sk)
1 (¢ilsel sk)
Prp (8 1Gscl )
1o (cilgoclcr)

ep  (cilllck)

orp  {cjllex)

Plp <5j|988|5k>
ep (8519s0] ck)
!

ey (¢ilgsol sk)

©lp  (cjlgoolcr)

1. The required matrix elements take the form, where a = 6, and g =6, (,

0 7] p 7] 0

= P
aAﬁ)%ifl’q aAaéj’i’p P - aAﬂ%zfl’q aAaaj’Z’p P
BA%kyi,q 8Acéjyi,p OApriq  OAajip

0Agkit1,q OAajip

0.1.9 gauge and regularity conditions near coordinate origin

7] 7]

OABk,it1,q  OAajip

Pt

P

(27)

(28)

(29)

1. Near the polar coordinate origin, which is not required to coincide with the magnetic axis (the location of which is as yet
not known apriori), we may exploit the regularity constraints and gauge freedom ! to write A = 49V + A:V({ where

Ag(5,0,0) = 3> Agjops™ T cos(my6 — n (),

j=1p=0

Ac(s,6,¢) = Z Z Acjops™ T2 cos(m;f —n;C),

j=1p=0

where the Ag j o and A¢ ;o are degrees of freedom, except A¢ jo,0 = 0 if m; = 0.

2. Note that the location of the coordinate axis is determined by ex00aa.

(30)

(31)

3. The factor s™ can become very small and cause finite-precision errors unless it is treated carefully. Introducing the scaled

independent variables

— Vir J— M5
ajp = Agjop P™ bip=Acjop P,

1This was done using Mathematica, and further details will be provided on demand.

(32)



where p = 511, and for s € [0, p] we have

Ap(s,0,¢) = Z Z a;ps™ T2 [ o cos(m ;0 — n;(), (33)
j=1p=0

Ac(s,0,¢) = Z Z bjps™ T2 /p™i cos(m;f —n;(), (34)
j=1p=0

0.1.10 matching regularity/gauge at first grid

1. By matching at the first grid point, p = 51,1, we see that the Ag 1, depend on the a;, and the A¢ 1, depend on the
bjp-

2. For example, consider the quintic case, where Nofe = 2. For the Ay ;, matching at s = p gives

Ag i S Pt p° a;,0
Apjaa | = (m+2)p (m+4)p* (m +6)p° aj (35)
Agj12 (m+1)(m+2)p° , (m+3)(m+4)p* , (m+5)(m+6)p" a2
and for the A¢ ; we have
Agjio pt0 ro, p! bj,0
A47j7171 = (m + O)p_l y (m + 2)p1 y (m + 4)p3 bj 1 (36)
Acjaz (m—1)(m+0)p~2 , (m+1)(m+2)p° , (m+3)(m+4)p* bj.2
3. Whether linear, cubic, quintic or septemtic polynomials are used, we may write
N N
Agjap = Al aiq . Acjip=> B b (37)
q=0 q=0

where A7 - = Ajpq(j,p,q) and B , = Bjpq(j,p,q), which are assigned in al0Oaa.

4. The Ag jo,0 and A¢ jo,0 are not degrees of freedom. These terms, which are related to the toroidal and poloidal fluxes,
contribute to the ‘right-hand-side’. Also, the Ay j n,,0 and A¢ ; n,,0 are not independent.

0.1.11 derivatives near coordinate singularity

1. The innermost volume, [ = 1, contains the coordinate singularity, so for [ = 1 and ¢ = 1 the following expressions must be
used.

2. The first derivative with respect to a = a;,, is, where § = s/p,

on_
da o
— /ds #d@dg n; sinaj §mj$2+2p+0 aGAC gss
0
p
— /ds #d@dg n; sinaq; §Mi g2 T2H0 9 Ap  Gss
0
p
- /ds dod¢ n; sina; 5?0 9 A Gag
9

p
+ /ds #d&d( cosa;  (mj+2+2p) §Ms*TPTL 9pAr Gse
0
p
+ /ds dfd¢ n; sina; §migt 0 9 A Gsc (38)
)
- /ds #d@d{ cosa; (mj+2+2p) §Ms*TPTL 9: Ay Gsc
0

p
- /ds #d@dg cosa; (mj+2+2p) §Mis*TPTL 9 AL G
0

+  +
s
S——
QD QD
» Va)
o8 o
> >
o ¥ QL
e ~

cosaj (mj+2+2p) 5Mis*TL 94 Gee

oS v §mi g2 TT0 oA,

o=

p
/ds dfd¢ cosaj (mj+2+2p) smis*t-l A



3. The second derivative with respect to a = a;, and b = a4 is
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4. The second derivative with respect to a = a;, and b = by 4 is
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5. The first derivative with respect to a = b, , is
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6. The second derivative with respect to a = b, and b = ay 4 is
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7. The second derivative with respect to a = b;, and b = by, 4 is
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0.1.12 matrix elements near coordinate singularity

1. The first derivatives are
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2. The matrix elements required are the second derivatives, given as

aoi,q aci,p b= aci,q aaaj,p Pt Z Aoa Al aAeiJ,o aAj Py
mfm afj,p ro= ali,q a‘im ot ; B’;’q A{yp aAC(?hLO aAjj,l,i
ai,q abaj,p "= &i,q 82’@ hor ,zo: Aloch Bg’p aAfkyLo 8Afj&n’
5”0;@ 5Z,p v abaim 8Z,p not zzo: Soa By 8144?&1,0 5A<8,j71,i
el el 2 Ao Shms A
3A<i,2,q 32,1) r= El: AL 3A<(,?k,2,q 314;1,1,1'
8A9?k,2,q 5563',p Fo= zl: Bl 3A0i,2,q 3Afj,1,i
3A<i,2,q f%aj,p ro= 21: Bl 8A<i72,q 3A<8,j,1,i
o%?iw 8Aea,j,2,p Fo= EO: Alg’q aAei,l,o 8Afj,2,p
ali,q aAjj,g,p b= Z Baa aAfk,l,o aAfj,z,p
5aak,q 3143,2,;9 r= ZO: Aog 3/1:;1,0 3143',2,;)
0 0 0 0
Obrg  OAcj2p Po= Z 5o 0Ackno 0Aciap
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